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Macau Mathematics Competition Solution Companion

Reader’s Guide and Coverage Summary | [:25$57 B
BRI

This edition covers eight competition cycles from 2019 to 2025/2026, including both Junior and Se-
nior Divisions. It contains 214 fully structured solutions, 46 TikZ figure panels, and 9 editorial
notes. The 16 official bilingual papers are linked rather than reproduced; open the matching
DSEDJ paper before using each solution.
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How each solution is organised | EE&EHE

Each entry is presented in five layers: an official-paper locator, a concise solution strategy, Olympiad
knowledge-point tags, a complete argument, and the final answer. Geometry diagrams are schematic unless
coordinates or lengths are explicitly derived in the proof.

FRESIKUS | HE TR G E ~ BEGET - REGIRRL - 5B MR &SR - BRI
TERE I P MBS R T - B A R AR A UR R

Source-verification convention | FEZE A

Immediately before each division, this companion provides the official DSEDJ archive link and an attri-
bution date. The examination paper is not embedded, and the official facsimile remains the authoritative
record of wording, diagrams, choices, and notation.

BB 2 B IR AT B 5 R A NGRS H s ASEAN AR S - D R
~ RIFEFT IR — LU TR R 1

Final clarity review | S&BHERE

All 214 strategy boxes and all 214 full solutions were checked again for structural completeness and explana-
tory sufficiency. Short strategy outliers were expanded to state the actual reduction, substitution, extremal
idea or equality condition rather than merely naming a technique. Proof-type questions were additionally
checked for a visible logical endpoint, and dense algebraic steps were expanded where an unexplained
“direct calculation” would otherwise conceal the key mechanism.
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Editorial policy | #mig/EHI

Where a scanned paper is ambiguous, internally inconsistent, or apparently missing a condition, the original
statement is not silently replaced. The issue is identified in an Editorial Note, and the solution distinguishes
what follows from the printed statement from any likely intended version.
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Coverage matrix | UWEk4HRE
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Solution Companion

Year Division Questions Figures Notes
2019 Junior Division #] 9 4H 13 3 2
2019 Senior Division 15 41 15 3 0
2020 Junior Division #] - 4H 19 4 2
2020 Senior Division 15 H4H 16 1 0
2021 Junior Division ]9 4H 13 5 1
2021 Senior Division 1= H4H 10 4 0
2022 Junior Division #] - 4H 16 4 1
2022 Senior Division 15 FH4H 12 4 1
2022/2023 Junior Division #]H %1 16 2 0
2022/2023 Senior Division 15 FF4H 12 2 0
2023/2024 Junior Division #]H %1 16 5 1
2023/2024 Senior Division 15 {41 11 1 0
2024/2025 Junior Division ] 41 16 2 0
2024/2025 Senior Division 15 {41 10 3 0
2025/2026 Junior Division #] - 4H 10 2 1
2025/2026 Senior Division 15 4H 9 1 0
Total 16 division papers 214 46 9
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2019 | Junior Division#] 528

This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
the question, then use the strategy, knowledge map, and worked solution here for study.
B SLEMHEE T R AR B AR 0 B SCLBE R SEER - B AR SRS - AnEh

SRR B o

Official Paper Access B JjH &AL

The examination paper is not reproduced in this public companion. Open the official DSEDJ com-
petition archive, select the matching year and division, and treat that facsimile as authoritative.
KRFEANEHHERE  FRIEHT R I EEE » 2E SRS » i DEZR
TR -

Official archive / E FEE : dsedj.gov.mo/cre/science/comp/info.html

Source attribution / Z8JR5EBH : Education and Youth Development Bureau (DSEDJ), accessed
12 August 2026. Non-commercial teaching use; this companion is not an official version.
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Macau Mathematics Competition Solution Companion

Independent Worked Solutions &3 52 ARE

Question 1 fEH 1 Prime distribution | EEi 1A 1’

Problem locator / & B fEfi : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BT RE T IRE - BRI TSRS SR -

Solution Strategy BB @

Separate the exceptional intervals containing the prime 2. For all other intervals, every prime is odd;
among the five possible odd candidates, at least one is divisible by 3. To determine the minimum,
exhibit nine consecutive composite integers.

Olympiad Knowledge Points B B4k,

Number Theory i ] [ Residue Classes [FIf&%H ] [ Extremal Example #3551 7

Solution ##Z

If the interval contains 2, itis either 1,2,...,90r 2, 3, ..., 10, and each contains exactly four primes.
Now suppose the interval does not contain 2. All primes in it are odd. If there are only four odd
integers, there are at most four primes. If there are five odd integers, their residues modulo 3 force
at least one of them to be divisible by 3. That number is either the prime 3 itself or is composite, so
again there are at most four primes.

The upper bound is attained by 1, 2, ..., 9, containing 2, 3, 5, 7. On the other hand,

200, 201, ...,208

are all composite. Hence the maximum is 4 and the minimum is 0.

Final Answer &R ER. (x,y) = (4,0), so the correct choice is E.

Question 2 fEH 2 Ratios of fractions | &Lt J| )

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

SACHOR A OB AR HE R E T IRE - BRI RIS

Solution Strategy BT

Convert the numerator and denominator ratios directly into a ratio among the three fractions. Once
the ratio of the fractions is known, divide the total sum proportionally.

Kenneth Cheng 5/247 XelLaTeX Edition
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Olympiad Knowledge Points BLE&n:5E,

[ Ratios {3l ] [ Fractions 8 ] [ Proportional Allocation 1 .45 43¢ ]

J

As printed, the additional phrase saying that all three fractions are already reduced is incompati-
ble with the two stated integer ratios and the sum i. The intended ratio calculation nevertheless
determines the expected answer below.

Solution f#%&

The three fractions are proportional to

4 5 6
— i —:==4:=-:2=8:5:4.
1 2 3 8:5
Let them be 8k, 5k, 4k. Then .
17k = -, k=—.
68
The smallest fraction is therefore .
4k = —.
17

1
Final Answer H&REER. 7 which is none of the listed choices.

Question 3 fH 3 Digit sum | EFM ]I .

Problem locator / # H REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AR E R E IR - BRI RS EARE -

Solution Strategy E&FHT

Write 102°1 — 9 explicitly in decimal form. It consists of a long block of 9’s followed by a final
digit 1.

Olympiad Knowledge Points BRE4:#ES

[ Decimal Representation & #|#%R ] [ Digit Sum B ]

Solution f#&
We have
102019 -9 =99...991.
——
2018 digits

Kenneth Cheng 6/247 XelLaTeX Edition
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Multiplication by 102 only appends two zeros, so the digit sum is unchanged. Thus

§=2018-9+1 =18163.

Final Answer HA&KEZR. 18163, so the correct choice is C.

Question 4 E 4 Integer bounds and ratios | FEE(F BV (E } \

Problem locator / 8 B B\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR JGER BB T RE T RE - BRI TSRS SR -

Solution Strategy EREFET

There are only three possible values of a + b. For each one, turn the ratio inequality into a very short
interval for the integer b.

Olympiad Knowledge Points BRE4:#ES

[ Diophantine Search Z&E# 5 ] [ Sharp Bounds HEHERR ]

Solution f#%
Putn =a+ b,son € {105,106,107} and a = n — b. Then

n—>b

0.91 < <0.92

is equivalent to

— <b<—
1.92 1.91
For n = 105 and n = 106, the resulting intervals contain no integer. For n = 107,

55.729...< b <56.020...,
so b = 56 and a = 51. Therefore

21a + 23b = 21(51) + 23(56) = 2359.

Final Answer JA&EZR. 2359, which is none of the listed choices.

Kenneth Cheng 7/247 XelLaTeX Edition
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Question 5 & H 5 Fractional parts and estimation | /NEGH 53 B {7 {H J

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAJCIE AL MOESR BT RE TG - HRE NSRS SR -

Solution Strategy BB #T

A complete algebraic simplification is unnecessary. First locate s between two simple rational
bounds; this determines its integer part and places > + ¢ between the answer choices.

Olympiad Knowledge Points FRE&n#kE,

[ Estimation f{E J [ Floor Function B &L ] [ Monotonicity B ]

Solution f#&

Since
1.9% <7< 23,
we have 1.9 < V7 < 2, and hence
1<3-V7<1.1.
Therefore
10 <s<l1
1 s .

Thus |s] = 0 and 7 = 5. Consequently
10\* 10
—| +=<*+r<2.
11 11

The lower bound is 219 > 3

121 ~ 2- 50

3
“<+r<2.
2

None of the listed numerical choices equals the answer.

Final Answer &#&%&Z. The correct choice is E.

Question 6 & H 6 Triangle side relation | =48 & ;

Problem locator / & B fEfi : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR AT RE T IRE - B TSRS SR -

Kenneth Cheng 8/247 XelLaTeX Edition
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Solution Strategy & & #HT

First rewrite the algebraic condition as b? = a? + ac. Then use the sine rule to replace side ratios
by trigonometric expressions and reduce the result to a half-angle identity.

Olympiad Knowledge Points BLE&n:5kE,

Geometry #{7 ] [ Sine Rule [F5%EH ] [ Half-angle Identities 24/ /A=

Figure 1. The relation is realised, for example, by a 30°-60°-90° triangle.

Solution f#%&

The condition gives
a’ +ac = b>.

By the sine rule,
sin? B =sin? A +sinAsinC.

Equivalently, dividing by sin A > 0 and using C = 7 — A — B,

sin(A + B)
sin A

=1+ 2cosB.

Expanding sin(A + B) yields
cos Asin B = sin A(1 + cos B).

Using
B B
sinB=2sin§cos§, 1+cosB:2(:os2§,
we obtain

B
Asin = = sin A cos —.
COS A S1n B S111 A COS 5

Thus tan g = tan A. Since both angles lie in (0, 7/2),

— =A.
2

Final Answer &%, |B =24, so the correct choice is B.

Kenneth Cheng 9/247 XelLaTeX Edition
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Question 7 #H 7 Telescoping product | JEIEFEIHE X I

Problem locator / #H B REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT MBS EBHE R E T IRE - BRI RIS EARE

Solution Strategy E T

Factor each term into two adjacent ratios. Almost every numerator and denominator then cancels.

