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Learning goals

By the end of the lesson, readers should be able to:

1. use the shape of a graph as a mathematical model when exact equations are unknown;
2. identify and interpret equilibria as intersections of response curves;

3. reason from slope, concavity, and curve shifts to predict policy effects;

4. build a simple discrete dynamical system and test stability;

5. explain the economic condition M R = M (' and connect it to supply curves;

6. analyze a per-unit tax using supply and demand graphs;

7. write a qualitative modeling conclusion with assumptions, diagrams, and limitations.

1

Graphs as models

A model does not always have to begin with a fully specified formula. In many policy and competition
problems, we know qualitative features before we know numbers. A demand curve is decreasing. A cost
curve may first flatten and then steepen. A deterrence requirement may increase but with diminishing
additional effect. These features are mathematical information.

A qualitative graphical model uses the shape of one or more functions to infer behavior. The central
questions are:

Where do curves intersect?
Is an intersection stable or unstable?
How does a parameter shift a curve?

Which conclusion is robust even if the exact formula changes?

Launch: what can a graph tell us? [12 min] )

Consider a school canteen. Let ¢ be the number of lunch sets prepared and let C'(¢) be total cost.

1. Sketch a plausible cost curve. Should it be increasing? Should it be linear?
2. Sketch a plausible demand curve between price and quantity demanded.

3. State one conclusion you can make from the shapes, even without exact equations.

Modeling lesson: a graph records assumptions. A line says constant marginal effect; a curved graph
says the marginal effect changes.
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Figure 1: A graphical model turns qualitative assumptions about direction and curvature into predictions
about intersections and comparative statics.

[ Core vocabulary W

A response curve shows the value one part of a system requires in response to another part. An
equilibrium is an intersection where all response requirements are simultaneously satisfied. A
comparative-static analysis asks how the equilibrium changes after a parameter shifts a curve.

2 Case study I: an arms-race graphical model

The arms-race model is not included because of its political content, but because it is an excellent example
of qualitative modeling. The modeler does not need the exact military formula. The shape of the response
curves already gives useful conclusions.

Let = be the number of weapons held by Country X and y be the number held by Country Y. Suppose
y=f(x)

means: the minimum number of Y weapons needed to maintain deterrence when X has x weapons. Sim-
ilarly,
r = g(y)

means: the minimum number of X weapons needed when Y has y weapons.

( .
Deterrence curve assumptions

For the core lesson we use three qualitative assumptions.

1. f and g are increasing: more weapons by one side require a stronger response by the other.

2. They are concave down: the first enemy weapons matter a lot; later additions may have smaller
marginal impact.

3. Their intercepts represent minimum retaliation requirements even if the opponent has very few
weapons.

These assumptions are weaker than a full formula, but strong enough to support policy reasoning.

[ Worked Example 1: Reading the deterrence equilibrium

Suppose the two response curves intersect at (z,,, Y., ). At this point, Country X has enough weapons
relative to Y, and Country Y has enough weapons relative to X. The point is therefore a mutual
deterrence equilibrium.

If the current state liesbelow y = f(x), thenY judges its arsenal insufficient and builds more weapons.
If the current state lies left of 2 = ¢g(y), then X judges its arsenal insufficient and builds more weapons.
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{ Repeated responses tend to move the system toward the intersection if each reaction is moderate. J
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Figure 2: Two response curves determine a mutual deterrence equilibrium. The diagram is qualitative:
the conclusions depend on shape and shifts, not exact numerical coordinates.

([ Worked Example 2: Policy shifts

The graphical model becomes useful when we ask how a policy changes a curve.

1. Civil defense by X. If X protects its population better, Y needs more surviving weapons to create
the same deterrent effect. Y’s response curve y = f(z) shifts upward. The new equilibrium has a
larger y, and usually a larger = as X responds to Y’s buildup.

2. Mobile missiles by X. If X’s weapons are harder to destroy, X needs fewer weapons for the same
survivability. X’s response curve x = ¢(y) shifts left or becomes flatter. The equilibrium can move
downward for both sides.

3. Multiple warheads. If one weapon can attack many targets, the exchange ratio changes. The
intercept effect may reduce required launchers, but the offensive effect may steepen the response
curves. A purely qualitative diagram may become ambiguous; the modeler must state that more
data or a more explicit formula is needed.