Olympiad Knowledge Points & &/:5E,

[ Telescoping Product Z4IEE 5 ] [ Factorisation F=\7f#

Solution f#&

Since
1 1 k-1 k+1
K2k k
we have
P 12 2018\ (34 2020
123 2019/\23 2019)°

Both products telescope, giving

_ 1 2020 1010
2019 2 2019°

1010
Final An r BARER —.
inal Answer HREER T

Question 8 FEH 8 Age ratios | FHL LA I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MESR BT RE TG - BRI NSRS SR -

Solution Strategy BB #HT

Use the least common multiple of 5 and 3 to parameterise the four integer ages. The divisibility
condition on the average then gives a congruence for the parameter.

Olympiad Knowledge Points B4k %,

Linear Diophantine Equations —{XR =% [El ] [ Congruences [FIf# ] [ Modelling B ]

Kenneth Cheng 10/247 XelLaTeX Edition
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The printed conditions do not determine a unique value of S. The complete family is given below.
If the intended question was to find the least possible integer average exceeding 30, the answer is
37.

Solution f#%&

Let Ban’s age be 15k. Then the four ages are
12k, 15k, 10k, 12k +1.

Hence
g 49k + 1
= T

For S to be an integer, k = 3 (mod 4). Write k = 4m + 3, where m > 0. Then

S =49m + 37.

Every such value satisfies S > 30.

Final Answer B/ E R, As written, | S = 49m +37 (m =0,1,2,...) | The least possible
value is 37.

,{ Question 9 & H 9 Polynomial coefficients | ZIHFREL Jl

Problem locator / & H XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AR E R E R » BRI RIS

Solution Strategy B FHT

Only terms of degree at most 5 are needed. Expand by the binomial theorem and discard all higher-
degree terms immediately.

Olympiad Knowledge Points B B4k,

Polynomial Expansion Z1H= /&R ] [ Degree Truncation Z#T /R E ]

Solution f#&

Put u = x2 + x3. Then
(1-u)®=1-3u+3u?-u

Up to degree 5,
—3u = =3x% - 3x3,

and
3u? = 3(x* + 2x° + x%) = 3x* + 6x° + higher terms.

Kenneth Cheng 11/247 XelLaTeX Edition
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The term u? begins at degree 6. Therefore

aj+as+az+as+a5;=0-3-3+3+6=3.

Final Answer BZ&ZER. 3.

Question 10 @ H 10 Area and trigonometry | Hf&EE =L I

Problem locator / #8 H REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

SECHOR A MBS AR HE R E T RE - BRI RIS AR

Solution Strategy BT

First observe that ZECD = 20°, so triangle CE D is isosceles. This determines CD from AC. Then
compare the two areas using their altitudes to the common line BC.

Olympiad Knowledge Points & &:HE,

[ Geometry &1 J [ Area Ratios & ] [ Sine Rule IF3%EH ]

[ Trigonometric Identities = {E% =, ]

80°
100°

OO
B BC =D C

Figure 2. The midpoint condition and the angles make ACED isosceles.

Solution f#%&

Since /C = 20° and D lies on BC,

LECD =20°.
Together with ZCED = 80°, this gives ZCDE = 80°, so
CD=CE = £
2
Let £ be the altitude from A to BC. Since E is the midpoint of AC, its altitude to BC is h/2. Hence
h 1 h AC-h
S == S =—-CD-—=——.
ABC = 5 CDE =5 5 3
Therefore h(2 + AC)
+
SaBc +2S8cpE = —

Kenneth Cheng 12/247 XelLaTeX Edition
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By the sine rule,
sin60°  sin60°
= = = ACsin20°.
€= Sni00° ~ smsoe M= ACsN20

Thus

sin 60° sin 20° sin 60°
Sapc +2ScpE = ————=— (2 )

. + =
4 sin 80° sin 80°
Using

sin 20°(2 sin 80° + sin 60°) = sin? 80°,

the expression simplifies to

4 8"

sin60° V3

Final Answer Z&RER. g

Question 11 & H 11 Floor-sum pairing | B A& I

Problem locator / & H fE{\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCIE AL MESR BT RE TG - HRE NSRS SR -

Solution Strategy ER&@ET

Pair the kth term with the (503 — k)th term. Coprimality ensures that neither fraction is an integer,
so each pair has a constant sum.

Olympiad Knowledge Points HRE&n#kE,

[ Floor Sums BEHI J [ Complementary Pairing B fiC % ] [ Coprimality &

Solution f#%&

Since ged (305, 503) = 1, the number 305k /503 is not an integer for 1 < k < 502. Therefore

{BOBkJ N {305(503 —k)

=5 "3 J:LxJ+L305—xJ=304.

There are 251 pairs {k, 503 — k}. Hence

S =251-304 =76304.

Final Answer E&ZEER. 76304.

Kenneth Cheng 13/247 XelLaTeX Edition
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Question 12 & H 12 Tiling invariant | SN & }

Problem locator / #H B REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT MBS EBHE R E T IRE - BRI RIS EARE

Solution Strategy E T

Area alone does not decide the problem. Assign the periodic complex weights 1,7, —1, —i along both
coordinate directions. Every 1 x 4 tile has total weight 0, but the whole board does not.

Olympiad Knowledge Points R E{4EEL

[ Combinatorial Geometry 484 44{ ] [ Colouring Invariant 3¢, A8 &

[ Roots of Unity B {7} ]

Figure 3. A 4 x 4 fundamental block of the periodic complex weighting.

Solution &

Number rows and columns from 0 to 9, and give cell (7, ¢) the weight

l-r+C .
Any horizontal 1 X 4 rectangle has weight
M1 +i+i2+i%) =0,

and the same is true for any vertical rectangle. Thus every proposed tiling would have total weight
0.
However, the total weight of the board is

(il) (il) =(1+0)?=2i#0.

r=0 c=0

This contradiction proves that the tiling is impossible.

Final Answer &#&%&3%. No, such a tiling is impossible.

Kenneth Cheng 14/247 XelLaTeX Edition
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Question 13 FH 13 Rationality identity | & HHIEZE }

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Introduce the three differences x = a — b, y = b — ¢, z = ¢ — a. Their sum is zero, which turns the
numerator obtained after combining the fractions into a perfect square.

Olympiad Knowledge Points BRE{AEES

Algebraic Identities {CEIE%R, ] [ Rationality HH{% ] [ Symmetric Expressions ¥z

Solution ##Z&

Put
x=a->b, y=>b-c, z=c—a.

Then x + y + z = 0 and xyz # 0. We have

S2 _ x2y2 +y222 +Z2x2

x2y272
Sincex+y+z=0,
2292+ 9222 + 222 = (xy + yz + x)2.
Therefore
= |xy + yz + zx|
lxyz|

All quantities on the right are rational, so S is rational.

|xy + yz + zx|

Final Answer Z#&AZ%R. Yes. Infact S = vl
xyz

€ Q.

Kenneth Cheng 15/247 XelLaTeX Edition
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2019 | Senior DivisionEH4H

This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
the question, then use the strategy, knowledge map, and worked solution here for study.
B SLEMHEE T R AR B AR 0 B SCLBE R SEER - B AR SRS - AnEh

SRR B o

Official Paper Access B JjH &AL

The examination paper is not reproduced in this public companion. Open the official DSEDJ com-
petition archive, select the matching year and division, and treat that facsimile as authoritative.
KRFEANEHHERE  FRIEHT R I EEE » 2E SRS » i DEZR
TR -

Official archive / E FEE : dsedj.gov.mo/cre/science/comp/info.html

Source attribution / Z8JR5EBH : Education and Youth Development Bureau (DSEDJ), accessed
12 August 2026. Non-commercial teaching use; this companion is not an official version.

Kenneth Cheng 16/247 XelLaTeX Edition


https://www.dsedj.gov.mo/cre/science/comp/info.html

Macau Mathematics Competition Solution Companion

Independent Worked Solutions &3 52 ARE

Question 1 & H 1 Recurring decimals | {EFR/NEL J

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AR MESR BT RE TG - HRE NSRS SR -

Solution Strategy BB #T

Use 9990 = 10 - 999 and the standard identity % = 0.109.

Olympiad Knowledge Points & &:5E,

Decimal Expansion /NEUER ] [ Recurring Decimals {EZR/]NEX

Solution f#%&

We have 109 1 109 1
_:_._:—~,1_:.]._.
9990 ~ 10 999 ~ 10 109 =0-0109

Thus the repeating block is 109, beginning after the first decimal zero.

Final Answer H&RZZE. 0.0109, so the correct choice is B.

Question 2 #H 2 Egyptian fractions | &} 778 }

Problem locator / & B fEfi[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR MGESR BT RE T IRE - BRI TSRS SR -

Solution Strategy BB f@ET

First order the denominators x; < xs < x3. The smallest denominator can only be 2 or 3, after which
the remaining possibilities are forced. Finally count all permutations.

Olympiad Knowledge Points BLE &R,

[ Number Theory B3k J [ Egyptian Fractions & X 58 J [ Ordered Counting B F&t8 ]

Solution f#&
Assume first that x; < x9 < x3. Then

1 1 1 3
l=—4+—+4+—<—,
X1 X9 X3 X1

Kenneth Cheng 17 /247 XelLaTeX Edition
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soxi; < 3. Also x1 # 1.
If x; = 3, then all three reciprocals are at most 1/3 and their sum is 1, so

(x1,x2,x3) = (3,3,3).

If x; = 2, then
1 1 1

Xy x3 27
Since x2 < x3, we have x2 < 4. The cases x3 = 3,4 give
(2,3,6), (2,4,4).
Thus the unordered types are
3,3,3), (2,4,4), (2,3,6).

Their numbers of ordered permutations are 1, 3, 6, respectively. Hence

N=1+3+6=10.

Final Answer & Z%. N = 10, which is none of the listed choices. ’

Question 3 H 3 Reduced fractions and Euler’s function | BE4Y 4 B EL R B %L }—

Problem locator / &8 H fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BT RE T IRE - HRE TSRS SR -

Solution Strategy B @ET

Pair each numerator a coprime to 2019 with 2019 —a. Each pair of fractions sums to 1. The number
of admissible numerators is ¢(2019).

Olympiad Knowledge Points RE{AEES

[ Euler Totient Bt 5 # ] [ Complementary Pairing gt ] [ Coprime Residues & ZFIME

Solution #&

Since
2019 =3-673

and 673 is prime,

1 1
2019) = 2019 (1= = | [1 = — | = 1344.
#(2019) ( 3)( 673)

If gcd(a, 2019) = 1, then ged (2019 — a,2019) = 1, and

a N 2019 —a
2019 2019

Kenneth Cheng 18/247 XelLaTeX Edition
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The 1344 fractions form 672 complementary pairs. Therefore

S=672.

Final Answer &R EZR. 672, which is none of the listed choices.

Question 4 & H 4 Handshake counting | #EF5F1#L } \

Problem locator / # B XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AL OB AR E R E R - BRI RIS EARE -

Solution Strategy EREFEHT

Separate the handshakes into man-man and man-woman handshakes. This avoids double-counting
and makes the restrictions transparent.

Olympiad Knowledge Points BRE{%5k%,

[ Combinatorics 4 ] [ Double Counting # Ext&( ] [ Graph Edges Ef&% ]

Solution f#&

Among the n men, every pair shakes hands, contributing

n\ n(n-1)
(2)_ 2

Each man also shakes hands with the n — 1 women other than his wife, contributing

n(n—1).

There are no woman-woman handshakes. Hence

m+n(n—1)=

3n(n—1)
5 _— .

2

S =

3n(n—1)

Final Answer J&ZER. S = , which is none of the listed choices.

Question 5 & H 5 Ellipse and focal property | 15 [E] 2 B4 E J

Problem locator / & H fEfi : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR JGESR BT RE T IRE - BRI TSRS SR -

Kenneth Cheng 19/247 XelLaTeX Edition
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Solution Strategy & & #HT

Recognise that A = (0, 4) is a focus of the ellipse. Replace |AM| using the constant focal sum, then
apply the reverse triangle inequality to the other focus and B.

Olympiad Knowledge Points BRE4:#ES

[ Analytic Geometry #1754 ] [ Ellipse Focus f§[E £2 ]

[ Reverse Triangle Inequality X =A% = ]

MF + MF" =10

Figure 4. The equality point lies on the line through F’ and B, extended beyond B.

Solution f#&

The ellipse has semi-major axis 5 and focal distance
V25 -9 =4.

Hence its foci are
F:(0,4):Aa F/:(O’_4)a

and for every M € E,
IMF|+|MF’| = 10.

Therefore
|AM| + |MB|=10—- |MF’| + |MB].

By the triangle inequality,
|[MF'| < |MB| +|BF’|,

SO
|AM| + |MB| > 10 - |BF’|.

Now

|BF'| = (2 -0)2 + (2 + 4)2 = 2V10.

Equality occurs when M, B, F’ are collinear with B between M and F’, and that ray meets the ellipse.
Thus the minimum is attained.
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Final Answer S&ZE. 10-2V10|.

{ Question 6 #H 6 Polynomial functional equation | ZIHZENE T2 ;

Problem locator / & H fEfi[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR MESR AT RE T IRE - BRI TSRS SR -

Solution Strategy BT

View the identity as a semiconjugacy between two quadratic maps. Symmetry about the critical
point forces the polynomial to be even or odd. The odd case contradicts growth along an escaping
orbit; the even case halves the degree and can be repeated indefinitely.

Olympiad Knowledge Points R E{4EEE

[ Polynomials ZJE=, ] [ Functional Equations &5 72 ] [ Symmetry $1f8
[ Degree Descent YK BLER: ]

Solution 7

Constant solutions satisfy
P?—1=4P,

SO
P=2+V5 or P=2-5.

We prove that there is no nonconstant solution.

Set
y -1

Fx)=x*-dx+1=(x-2?-3, G(y) = 1

The equation is P(F(x)) = G(P(x)). Since
F(2+1)=F(2-1),

we have
P(2+1)? =P(2-1)2

Thus the product
(P2+1)-P2-1)(P(2+1)+P(2-1))

is identically zero. Hence P is either even or odd about 2.
Suppose first that P is odd about 2. Then P(2) = 0. Define

xo = 2, Xn+1 = F(xp).

The orbit begins
2,-3,22,397, ...
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and tends to +oco. On the other hand,
P(xn+1) = G(P(xy)),

so P(x,) = G™(0). Since G maps the interval [—1/4, 0] into itself, this sequence is bounded. A
nonconstant polynomial cannot remain bounded along a sequence tending to +co, a contradiction.
Therefore P is even about 2, so for some polynomial Q,

P(x) = Q((x - 2)%).
Putting u = (x — 2)? in the original identity gives
Q(u)* =1 =40((u -5)*). (1)

Let H(u) = (u — 5)%. As before, H(5 +t) = H(5 — 1), so Q is either even or odd about 5.
If Q is odd about 5, then Q(5) = 0. The orbit

5,0, 25,400,...

under H tends to +oo, while equation (1) again makes the corresponding Q-values equal to the
bounded orbit of 0 under G. This is impossible.
Hence Q is even about 5, so

Q(u) = 01((u = 5)*) = Q1(H(u))
for another polynomial Q;. Substitution into (1) shows that Q; satisfies the same equation (1), while
deg Q1 = % degQ.
Repeating the argument would force deg Q to be divisible by every power of 2. Therefore deg Q = 0,

contradicting the assumption that P is nonconstant.
Thus only the two constant solutions exist.

Final Answer B&ER. [P(x)=2+V50r P(x) =2-V5|.

Question 7 fEH 7 Maximum under a cubic constraint | ={XK&AJH NI AHE }—

Problem locator / & H fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR BB T RE T IRE - BRI TSRS SR -

Solution Strategy BB f#ET

Relate (x + y)? to x> + y? using convexity or the standard inequality (x + y)3 < 4(x3 + y?).
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Olympiad Knowledge Points BLE&n:5E,

[ Inequalities &=, ] [ Convexity ] [ Equality Cases %58/ ]

Solution f#%

For nonnegative x, y,
(x+)? <4 +y7).

Therefore
(x+y)3 <8, x+y<2

Equality is attained at x = y = 1, for which x3 + y? = 2.

Final Answer J&ER. [2]

Question 8 & H 8 Exponential Diophantine equation | f§#(EZ & 712 } \

Problem locator / 7 B XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AR E R E R - BRI RS EARE -

Solution Strategy ER&FEHT

Compare prime exponents on both sides. The exponent vectors of x and y must be proportional by
a power of 2, reducing the problem to a small growth comparison.

Olympiad Knowledge Points BRE4I:#ES

[ Number Theory 23k J [ Prime Valuations & K258 ] [ Exponential Growth 88 & J

Solution f#%&

Since 512 = 2%, the equation is
2% 29y
x? =yt

For every prime p, let v, (x) = a, and v, (y) = b,,. Then
a,2® =b,2%.

Thus x and y have the same prime divisors.
Ifx <9y, putm =9y —x > 0. Then
a, =2"b,

for every p, and hence
x=y". (1)

If y = 1, equation (1) gives x = 1, which is a solution.
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Now let y > 2. The case m = 0 would give x = y and x = 9y, impossible. Hence m > 1, so x > y°.
Since also x < 9y, we get y < 9. Checking 2 <y <9in

shows that the only possibility is
y= 2, m = 2, X = 16

Indeed,
16216 _ (24)216 _ 2218 _ 25122.

If x > 9y, the same valuation argument gives

_ 2x—9y> 2

y=x > x“,

which contradicts x > 9y > 9x? for positive integers. Therefore there are no further solutions.

Final Answer H&KER. ‘(x,y) = (1,1), (16,2) \

Question 9 fEH 9 Extremal residues modulo 3 | 1 3 #x{E [ & } Y

Problem locator / # B REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT OB AR E R E R - BRI RS -

Solution Strategy EREFEHT

Only the residues modulo 3 matter. Classify which residue triples make ab + bc + ca divisible by
3, then maximise a set avoiding all such triples.

Olympiad Knowledge Points B[k,

[ Extremal Combinatorics fR{EH & ] [ Modular Arithmetic &4

[ Pigeonhole Principle #5555 ]

Solution f#&

Reduce all integers modulo 3. A triple is good if all three residues are equal, because
P2+r2+r2=32=0 (mod 3).
A triple containing two residues 0 is also good. The remaining residue patterns
(0,1,1),(0,2,2),(0,1,2),(1,1,2),(1,2,2)

do not give 0 modulo 3.
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A set with no good triple can therefore contain at most two numbers of residue 1 and at most two of
residue 2. It can contain at most one number of residue 0 if it contains any other number. Thus its
size is at most

1+2+2=05.

This bound is attainable, for example by residues
0,1,1,2,2.

Hence every set of six distinct integers contains a required triple, while five do not suffice.

Final Answer B#&ER. [n=06] |

Question 10 & E 10 Nonlinear recurrence and hidden linearity | JEAR M IR ELFE AR I }ﬁ

Problem locator / &8 B fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BT

Square the radical relation to obtain an invariant involving two consecutive terms. Reuse the same
invariant one step later to identify the next radical exactly.

Olympiad Knowledge Points BE&n:kE,

Sequences ] [ Invariant & ] [ Linearisation £& %4t ]

Solution f#&

From the recurrence,

Upe1 — 2Uy, = \/3u% + 1.

Squaring gives

2 2
Uy, — dupper +u;, =1 (D)
Now
2 2 2 2
(2ups1 = up)” = 4u, | —4uplner +u; = 3u,,; +1

by (1). Since all terms are positive,
,/314?”1 +1=2u,41—u,.

Upt2 = 2Upe1 + 2Upy1 — Uy = dpy1 — Uy,

Therefore

Hence
S, =0.
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‘ Final Answer B&ER. S, = 0]foreveryn > 1. |

»{ Question 11 & HE 11 Quadratic conjugates and recurrence | X FLHJE B Ik }—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARCIE AL MOESR BT RE TG - HRE NSRS SR -

Solution Strategy BB #T

The two bases are conjugate roots of t2—4¢+1 = 0. Their power sum is therefore an integer sequence
satisfying a second-order recurrence, which can be studied modulo 10.

Olympiad Knowledge Points B E{%15#:%;

[ Algebraic Conjugates {XEFLHE ] [ Linear Recurrence 43MEE J

[ Modular Periodicity #Z5EHH ]

Solution f#&

Let
Vo= (2+V3)" +(2-V3)".

Since 2 + V3 are roots of 12 — 4f + 1 = 0,
Vi =4V = Vyoo, Vo =2, Vi =4.

Modulo 10, the sequence begins
2,4,4,2,4,4,...

with period 3. Since 2019 = 0 (mod 3),

V2019 =2 (mod 10).