VR A original y — f(2)
"""""""""""""""" - -- civil defense: upward shift

---------- greater survivability: flatter

0 1 2 3 4 5 6 7 8 9 10
T

Figure 3: Policy analysis often reduces to curve shifting. The critical question is which parameter changes
and in which direction.
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[ Checkpoint: Graphical policy check W

A country builds better missile shelters, so a larger fraction of its weapons survive a first strike.
Which response curve shifts: its own curve or the opponent’s curve? Does the curve move upward,
downward, leftward, or become flatter? Explain in two sentences.

3 A discrete arms-race update

A graph gives qualitative direction. A discrete dynamical system gives a sequence of numerical updates.

e 2

Worked Example 3: A staged arms-race model

Suppose Country Y believes it needs 120 weapons even when X has none, and then adds one addi-
tional weapon for every two weapons X has. Country X believes it needs 60 weapons even when Y
has none, and then adds one additional weapon for every three weapons Y has:

1 1
Ynt1 = 120 + =z, Tpt1 = 60 + —yp.
2 3
At equilibrium,
1 1
=120+ =z* * =60+ -y*.
Y + 2:(] , T + 3y

Substitute the second equation into the first:
1
Yyt =120+ = <60—|—§ > 150 + y

Thus %y* = 150, so

x* =120

y* =180/,

1

The product of reaction coefficients is % 3= % < 1, so repeated updates converge to the equilibrium.
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Figure 4: When the product of reaction coefficients is below one, the staged arms-race model converges
geometrically to equilibrium.

-

Model criticism: Model criticism: what does the update hide?

The update equations assume that each side reacts only to the opponent’s previous stockpile, with
fixed coefficients and no negotiation, budget limit, domestic politics, or uncertainty. A good modeling
report should present the recurrence as a simplified warning model, not as a complete theory of
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t political behavior. J

4 Case study II: firm behavior and M R = MC

Graphical modeling also explains economic decisions. Let g be output quantity. A competitive firm
accepts the market price p. Its marginal revenue is therefore M/ R = p. Its marginal cost is M C(q) =

TC'(q).

( « . . B
Profit-maximizing rule

Profit is
Il(g) = TR(q) — TC(q).

The first-order condition is
II'(q) = MR(q) — MC(q) = 0.

For a competitive firm, M R = p, so the firm produces where

The firm should produce more while M R > M, and stop increasing output once the next unit costs
more than it earns.

Worked Example 4: A firm’s optimal output

A small producer sells at price p = 10 dollars per unit and has total cost
TC(q) =100 + 2q + 0.1¢>.
Then
TR(q) = 10q, I1(q) = 10g — (100 + 2¢ + 0.1¢*) = 8¢ — 0.1¢* — 100.

The marginal cost is

MC(q) =TC"(q) =2+ 0.2q.
Set MR = MC"

10=2402¢ = ¢ =40.

The maximum profit is
I1(40) = 8(40) — 0.1(40)* — 100 = 60.

The graph shows the same conclusion: produce until the horizontal price line meets the marginal-
cost curve.

Checkpoint: Economic interpretation

If a per-unit tax of 2 dollars is imposed on the producer, the marginal cost becomes M C(q) = 4+0.2q.
What is the new optimal output? Explain why the output falls.

5 Gasoline tax: supply, demand, and tax incidence

Now move from one firm to a market. The supply curve gives the price at which producers are willing
to supply quantity q. The demand curve gives the price at which consumers are willing to buy quantity
q- The intersection is the market equilibrium.
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Figure 5: For a competitive firm, the profit-maximizing output occurs where price equals marginal cost.

A per-unit tax shifts the supply curve upward by the tax amount. The price paid by consumers rises, the
quantity falls, and the tax burden is shared between consumers and producers.

s N

Worked Example 5: Linear tax incidence

Suppose
S(q) =1+ 0.5¢, D(q) =5 — 0.5¢q.

The original equilibrium solves
1+405¢g=5—-05¢ = ¢ =4, p* = 3.
A per-unit tax 7 = 1 shifts supply to
S1(q) = S(¢) +1 =2+ 0.5¢.
The new equilibrium solves
2405¢g=5—-0b¢ = q =3, p1 = 3.5.