Final Answer SH#&%&%. The units digit is [2], |

Question 12 FHE 12 Perfect squares and powers of two | 5645 8 — X E }—

Problem locator / 75 H REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB SR AT R E IR - BRI RIS

Kenneth Cheng 26 /247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

Solution Strategy & & #HT

First eliminate n < 8 by parity of prime exponents. For n > 8, factor out 2® and reduce the problem
to two powers of 2 differing by 2.

Olympiad Knowledge Points BLE&n:5kE,

[ Diophantine Equations Z&E 52 ] [ Powers of Two —XE J

[ Difference of Squares ¥ 72 ]

Solution f#&

Suppose
2% 42" = m?.

If n < 8, then
m? = 2"(1 + 287",

where the second factor is odd. The exponent of 2 forces n to be even, but direct substitution n =
2,4, 6 gives no square.
Now let n > 8 and write k = n — 8. Then

m? = 28(1 + 28,

som = 16q and
g* =1+2~

Thus
(g-1)(q+1) =2~

Both factors are powers of 2 and differ by 2, so necessarily
qg—-1=2, g+1=4.

Hence g = 3, k = 3, and

n=11.
Indeed, 28 + 211 = 2304 = 482,
Final Answer J&ER. [n=11]
Question 13 & H 13 A-excircle inequality | A-55VJEINE ]I N

Problem locator / #H H RE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCHAR A OB A E R E T RE - BRI RIS
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Solution Strategy & & #HT

Express the A-exradius and the side BC using the circumradius and half-angle formulas. The in-
equality then reduces to a one-line product-to-sum estimate.

Olympiad Knowledge Points BRE &5,

[ Euclidean Geometry B2 ] [ Excircle F{][E ] [ Half-angle Formula 3/ =, ]
[ Product-to-sum L1 ]

Figure 5. The A-excircle is tangent to BC and to the extensions of AB and AC.

Solution f#&

Let R be the circumradius of triangle ABC. The standard half-angle formulas give

A B C
R = 47€sin500s§cos§,
while A A
BC =2RsinA = 4Rsin§cos 3
Therefore
2R 2cos(B/2)cos(C/2)
BC cos(A/2)
Now
9 B C B+C+ B-C . A+ B—C<1+, A
—_ — = = S1n — m —.
cos 5 cos > cos 5 cos 5 S 5 cos < S >

Dividing by cos(A/2) > 0 proves the claim.

Final Answer B&&%E. The stated inequality holds, with equality when B = C.
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Question 14 £ H 14 Unit-distance incidence bound | B.{37 [ B B8 Bk E 5L 1’

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIEAALD MEER BT RE TG - HRE NSRS SR -

Solution Strategy ER&@ET

Associate each blue point with the unordered pair of red points at distance 1 from it. A pair of red
points has at most two common unit-distance points. This gives an incidence bound, and a generic
geometric construction attains it.

Olympiad Knowledge Points BE{%5kL,

[ Extremal Geometry f&{E24(T ] [ Double Counting # =8 ]

[ Geometric Construction #fa[i&& ]

blue
red red

blue

Figure 6. One unordered red pair can generate at most two blue centres.

Solution f#&

Let R and B be the numbers of red and blue points. Each blue point determines the unordered pair
of the two red points on its unit circle.

For a fixed pair of red points, there are at most two points at distance 1 from both of them, because
they are intersections of two unit circles. Hence

R
B < 2(2) =R(R-1).
Since B + R = 2019,

2019 < R?.

Thus R > 45, and so
B <2019 — 45 = 1974.

It remains to show attainability. Choose 45 red points in a sufficiently small disk and in generic
position, so every red pair is less than distance 2 apart, no three red points lie on a unit circle, and
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the unit-circle intersection points arising from distinct red pairs are all distinct. Every red pair then
gives two candidate blue points, each incident with exactly those two red points. There are

45
2 =1
() = 1080

such candidates. Select any 1974 of them as blue points. The required condition holds, and the total
number of points is 45 + 1974 = 2019.

Final Answer H&EZR. (1974

Question 15 & HE 15 Equal-sum partition | %1540 J

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MESR BT RE TG - BRI NSRS SR -

Solution Strategy BT

Divide the numbers into eleven consecutive blocks of length 11. Form each group by taking one
entry from every block, with the positions cyclically shifted. Each group then has the same quotient
sum and the same residue sum.

Olympiad Knowledge Points HE#EE

[ Constructive Combinatorics #3454 ] [ Latin-square Pattern 17 ] 75, ]

{ Modular Arrangement #HE] ]

Solution f#&

The total sum is

1+2+---+121 = % = 7381,
so each group must have sum
7381
— =671.
11
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One valid construction is:

1 1
2| 2
3| 3
4| 4
51 5
6| 6
T7
81| 8
91 9
10 | 10
11]11

13
14
15
16
17
18
19
20
21
22
12

25
26
27
28
29
30
31
32
33
23
24

37
38
39
40
41
42
43
44
34
35
36

49
50
o1
52
53
54
55
45
46
47
48

61
62
63
64
65
66
56
57
o8
59
60

73
74
75
76
7
67
68
69
70
71
72

85
86
87
88
78
79
80
81
82
83
84

97
98
99
89
90
91
92
93
94
95
96

109
110
100
101
102
103
104
105
106
107
108

121
111
112
113
114
115
116
117
118
119
120

Each row has sum 671, and every integer from 1 to 121 appears exactly once.

Solution Companion

groups, each of sum 671.

Final Answer F# & %. Yes. The table above gives an explicit partition into eleven
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2020 | Junior Division#] 528

This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
the question, then use the strategy, knowledge map, and worked solution here for study.
B SLEMHEE T R AR B AR 0 B SCLBE R SEER - B AR SRS - AnEh

SRR B o

Official Paper Access B JjH &AL

The examination paper is not reproduced in this public companion. Open the official DSEDJ com-
petition archive, select the matching year and division, and treat that facsimile as authoritative.
KRFEANEHHERE  FRIEHT R I EEE » 2E SRS » i DEZR
TR -

Official archive / E FEE : dsedj.gov.mo/cre/science/comp/info.html

Source attribution / Z8JR5EBH : Education and Youth Development Bureau (DSEDJ), accessed
12 August 2026. Non-commercial teaching use; this companion is not an official version.
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Independent Worked Solutions &3/ 5Z B EE
Question 1 8 H 1 Addition chains | fli£E## }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARCIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Construct an addition chain. A Fibonacci-type beginning produces many useful values efficiently;
the final few terms are then adjusted so that two earlier terms add exactly to 2020.

Olympiad Knowledge Points F 2402,

[ Combinatorial Construction 41 &1 ] [ Addition Chains i ]

[ Backward Design i [[]5% &t ]

Solution f#%&

One valid sequence is

k‘12345678910111213141516 17 18
ak‘l 2 3 5 8 13 21 34 55 89 144 233 377 382 437 819 1201 2020.

Indeed, the first thirteen terms follow the Fibonacci rule. The remaining terms satisfy
382 =5+377, 437 =55+382, 819 =382+437,

1201 = 382 + 819, 2020 = 819 + 1201.

Every displayed sum uses two distinct earlier terms, as required.

Final Answer H&EZR. The sequence displayed above is a valid construction.

Question 2 #H 2 Consecutive squares | HAFEE -7 I

Problem locator / #8H B REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

SAOCHOR A LGB AT R E TR G - BRI RIS EARE

Solution Strategy BT

Search among the smallest consecutive integers and then verify the required partition directly. Since
the question only asks for an example, a correct explicit identity is sufficient.
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Olympiad Knowledge Points BLE&n:5E,

Constructive Example 13 i ] [ Pythagorean-type Identity 5 fI{E &= ]

Solution f#%

Take the five consecutive positive integers
2,3,4,5,6.

Then
32 +6%=9+36 =45,

while
22+ 42 +52 =4+ 16 + 25 = 45.

Thus the squares of 3 and 6 have the same sum as the squares of the remaining three integers.

Final Answer B&AEZR. 2,3,4,5,6, with 32 + 62 = 22 + 42 + 52,

Question 3 fEH 3 Cubic residues | 3775 &% ;

Problem locator / /& H R\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - B NSRS SR -

Solution Strategy BT

Reduce the equation modulo 9. Cubes occupy only three residue classes modulo 9, so their pairwise
sums cannot produce every residue.

Olympiad Knowledge Points R E{AES

[ Number Theory &3 ] [ Modular Arithmetic BE ] [ Cubic Residues 3 5 gk

Solution f#&

For every integer n,
n?=0,1,-1 (mod 9).

Therefore
¥ +y3=-2-1,0,1,2 (mod 9).

However,
2020 =4 (mod 9),

which is not among these possible residues. Hence the equation has no integer solution.

Final Answer &#&&%E. There are no integer solutions.
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Question 4 8 H 4 Rational inequality | B AL I

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

First use a + b < 2 to obtain ab < 1. Then subtract the left-hand side from the right-hand side and
factor the numerator.

Olympiad Knowledge Points BRE4:#ES

[ Inequalities A&, ] [ AM-GM 5 44 F 15 ] [ Factorisation R\ 4#

Solution f#&

By AM-GM,
2
a+b
b 1
< [5)
Moreover,
2 1 1 (a —b)*(1 —ab)
l+ab 1+a2 1+b2 (1+ab)(1+a?)(1+b?)
> 0.

This proves the required inequality.

Final Answer J&ZZR. The inequality holds; equality occurs when a = b or ab = 1.

Question 5 #H 5 Magic-sum tables | EFI7HE }

Problem locator / & H fE{\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BB @EHT

Subtract 1 from every entry. The problem becomes counting nonnegative 3 X 3 tables whose row
and column sums are all 2. Classify these tables according to whether an entry equal to 2 occurs.

Olympiad Knowledge Points B E{4:5k%,

[ Combinatorics 24 ] [ Contingency Tables 135|f1EH& ] [ Case Classification 7 3E3 T3/ ]
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Subtract 1 from each dBw/column sums become 2

Figure 7. The shift by 1 converts positive entries with line sum 5 into nonnegative entries with line
sum 2.

Solution ##Z

Subtract 1 from every cell. We count nonnegative matrices whose row sums and column sums are
all 2.
If all entries are 0 or 1, each row and column has exactly two 1’s. The zero positions form a permu-
tation matrix, giving

31=6

tables.
Suppose an entry is 2. Its remaining row and column entries must be 0.
If there is exactly one entry equal to 2, the remaining 2 X 2 block must consist entirely of 1’s. The
position of the 2 can be chosen in
3:-3=9

ways.
If there is more than one entry equal to 2, the only possibility is to place three 2’s, one in each row
and column. Their positions form a permutation matrix, giving another

31=6

ways.
Therefore
N=6+9+6=21.

Final Answer Z&EE. N =21.

Question 6 H 6 Angle chasing and the sine rule | 55 K8 1F 5% E E# I

Problem locator / 75 B REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR A MBS AT R E R - BRI RS SEARE -

Solution Strategy EREFEHT

Determine all immediately available angles. Then compare AD /CD in two triangles using the sine
rule; this fixes the two remaining angles in triangle ACD.
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Olympiad Knowledge Points BLE&n:5E,

[ Euclidean Geometry BX 24T ] [ Angle Chasing # B HE ] [ Sine Rule IF3ZEH ]

Figure 8. The two highlighted diagonals are proved perpendicular.

Solution f#&

Triangle BC D has base angles 50°, hence
LBDC = 80°.

Therefore the three equal angles in the hypothesis are all 80°.
At B,
LABD = /ABC - /DBC = 80° - 50° = 30°.

Thus, in triangle ABD,

LADB = T70°.
Since A and C lie on opposite sides of BD,

LADC =T70° +80° = 150°.

Letx = ZDAC. Then ZACD = 30° — x. By the sine rule in triangle ABD,

AD  sin30°

BD ~ sin80°°
Since triangle BCD is isosceles, BD = CD, so

AD sin30° sin10°

CD ~ sin80°  sin20°
On the other hand, the sine rule in triangle ACD gives

AD _ sin(30° —x)

CD sin x
The function
sin(30° —x) 1 V3
— = —cotx— —
sinx 2 2

is strictly decreasing for 0° < x < 30°. Since it takes the required value at x = 20°, we obtain
x =20° LACD = 10°.

Hence
LACB = 50° - 10° = 40°.

Because BD makes an angle 50° with BC, while AC makes an angle 40° with C B, the angle between
AC and BD is 90°.
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‘ Final Answer H&EZ. AC L BD.

»{ Question 7 & H 7 Repeated blocks and divisibility | JEERE 7 EL B & 1’

Problem locator / &8 B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AR MESR BT RE T IRG - HRE NSRS SR -

Solution Strategy E B @ET

Factor the repeated-block decimal representation. A number formed by repeating a three-digit block
twice is the block multiplied by 1001.

Olympiad Knowledge Points BE&n:kE,

Divisibility B ] [ Decimal Blocks {4381 ] [ Factorisation B4 f# J

Solution f#%

Let M = XYZ. Then
N =1000M + M = 1001M.

Since
1001 =7-11-13,

N is always divisible by 7, 11, and 13. It is not necessarily divisible by 17.

Final Answer &#&% 3. Divisibility by 17 need not hold, so the correct choice is D.

Question 8 & H 8 Exponential prime equation | fEAVE 5 #2 W’

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR CIE AL MOESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Use parity first. Once p = 2 is forced, reduce 29 + 1 modulo 3 to restrict the prime exponent q.

Olympiad Knowledge Points B[4k,

Number Theory 2@ ] [ Parity T @k ] [ Modular Arithmetic B Eiff
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Solution f#&

If p were odd, then p? would be odd and r = p? + 1 would be an even prime. This would force
r = 2, impossible since p? > 3. Hence
p =2
Now r = 29 + 1. If g is an odd prime, then
29+1=(-1)?9+1=0 (mod 3),
so r would be divisible by 3. The only remaining prime exponent is
q=2

and then r = 5. Therefore
p+qg+r=24+2+5=09.

Final Answer & #& & £. 9, which corresponds to E (none of the listed numerical
choices).

Question 9 B H 9 Symmetric power sums | fFEEEAN I

Problem locator / & B fEf\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR BB T RE T IRE - BRI TSRS SR -

Solution Strategy BB f@ET

Introduce the elementary symmetric quantities s = x + y and p = xy. Express both higher power
sums in terms of s and p.

Olympiad Knowledge Points R E{AEES

Algebra fRE{ } [ Symmetric Polynomials $#5%IH=, ] [ Vieta’s Formula E:ZEH

Solution f#&

Put

s=x+Yy, p =xy.
The equation x2 + y? = s gives
s2—s

2

32 — 2p =, p=
Also,
¥ +y3=53-3ps=ys.
Substituting the expression for p gives

3
53— Zs(s?—5) =,

2
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o)
s(s=1)(s—=2)=0.

If s = 0, then p = 0, giving (x,y) = (0,0). If s = 1, then p = 0, giving (0,1) and (1,0). If s = 2,
then p = 1, giving (1, 1). Thus there are four ordered pairs.

Final Answer & ER. N =4, so the correct choice is B.

Question 10 @ H 10 Symmetric identities | ¥ FHF = } w

Problem locator / #H B RE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

SRR MBS AR B R E IR - BRI RS

Solution Strategy E T

Use the first condition to determine ab + bc + ca. Squaring this quantity gives a?b? + b%c? + ¢2a?,

which can then be inserted into the square of a? + b2 + c2.

Olympiad Knowledge Points B[4k,

[ Algebraic Identities {CB{E &= ] [ Symmetric Sums 485/ ]

Solution f#&

From
(@a+b+c)>=0
we obtain
ab + bc + ca = -2.
Moreover,
(ab + be + ca)® = a®b? + b%c? + c2a® + 2abc(a + b + ¢),
SO
a’b? + b2 + ?a? = 4.
Finally,
16 = (a® + b2+ c2)? = a* + b* + * + 2(a®b? + b%? + 2d?),
which yields

at+b*+c*=16-8=8.

Final Answer JZXEZR. 8, so the correct choice is B.
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Question 11 #EH 11 Barycentric ratios | E /O AR I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB #ET

Represent the point of concurrency by barycentric coordinates. Each of the three segment ratios is
then one normalised barycentric coordinate.

Olympiad Knowledge Points B 14052,

[ Geometry 4&(f ] [ Barycentric Coordinates &/(>A41Z ] [ Cevians 4 ]

Figure 9. Three concurrent cevians in triangle ABC.

Solution f#&

Let the barycentric coordinates of O be

O=(a:B:7v), a, B,y > 0.

Along the cevian AD,
+
0= T A+ Bty
a+p+y a+pB+y
SO
DO a
DA a+pB+7y’
Similarly,
EO B FO 0%
EB a+f+7y’ FC a+f+y’

Adding the three ratios gives 1.

Final Answer H&KE&EZR. 1, so the correct choice is D.
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Question 12 #EH 12 Prime powers and squares | B #(FEL T H#( |

Problem locator / fH H % fiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR CIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy E T

Write the perfect square as 2 and factor n? — 4. The two factors differ by 4, which strongly restricts
a product that is a power of one prime.

Olympiad Knowledge Points BLE4IakE,

[ Number Theory B ] [ Prime Powers EE & ] [ Difference of Squares ¥ 5% ]

As printed, the problem has two solutions: (p,m) = (5, 1) and (2, 5). Hence p + m is not uniquely
determined. If the intended additional condition is 72 > 1 (or that m is prime), the expected answer
is 7.

Solution 7

Let
n?=p"+4.

Then
(n-2)(n+2)=p™.

If p is odd, both factors are odd and their greatest common divisor divides 4, hence it is 1. Therefore
the smaller factor is 1:
n—-2=1, n=23, p"=5.

Thus (p,m) = (5,1).
If p = 2, both n — 2 and n + 2 are powers of 2. Since they differ by 4, the only possibility is
n—2=4, n+2=28.
Hence n = 6 and
2" = 32, m=5.
Thus (p,m) = (2,5).

Final Answer B#&ZER. As printed, p + m € {6,7}. Under the likely intended condition
m>1l,p+m="T.
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Question 13 & H 13 Symmetric rational equations | #8552 /712 I

Problem locator / #H B REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT MBS EBHE R E T IRE - BRI RIS EARE

Solution Strategy E T

Introduce s = a+b and p = ab. Both rational expressions then become simple symmetric functions
of s and p.

Olympiad Knowledge Points BRE&:HE,

[ Symmetric Algebra $IRE{{E J [ Vieta’s Formula & & ]

Solution #%
Since the denominators are nonzero, put

s=a+b, p = ab.
The first equation gives

2 2
a‘+b _3,
ab

SO
s2—2p:3p, s°=9p.

The second equation gives
3. 13
+b
= = 10.
ab

Now
a® + b3 =53 -3ps =s(s*> - 3p) = 2sp,

therefore 25 = 10, so s = 5 and p = 5. Thus a, b are the roots of

?=5t+5=0.

(b} = {5 +2\/5, 5—2\/5}.

Hence

5+V5 5-5
2 2

Final Answer &R EE. (a,b) = ( ) or the reversed pair.
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Question 14 FEH 14 Sums of three primes | =& Efll I \

Problem locator / #H B REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR CIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy E T

Check the interpretation carefully. If repeated primes are allowed, the requested number does not
exist among the two-digit integers; if the primes are intended to be distinct, the first obstruction
occurs at 11.

Olympiad Knowledge Points BRE{AEES

[ Prime Representations BEFE R ] [ Problem Interpretation &&= HHT ]

The printed question does not say that the three primes must be distinct. With the usual convention
that repetitions are allowed, every two-digit integer is a sum of three primes. The likely intended
wording is “three distinct primes”, for which the answer is 11.

Solution f#&

If repetitions are allowed, every two-digit integer is representable. For an even integer n, use n =
2+ (n—2); for an odd integer n, use n = 3+ (n— 3). It remains only to verify that every even integer
from 8 to 96 is a sum of two primes. The following compact list supplies such representations:

8 = 3+5 38 = T7+31 68 = T+61
10 = 3+7 40 = 3+37 70 = 3+67
12 = 5+7 42 = 5+37 T2 = 5+67
14 = 3+11 44 = 3+41 74 = 3471
16 = 3+13 46 = 3+43 76 = 3+73
18 = 5+13 48 = 5+43 78 = 5+73
20 = 3+17 50 = 3+47 80 = T+73
22 = 3+19 52 = 5+47 82 = 3+79
24 = 5+19 54 = T7+47 84 = 5+79
26 = 3+23 56 = 3+53 8 = 3+83
28 = 5+23 58 = 5+53 88 = 5+83
30 = T7+23 60 = T7+53 90 = 7+83
32 = 3+29 62 = 3+59 92 = 3+89
34 = 3+31 64 = 3+61 94 = 5+89
3 = 5+31 66 = 5+61 96 = T+89

Hence no two-digit counterexample exists.