Consumers pay p; — p* = 0.5 more per unit. Producers receive p; — 7 = 2.5, which is 0.5 less than
before. The one-dollar tax is split equally in this symmetric example.

price

quantity g

Figure 6: A per-unit tax shifts the supply curve upward. Price rises by less than the tax; quantity falls.
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[ Tax incidence and elasticity W

The side of the market with less flexibility bears more of the tax. If demand is steep, consumers
cannot reduce quantity easily, so consumers pay most of the tax. If demand is flat, consumers can
switch away easily, so producers absorb more of the tax.

price

flat demand
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steAep demand

0 1 2 3 4 ) 6 7
quantity

Figure 7: The same tax has different effects depending on the slope of demand. This is a qualitative
conclusion that does not require exact functional forms.

Model criticism: Short-run versus long-run gasoline demand

Immediately after an oil shock, demand is often inelastic: people still need to commute, cars cannot
be replaced instantly, and public transport may be unavailable. A gasoline tax then raises prices
but may reduce quantity only slightly. Over several years, demand becomes more elastic as people
buy efficient cars, change routes, carpool, or use public transport. The same tax can then reduce
consumption more effectively. The policy conclusion depends on the time horizon.

6 Differentiated studio: choosing a graph-based model

Differentiated modeling studio [18 min] )

Choose one route.

1. Core route: tax graph. Draw supply and demand. Shift supply upward by a tax. Label old and
new equilibria. State who pays more when demand is steep.

2. Challenge route: staged update. For

1 1
Yn+1 = 200 + §xn7 Tnt1 = 80 + Zyn>

find the equilibrium and test stability.

3. Extension route: curve-shift argument. Explain, using deterrence curves, why increasing surviv-
ability may reduce equilibrium weapons, while increasing offensive exchange ratio may increase
them.
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( Choosing a graph-based modeling tool
Situation Graphical tool Question answered
Two sides respond to Response curves Where is mutual satisfac-
each other tion?
Repeated strategic reac- Difference equations Does the process converge?
tion
Firm chooses output MR and M C' curves What quantity maximizes
profit?
Market clears Supply and demand What price and quantity oc-
cur?
Policy intervention Curve shift How does equilibrium
change?
Unknown exact for- Shape and slope reasoning Which conclusion is ro-
mula bust?
L J

7 Writing qualitative-model conclusions

[ Model criticism: Competition-style communication )

A qualitative graphical model should not sound vague. A strong paragraph should include:

1. Variables: what the axes represent.

2. Shape assumptions: increasing/decreasing, concavity, intercepts, or stability.
3. Mechanism: why those shapes are reasonable.

4. Conclusion: what happens to the equilibrium after a policy change.

5. Limitation: what cannot be decided without data.

Weak conclusion: “The tax makes price go up.”

Stronger conclusion: “A per-unit gasoline tax shifts the supply curve upward. The new equilibrium
has higher consumer price and lower quantity. Since short-run gasoline demand is steep, most of
the tax burden is borne by consumers and quantity falls only modestly; therefore the tax is poor as
an immediate conservation policy but may be more effective in the long run when demand becomes
more elastic”
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p
Lesson summary

Concept

Modeling meaning

Qualitative  graphical
model

Response curve
Equilibrium

Curve shift

Staged arms race

MR = MC
Supply-demand equilib-
rium

Tax incidence

Model criticism

Uses direction, curvature, and intersections when exact
equations are unknown.

Shows what one part of a system requires in response
to another.

Intersection where all requirements are satisfied simul-
taneously.

Represents a change in policy, technology, cost, or pref-
erence.

Difference-equation version of response curves; stable
if reaction product is below one.

Competitive firm produces until the next unit costs
what it earns.

Intersection of willingness to supply and willingness to
buy.
Tax burden falls more on the less flexible side of the mar-

ket.

State shape assumptions and identify when a conclusion
is only qualitative.

Checkpoint: Exit ticket

In three sentences, explain why graphical modeling can be useful even when exact formulas are
unknown. Use either the arms-race model or the gasoline-tax model as your example.

Core practice

1. A response curve y = f(x) shifts upward. Explain what happens to the intersection with an
unchanged increasing curve x = g(y), using a diagram.

2. For y,,.1 = 50 4+ 0.4z, ,+1 = 30 + 0.2y, find the equilibrium and test stability.
3. A firm has TC(q) = 200 + 4q + 0.05¢* and sells at price p = 12. Find ¢* and maximum profit.

4. Supply and demand are S(q) = 2 + 0.3¢, D(q) = 8 — 0.7q. Find equilibrium. Then impose a tax
7 = 1 and find the new equilibrium.

5. Draw two demand curves, one steep and one flat. For the same supply shift, explain which case
gives a larger quantity reduction.