If the primes must be distinct, then

10=2+3+5,

whereas 11 cannot be written as a sum of three distinct primes. Thus the intended answer would be
11.

Final Answer J#&E 2. As printed, no such two-digit number exists. If “distinct primes”
was intended, the answer is 11.
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Question 15 & H 15 Cubic factorisation | =Rz RK =5 fF 1’

Problem locator / & B fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AR MGESR AT RE T IREG - BRI TSRS SR -

Solution Strategy BT

Treat the expression as a homogeneous polynomial and look for the obvious vanishing factors: it is
zerowhena =0,b=0,x=0,y=0,a=b,orx =y.

Olympiad Knowledge Points BRE{AEES

[ Factor Theorem K= EH ] [ Homogeneous Polynomials BER S HR,

Solution f#&

Expand the two cubes, but keep the pure-cube terms and the mixed terms grouped:

(ay + bx)3 — (ax + by)3 = a?’(y3 - x3) + b3(x3 - y3)
+3a’bxy(y —x) + 3ab®xy(x — y).

After adding (a®—b3)(x?—y?), the pure-cube terms cancel completely. Hence the whole expression
equals
3a?bxy(y —x) + 3ab? xy(x — y)
= 3abxy [a(y —-x)+b(x— y)]
= 3abxy(a — b)(y —x)
= —3abxy(a — b)(x - y).

This also makes all six expected linear factors visible.

Final Answer J#ER. | -3abxy(a—b)(x-y)|

Question 16 & H 16 Real algebraic system | EEETEH }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR IR AL MESR BT RE TG - B NSRS SR -

Solution Strategy BB #HT

Let u = ab and ¢ = b2. The two equations become a simple sum-and-product system in « and ¢.
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Olympiad Knowledge Points BLE&n:5E,

[ Algebraic Substitution & ] [ Quadratic Equation — X772

Solution f#%

Put

Then the equations become
ut = —135, u+t=-6.

Thus
t(-6—1) =-135,

SO
2 + 61 -135 =0, (t—9)(r +15) = 0.

Since > 0, we have t = 9 and u = —15. Therefore b = +3 and a = u/b, giving

(a,b) = (-5,3), (5,-3).

Final Answer &R EXR. (a,b) = (-5,3) or (5,-3).

Question 17 &EHE 17 Sum of two squares | Wi~ 77 #ll I \

Problem locator / 75 B XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT OB AT R E R - BRI RS EARE -

Solution Strategy E AT

Search near V2020 ~ 45 and use the factorisation 2020 = 4 - 505 to look for even solutions.

Olympiad Knowledge Points HE#EE

[ Number Theory &G ] [ Sum of Two Squares Wi 77l ]

Solution f#&

A direct calculation gives
16% + 422 = 256 + 1764 = 2020.

Thus (16, 42) is a valid pair. Another valid pair is (24, 38).

Final Answer BA&EZ. For example, (x,y) = (16,42).
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Question 18 & HE 18 Affine geometry and line ratios | 1/ 41 % EL &G AR LY }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

The problem is affine, so choose convenient coordinates. Parameterise the line BF and find the
parameter values of its intersections with AX and AY.

Olympiad Knowledge Points B #{%0:#:E;

[ Affine Geometry {555 ] [ Coordinate Geometry A 1ZE4s ] [ Section Ratios 7B},

B C
X Y

Figure 10. The transversal BF meets the two cevians AX and AY at D and E.

Solution f#&

Choose coordinates
B = (0,0), C=(4,0), X =(1,0), Y =(3,0), A =(0,h).

Since AF : FC=2:1,
1 2
F=-A+-C= §ﬁ .
3 3 33
A point on BF has the form

8t ht
P(t)=tF =|—,—], 0<r<1.
® (3 3)

On AX, write a point as (s, #(1 — 5)). Comparing the y-coordinates with P(¢) gives s = 1 —1/3,

while the x-coordinates give
1 t 8t o 1
33 Py
Similarly, a point on AY has coordinates (3s, #(1 — s)). Thus

8t 9
—-t=—, g = —.
3 ET T
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Therefore, as fractions of BF,

BD =-BF, DE-= BF = —BF, EF=—BF=_—BF.
3 33 11 33

1 9 1 16 2 6
11 3

Hence
BD :DE : EF =11:16:6.

Final Answer H&%&2. BD :DE:EF=11:16:6.

Question 19 & H 19 Integer roots and Vieta | LB Bl &% @ 1 I

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MESR BT RE TG - HRE NSRS SR -

Solution Strategy B @ET

Call the roots m, n and use Vieta’s formula. Eliminating k produces a factorisation in m, n, reducing
the problem to a short divisibility check.

Olympiad Knowledge Points HE&n#kE,

[ Diophantine Equations Z&E 52 ] [ Vieta’s Formula &iE & ] [ Factorisation EH= %%

Solution f#&

Let the positive integer roots be m < n. By Vieta’s formula,

6(3k—1) 72
n=—— ——, mn = .
k2 -1 k2 -1
Hence
3k—1=12(l+l),
m n
SO

i = mn+12m + 12n
B 3mn '
Substituting this into k% — 1 = 72/(mn) and simplifying gives

(mn —6m + 3n)(mn + 3m — 6n) = 0.

If
mn+3m—6n =0,
then
_ 3m
T 6-m’

Since m < n and n > 0, it is enough to test m = 1, 2, 3,4, 5. The integer solutions are

(m,n) = (3,3),(4,6), (5,15).
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The other factor gives the same pairs after interchanging m, n.
The corresponding values of k are

Therefore

Final Answer Z&ER. §=_".
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Independent Worked Solutions &3 52 ARE

Question 1 #H 1 Derangements | $HHE }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR IR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BB #iT

An operation is a permutation of the five coins in which no coin remains with its original owner.
Thus the problem asks for the number of derangements of five objects.

Olympiad Knowledge Points B {4752,

[ Combinatorics £& ] [ Derangements $&HE ] [ Inclusion-Exclusion & /&R

Solution f#&

By inclusion—exclusion, the number of permutations of five coins with no fixed point is

s (o[- (-]

=120-1204+60-20+5-1
=44.

Final Answer &&&EZE. 44 operations. ’

Question 2 fEH 2 Nonlinear recurrence and induction | JE45 1B B B4 ]—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARTCIE AR MESR BT RE TG - HRE NSRS SR -

Solution Strategy BB @ET

Prove a slightly stronger statement with an additional constant 2. The recurrence becomes especially
convenient after writing xx =t + 2.

Olympiad Knowledge Points HR#n:kE,

[ Mathematical Induction Z{Z 53477 ] [ Recurrence Relations JEH#:E% J

[ Strengthened Induction 38/t iE ]
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Solution f#&

We prove the stronger assertion
2k
Xk41 237 +2 (k > 0).

For k =0,
x1=5=3+2.

Assume .
-1
Xk = 32 + 2.

Put 7 = 32", Since the function x2 — 3x + 3 is increasing for x > 2, we have
Xee1 = (1+2)2-3(1+2)+3
=t +1+1
> +2

k
=32 +2.
This completes the induction, and in particular

k
Xk+1 = 3%,

Final Answer & EZ. The inequality holds for every k > 0.

Question 3 & H 3 Cauchy inequality | #FHAEZ I

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAJCIE AR MEER BT RE TG - B NSRS SR -

Solution Strategy BB f@ET

Pair adjacent terms on the left and apply the Cauchy—Schwarz inequality. The condition a + b +
¢ = 2 turns each paired numerator into the remaining variable. A simple telescoping identity then
symmetrises the result.

Olympiad Knowledge Points BE{%5kL,

[ Inequalities A& =R, ] [ Cauchy-Schwarz fTF &=, ] [ Cyclic Symmetrisation TEER %I RE4Y, ]

Solution f#&

By Cauchy-Schwarz,

((/1—1)24_([7—1)2 S (2—a—b)? 3 c?
b c - b+c T b+c’
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Cyclically,
_1)2 _1)2 2
(b-1) N (c=1) S a ’
c a c+a
—1)2 —_1)2 2
(c-1) N (a-1) S b .
a b a+b
Adding these inequalities gives
2 2 2
9L > b c a

+ + ,
a+b b+c c+a

where L denotes the left-hand side of the desired inequality.
Now

a+b+b+c+c+a a+b+b+c+c+a
=(b-a)+(c-b)+(a—c)=0.

Thus each parenthesis equals one half of

b2 c? a? )_( a? b2 c?

aZ+b? bZ+c?2 244
+ + )
a+b b+c c+a

Consequently
a’>+b%> b2+c? ?+a®

+ +
a+b b+c c+a

1
2L > -
2

which is exactly the required result.

Final Answer &#&&%. The inequality is proved.

Question 4 #H 4 Cyclic geometry and incircles | [Bl A I8 B A T [E] Jl

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR BB RE T IRE - BRI TSRS SR -

Solution Strategy BB f@ET

Let the common angle be @ and resolve the other angles relative to the chord BD. Compute the height
of the upper horizontal tangent to each incircle using the inradius formula r = 4R [] sin(A/2); the
two heights turn out to be equal.

Olympiad Knowledge Points B[4k,

[ Cyclic Geometry [E A ] [ Incentres F/L» ] [ Half-angle Formula /&A=, ]
[ Support Lines 545 ]
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A
common fangent

B *AD

C

Figure 11. A representative configuration. The red line is tangent to both incircles and parallel to
BD.

Solution &

Let
a=/BAC=/CAD, B=/ABD, vy=/BDA.

Since ABCD is cyclic,
(CBD = /CAD = «, /BDC = /BAC = a.

Also
2a + B +y = 180°.

Thus the angles of triangle ABC are

a, a+p, v,
and those of triangle ACD are

a, B, a+vy.
Let R be the common circumradius and let 71, 72 be the two inradii. Using

(&
— 4R sin 2 sin = sin <,
r sin > sin 5 sin 5
we obtain 5
. . a+t .
r1 = 4R sin ) sin 5 sin %,

+
ro = 4Rsingsinésina y'
2 2
Take BD as a horizontal reference line. At B, the two rays BA and BC make angles 8 above and «

below BD. Therefore the signed height /; of I; above BD is

. ﬁ—a
S1n 5

. a+f
Sin 5

h1:r1

The height of the upper horizontal tangent to the first incircle is

. pB-a . a+p
Sin 5 + Sin 5

sin ”;'3
_ 2rysin(B/2) cos(a/2)
a sin((a + B)/2)

=4R sina/sin'gsin %

h1+r1:r1
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Repeating the same calculation at D gives the height of the upper horizontal tangent to the second

incircle:
_ 2rgsin(y/2) cos(a/2)

sin((a +v)/2)

=4R sinasiné sin Z.
2 2

The two heights are equal. Hence the same line parallel to BD is tangent externally to both incircles.

h2+r2

Final Answer & Z. An external common tangent of the two incircles is parallel to
BD.

Question 5 B H 5 Cubic identities and integer equations | 37 7518 5 ZC BB 7 12 }—

Problem locator / 75 H REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AT R E R - BRI RS EARE

Solution Strategy E&FHT

For part (a), write the four integers as n,n + 1,n + 2, n + 3 and factor the resulting polynomial. For
part (b), introduce a third term —1 and apply the identity for u> + v3 + w3 — 3uvw.

Olympiad Knowledge Points BE&#5kE,

Integer Equations & 512 ] [ Cubic Identity 37 FE %, J [ Factorisation E R # ]

Solution 7%

For part (a), the required equation is
n+33 =+ (n+1)3+ m+2)>.
Rearranging and factorising,
n+3)2-n*—(n+1)3-(n+2)°=-2m-3)n%+3n+3).
Since the quadratic factor is positive, n = 3. Thus the integers are
3,4,5,6,

and indeed
63 = 3%+ 43 + 53

For part (b), write the equation as
x* +y% + (=1)* = 3xy(-1) = 0.

Using

W+ v+ wd = 3uvw = (w+v+w) @ +v:+w? —uv —vw —wu),
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we get
(x+y—1)(x2+y2+1—xy+x+y)=O.

The second factor can vanish only at x = y = —1. Otherwise
x+y=1
Therefore all integer solutions are
(xy)=@1-1 (1€2),

together with
(x’ y) = (_]-’ _1)

Final Answer B&&AEZR. (a)3,4,5,6. (b) (t,1—1) forte€Z, and (-1, -1).

Question 6 & H 6 Alternating square sum | 75 2 32§51 }

Problem locator / & H fEfi[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR BB RE T IRE - BRI NSRS SR -

Solution Strategy B f@ET

Pair the alternating terms as (2;)? — (2j — 1)2. Each pair collapses to the linear expression 4; — 1,
so the original long alternating sum becomes an elementary arithmetic-series sum.

Olympiad Knowledge Points HE#EE

[ Arithmetic Series FZEHE ] [ Difference of Squares ¥ 5% ]

Solution f#&

Forj =1,2,...,1010,
(2))* - (2j -1)* =4j - L.

Therefore
1010

N=>4j-1)
j=1

_4. 101051011 1010

= 2,041, 210.

This is outside all four numerical ranges listed.

Final Answer SR ER. N = 2,041,210, so the correct choice is E.
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Question 7 fEH 7 Partial fractions | &%= I

Problem locator / & B fEfi[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR MGESR BT RE T IRE - BRI TSRS SR -

Solution Strategy B #T

Use
2 +1=0G2+x+ D)2 -x+1)

and compare coefficients after clearing denominators.

Olympiad Knowledge Points R E{4EES

[ Partial Fractions %8442 ] [ Coefficient Comparison HE{REL ]

Solution #&

Clearing denominators gives
6x3 +10x = (Ax + B)(x>  —x+ 1) + (Cx + D)(x® + x + 1).
Comparing coefficients yields
A =3, B =-2, C=3, D =2.

Hence
A+B+3C+3D=3-2+9+6=16.

Final Answer H&EZR. 16, so the correct choice is D.

Question 8 H 8 Cyclic rational identity | JHER 73U = ]

Problem locator / & B fEfi[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR JGESR BT RE T IRE - BRI TSRS SR -

Solution Strategy BB f@ET

Use ¢ = 1/(ab) to rewrite all three denominators as scalar multiples of one common expression.

Olympiad Knowledge Points R E{&EES

Algebraic Identity [REE S ] [ Cyclic Expressions fEERT, ]
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Solution f#&

Let
D=1+a+ab.

Since abc =1,

bc+b+1:l+b+1:2,
a a

and

+1=

+c+1l= — .
ace ab ab

-+
b
Therefore the required sum is

1 ab
—+—=—+—==1
D D

Tl =

Final Answer J&KEZR. 1, so the correct choice is C.

Question 9 B H 9 Four-cube identity | Y37 75 H & ] N

Problem locator / # H REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AT R E IR - BEIEE RS SEARE -

Solution Strategy E&FHT

Expand only far enough to observe cancellation. All pure cubes and all terms containing a squared
variable cancel; only the fully mixed term remains.

Olympiad Knowledge Points BLE4nakE,

[ Algebraic Identities EIE %=, ] [ Symmetric Cancellation $15i4%

Solution f#&

Expanding and collecting like terms, all terms except the product abc cancel. The remaining coef-
ficient is 24, so

(a+b+c) +(b-a-c)>+(c—a-b)>+(a—b-c)®=24abc.

Final Answer H&Z 2. 24abc, so the correct choice is D.
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Question 10 FH 10 Polynomial optimisation | ZIET\HI{E I

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Differentiate, or factor the difference between f(x) and the candidate minimum.

Olympiad Knowledge Points RE:#E5

Optimisation B{& ] [ Calculus &5 J [ Polynomial Factorisation ZER /7 # ]

Solution f#&

We have
) =4 —4=4(x -1 (x*+x+1).

The only real critical point is x = 1, and
f()y=1-4=-3.

Since f(x) — +o0 as |x| — oo, this is the global minimum.

Final Answer B&ER. -3.

Question 11 EHHE 11 Terminal digits | RALEF J

Problem locator / & H fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy B @ET

Extract the power of 10. The requested digits are then the tens and hundreds digits of 2-92°'®, which
can be found modulo 1000.

Olympiad Knowledge Points BRE&#kE,

[ Modular Arithmetic L& ] [ Last Digits RO BLF ] [ Euler’s Theorem Bh BB

Solution f#&

We have
920205201992018 _ o 2018 (2019
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Thus a2019, a2020, @2021 are the units, tens, and hundreds digits of 2 - 92018
Since ¢(1000) = 400,
92918 = 9¥  (mod 1000).

Repeated squaring gives
9% =121 (mod 1000),

SO
2.9%018 =249 (mod 1000).

Therefore
asozo = 4, asp21 = 2,

and their sum is 6.

Final Answer S&ER. a0 + a1 = 6.

Question 12 & H 12 Cubic factorisation | =KX= I

Problem locator / 75 B REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT AR OB SR AT R E R - BRI RS EARE -

Solution Strategy EREFEHT

Both parts are manifestations of the same three-variable cubic identity.

Olympiad Knowledge Points HE#EE

[ Cubic Identity 37 5 1E & ] [ Factorisation E = 54 J

Solution f#%&

For part (a),
f(=a—-b)=—(a+0b)®+3ab(a+b)+a’+b*

=0.
For part (b),

a®+ b3+ ¢ —3abc = (a+b+c)(a®+b>+c%—ab - be - ca).

Final Answer A EZR. (@)0. (b) (a+b+c)(a®+b%+c%—ab - bc - ca).
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Question 13 & H 13 Five cubes representation | FL{E 37 HEFR I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARCIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Use two large equal cubes and correct the remaining small difference with three small signed cubes.

Olympiad Knowledge Points BRE:8ES

Constructive Number Theory &8 ] [ Signed Cubes #7575 HE( ]

Solution f#&

One convenient representation is
2020 = 10 + 10% + 33 + 13 + (-2)3.

Indeed,
1000 + 1000 + 27 + 1 — 8 = 2020.

Final Answer FAESR. 2020 = 10% + 103 + 3% + 13 + (-2)3.

Question 14 FHE 14 Real algebraic system | EEE T J \

Problem locator / # H XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AT R E IR - BRI RS -

Solution Strategy EREFEHT

Set u = ab and t = b? so that both original equations become relations only in « and ¢. Their
product and sum give a quadratic for #; after determining ¢ = b2, recover u = ab and hence the two
possible signs of b.

Olympiad Knowledge Points R E{AEES

Algebraic Substitution fCE{# ] [ Quadratic Equations X 72

Solution ##Z

Let
u=ab, t = b2,
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Then
ut = =135, u+t=-06.

Thus
2 +6t-135=0,

sot =9. Hence u = —15 and
(a,b) = (-5,3), (5,-3).

Final Answer B&EE. (a,b) = (-5,3) or (5,-3).

Question 15 @ H 15 Minimax approximation | 1/ M& K& I

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR IR AL MESR BT RE TG - B NSRS SR -

Solution Strategy E T

Use a discrete second difference at x = 0, 1, 2 to obtain a universal lower bound. Then construct a
quadratic whose extreme values alternate between the two bounds.

Olympiad Knowledge Points R EiAES

[ Minimax Principle #&/]MBiA 5 ] [ Finite Differences HRZ=4 ] [ Equioscillation &%

Solution f#&

Let
g(x) =2x% + bx +c, M = max |q(x)|.
0<x<2

A direct calculation gives
q(0) —2¢(1) +¢(2) = 4.

Therefore
4 < |q0)] +2|g(D)] +1q(2)| < 4M,

SO
Now choose

Then
g(x) =2(x-1)% - 1.

For 0 < x < 2, this expression lies between —1 and 1. Hence M(—4,1) = 1, attaining the lower
bound.

Final Answer & ER. minM(b,c) = 1.
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Question 16 & H 16 Interchanging infinite sums | MG FI

1
J

number before reading the solution.

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

and the resulting finite sum telescopes.

All terms are positive, so interchange the order of summation. Each inner sum is a geometric series

Olympiad Knowledge Points F #4052,

[ Infinite Series ZE&S ] [ Geometric Series % H 4R BT ] [ Telescoping Sum E5E§ KA ]

Solution f#&

Since all terms are positive,

2019
Final An r ERER. =,
inal Answer JARER. S ot
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2021 | Junior Division#] 528

This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
the question, then use the strategy, knowledge map, and worked solution here for study.
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The examination paper is not reproduced in this public companion. Open the official DSEDJ com-
petition archive, select the matching year and division, and treat that facsimile as authoritative.
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Official archive / E FEE : dsedj.gov.mo/cre/science/comp/info.html

Source attribution / Z8JR5EBH : Education and Youth Development Bureau (DSEDJ), accessed
12 August 2026. Non-commercial teaching use; this companion is not an official version.
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Independent Worked Solutions &3 52 ARE

Question 1 & H 1 Integer systems | HEHEFFEMH J

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MEERE AT RE TG - HRE NSRS SR -

Solution Strategy ER&@ET

Shift each variable by 1. The three nonlinear equations then become a very symmetric multiplicative
system, which can be split according to whether the shifted variables are zero.