Modeling challenge

A city wants to reduce private-car use near a school. It can either impose a parking fee, improve bus
service, or redesign the school gate area. Build a qualitative graphical model.

1. Define the axes for your graph. Possible choices: cost of driving vs number of cars, waiting time
vs number of students, or supply-demand for parking spaces.

2. State the shape assumptions for each curve.

3. Show how one policy shifts one curve.
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4. Predict the direction of change in equilibrium.

5. Write a short recommendation and state what data would be needed to make the prediction quan-
titative.

Extension practice

1. For the staged arms-race system
Ynt+1 = a + bl‘n, Tpt1 = C+ dyna

derive the equilibrium and show that convergence requires |bd| < 1.

2. For linear supply and demand S(q) = a+ 8¢, D(q) = 7 — dq, derive the consumer share of a unit
tax 7.

3. Construct a graphical argument for why a subsidy to public transport may reduce gasoline use
more in the long run than in the short run.

4. Explain one limitation of the arms-race response-curve model that cannot be fixed by drawing a
more detailed graph.

Optional appendix: smooth deterrence formula

One possible analytic form for a deterrence curve is

_ %
Y= om 0<s<l.

It says that if X can target Y’s missiles more times, Y needs more weapons to retain enough survivors.
The formula is less important than its qualitative properties: it is increasing and concave down. In a
student report, this formula should be introduced only after the assumptions have been explained in
words.

10
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Model audit card

[ Audit before trusting or communicating a model

Purpose What question or decision Data Which inputs are observed,
does the model support? derived, or simulated?

Assumptions Which simplifications may Units Are dimensions and scales
change the answer? consistent?

Verification Were equations, code, Validation Is performance tested against
constraints, and limiting independent evidence?
cases checked?

Uncertainty How do measurement, Ethics Who benefits, who bears risk,
parameter, solver, and and what fairness criterion
structural errors affect matters?
conclusions?

Reproducibility Are data provenance, Communication Are claims conditional,
versions, seeds, and traceable, and
transformations recorded? decision-relevant?

(. J

Modern modeling bridge

Contemporary modeling often joins several traditions rather than choosing a single equation. Network
models represent relational structure; agent-based models expose heterogeneous local rules; robust op-
timization protects decisions against uncertain inputs; causal models distinguish intervention from as-
sociation; and regularized prediction controls complexity when candidate features are numerous. The
same cycle still applies: define purpose, represent mechanisms and evidence, verify computation, vali-
date for the intended use, quantify uncertainty, and revise. Interactive examples are available through
the modeling laboratories at skcKenneth.github.io.

Further reading

« Principles of Economics 3e (OpenStax)

+ GAIMME: Guidelines for Assessment and Instruction in Mathematical Modeling Education (SIAM /
COMAP)

Sources, provenance, and licence

These notes follow the iterative modeling and assessment perspective in the SIAM/COMAP GAIMME re-
port. Competition-specific remarks are a snapshot checked on 20 August 2026 against the official COMAP
HiMCM instructions; readers should verify current rules before submission. Unless a source is explicitly
identified, classroom datasets and numerical scenarios are synthetic or simulated teaching examples and
are not empirical claims about a real institution. Third-party references retain their own terms. Original
teaching material by Kenneth Sok Kin Cheng is released under CC BY-NC-SA 4.0.

Student response guide and checking criteria W

For closed calculations, show the definition, substitution, units, and at least one independent check; the worked
examples in this unit are method hints, but you must complete the arithmetic yourself. Open modeling re-

11


https://skckenneth.github.io/teaching/model-laboratory/
https://openstax.org/books/principles-economics-3e/pages/1-introduction
https://www.siam.org/publications/reports/guidelines-for-assessment-and-instruction-in-mathematical-modeling-education/
https://www.siam.org/publications/reports/guidelines-for-assessment-and-instruction-in-mathematical-modeling-education/
https://www.siam.org/publications/reports/guidelines-for-assessment-and-instruction-in-mathematical-modeling-education/
https://contest.comap.com/highschool/contests/himcm/instructions.html
https://contest.comap.com/highschool/contests/himcm/instructions.html
https://creativecommons.org/licenses/by-nc-sa/4.0/
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sponses are checked on five dimensions: a clear purpose and output; stated data and provenance; defensible
assumptions and scope; traceable computational verification and model validation; and alignment among un-
certainty, limitations, and the recommendation. Support each dimension with concrete evidence rather than

writing only “completed”
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