Olympiad Knowledge Points HE#EE

[ Algebra {0E{ ] [ Symmetric Systems 255241 ] [ Variable Shift # &% }

Solution f#&

Set
a=x+1, b=y+1, c=z+1.

The given equations are equivalent to
ab =c, bc = a, ca=>.
If one of a, b, c is zero, then the equations force
a=b=c=0,

which gives (x,y,z) = (-1,-1,-1).
Now suppose that abc # 0. From ab = ¢ and bc = a,

ab® = a,

sob? =1. Similarly, a2=c?=1. We may choose a, b € {1, -1} freely, after which ¢ = ab. This
gives four further triples.
Hence the total number of integer triples is

1+4=5.

Final Answer B&EZE. 5, so the correct choice is E.

Question 2 #H 2 Counting triangles | = fAEFTEL }

Problem locator / /& E R\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR MESR BT RE TG - HEE NSRS SRR -
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Solution Strategy & & #HT

Classify the triangles by orientation and side length. Count upward-pointing triangles first, then
downward-pointing triangles.

Olympiad Knowledge Points & &:HE,

[ Combinatorial Geometry 484 247 J [ Systematic Counting Z#%xT8( J
[ Triangular Grids =484 ]

Figure 12. The triangular grid has side length 4.

Solution f#&

For upward-pointing triangles, the numbers with side lengths 1, 2, 3, 4 are respectively
10,6, 3, 1.

Thus there are
10+46+3+1=20

upward-pointing triangles.
For downward-pointing triangles, there are 6 of side length 1 and 1 of side length 2. Hence there
are

6+1=7

downward-pointing triangles.
Therefore the total is
20+ 7 = 27.

Final Answer J#&ER. 27, so the correct choice is C.

Question 3 & H 3 Factor comparison | [K= FEL }’

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MGEER BT RE T IRE - BRI NSRS SR -
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Solution Strategy ER&FET

Compare the product with 1112, Expanding isolates the sign of a — b.

Olympiad Knowledge Points B4k,

Algebra f{E{ J [ Sign Analysis #3847 ] [ Expansion &5

Solution ##Z&

Since 1112 = 12321, expansion gives
12345 = 12321 + 111(a — b) — ab.

Hence
111(a = b) —ab =24 > 0.

If a < b, then 111(a — b) < 0 and —ab < 0, so the left-hand side would be negative. This is
impossible. Therefore
a>b.

Final Answer |&AER. a > b, so the correct choice is A.

{ Question 4 #H 4 Aliquot sums | E X &N |

Problem locator / & B XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT OB AT R E R - BRI RS EARE -

The English wording says “all positive divisors”, but the printed example D(6) = 1 +2 + 3 =

6 excludes 6 itself. Accordingly, D(n) is interpreted as the sum of the positive proper divisors,
consistently with the example.

Solution Strategy BT

Separate odd and even n. For odd n, use the parity of the divisor-sum function. For even n, the
proper divisor n/2 gives a strong upper bound, leaving a short case analysis.

Olympiad Knowledge Points B4k,

[ Number Theory &k ] [ Divisor Sums HE# ] [ Parity of o (n) FEFI&BY
[ Case Analysis ZMEz R ]
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Solution f#&

Write o (n) for the sum of all positive divisors of n. The condition is
o(n) =n+42.

Case 1: n is odd. Then o (n) is odd. The divisors of a nonsquare can be paired into distinct pairs

d,n/d, whose sums are even; hence o (n) is odd only when 7 is a square. Write n = m?.

Since m is a proper divisor, 1 + m < 42, som < 41. If m is prime, then
D(m?) =1+m =42,
som =41 and
n=41% = 1681.
If m is composite and odd, then either m = 9, giving
D(81) =1+3+9+ 27 =40,
or m > 15. In the latter case, if p is the smallest prime divisor of m, then m/p > 3, and the distinct
proper divisors

1, p, m —
p

have sum at least
1+3+m+3m=4m+4 > 64 > 42.

Thus the only odd solution is 1681.
Case 2: n is even. Since n/2 is a proper divisor, n/2 < 42, so n < 84. Write

n=2%m,

where m is odd. Then
D(n) = (2 = 1)o(m) — 2%m = 42.

The possibilities are short:

a ‘ restriction on m ‘ result
1| me{3,9,15,21,27,33,39} | m = 15 only
2 m € {7,21} none
3| m<10, m=6 (mod 15) none
4| m<5 m=9 (mod 31) none
5 m=1 D(32) =31
6 m=1 D(64) =63

Fora =1and m = 15,
n =30, DB0)=1+2+3+5+6+10+15=42.

Therefore the two solutions are
30 and 1681.

Final Answer &%, 2, so the correct choice is B.
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Question 5 8 H 5 Areas and midpoints | [ & B }

Problem locator / #8H B RE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCHR A OB AR E R E IR - BRI RS EARE

Solution Strategy E T

Express each corner region as half the sum of the two adjacent triangles with vertex P. Opposite
corner regions then have equal total area.

Olympiad Knowledge Points B E{4EEE

Geometry (T ] [ Area Chasing B #E ] [ Midpoint Areas FE5THEI & ]

Figure 13. Each corner region is formed from halves of two adjacent triangles with vertex P.

Solution f#&

Let
u=[PAB], v=[PBC], w=][PCD], t=[PDA].

Because X, Y, Z, T are midpoints,

[AXPT] = XX 19,
+
[BYPX] =~ . Y _ o3,
vV+w

[CZPY] = —— =S5,

t
[pTPZ] = XL 98,
Adding opposite regions,
+Vv+w+t
19+ = % = 23+ 28.
Therefore
S=51-19 = 32.
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‘ Final Answer B&XEZR. S =32.

»{ Question 6 #H 6 Telescoping product | HEiEHIEE I

Problem locator / &8 B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AR MESR BT RE T IRG - HRE NSRS SR -

Solution Strategy E B @ET

Factor each term into two consecutive ratios. The product then telescopes from both ends.

Olympiad Knowledge Points BBk 2,

Algebra {{E{ ] [ Telescoping Products EiE#ERRE ] [ Factorisation R4 f# ]

Solution f#&
For k > 2,
1 (k-1 (k+1) k-1 k+1

1—
k? k2 k k

Hence

'''' 2021 2021
1 2022 1011
2021 2 2021°

P—(l 2 2020)(3 4 2022)

1011
Final An r BRER p=—.
inal Answer HREER ool

Question 7 #H 7 Linear equations | —{X 7241 I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCIE AL MESR BT RE TG - BRI NSRS SR -

Solution Strategy BB #HT

Substitute successively to express b and c¢ in terms of a, then use the last equation.

Olympiad Knowledge Points B[4k,

[ Algebra B ] [ Linear Systems —{X 57240 ] [ Substitution fEA ]
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Solution f#&

We have
c=3QR2a+1)+2=6a+05.
Thus
120 — a = 4(6a + 5) = 24a + 20,
SO
100 = 25a, a=4.
Then

b=9, c =29,

and therefore
a+b+c=4+9+29=142.

Final Answer E&RER. 49.

Question 8 & H 8 Directed angles | H [ }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Track the directed inclination of each segment relative to the horizontal. At each interior vertex, the
change in direction is the corresponding exterior angle 180°— (interior angle).

Olympiad Knowledge Points B #4025

[ Geometry 4&(f } [ Directed Angles &£ ] [ Exterior Turns JMAE[H] J

Figure 14. The alternating exterior turns determine the final inclination.

Solution f#%
Take the positive horizontal direction as 0°. Since ZA = 60°, the direction of AB is

60°.
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At B the path turns clockwise through 180° — 47° = 133°, so
dir(BC) = 60° — 133° = -73°.
At C it turns counterclockwise through 180° — x, hence
dir(CD) = -73° + 180° — x = 107° — x.

At D it turns clockwise through 130°:

dir(DE) = -23° —x.
At E it turns counterclockwise through 180° — x:

dir(EF) = 157° — 2x.
At F it turns clockwise through 180° — 48° = 132°:

dir(FG) = 25° — 2x.
At G, the angle between G F' and the horizontal ray GA is 57°. Since the drawing gives 2x > 25°,

2x — 25° = 57°.

Thus
x =41°.

Final Answer BE&ER. x =41°.

Question 9 H 9 Optimising a right triangle | BA = AP HE

Problem locator / /& H R\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - B NSRS SR -

Solution Strategy E T

Use 2S5 = ab to transform the condition into a factored constraint. A one-variable product constraint
then yields the minimum by AM-GM.

Olympiad Knowledge Points R Er&ES

[ Geometry £ff ] [ Optimisation {8 ] [ AM-GM Eig a5 ] [ Factorisation H=\7##
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o B
C a

Figure 15. The areais S = ab/2.

Solution f#&

Since ABC is right-angled at C,

2S = ab.
The condition becomes
ab = 3a + 2b,
SO
(a=2)(b-3)=6.
Write

x=a—-2>0, y=b-3>0.

Then xy = 6, and
ab=((x+2)(y+3)=12+3x +2y.

By AM-GM,
3x 4+ 2y > 24/6xy = 12.
Therefore

ab > 24, S:%>12.

Equality occurs when 3x = 2y and xy = 6, namely x = 2,y = 3,s0a =4,b = 6.

Final Answer H&AZEER. minS = 12.

Question 10 & H 10 Extremal selection | Hx{E2EEL I 3

Problem locator / 75 H REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AT R E IR - AR RS

Solution Strategy BT

Find the largest subset avoiding the required ratio. In increasing order, consecutive terms must grow
by a factor strictly greater than 3/2. A greedy construction minimises each next term and therefore
maximises the possible length.
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Olympiad Knowledge Points BLE&n:5E,

[ Extremal Combinatorics fR{EAH A } [ Greedy Method &/ ]

[ Pigeonhole Principle 455 % J

Solution f#&

Suppose
ay <dag <---<dg

is a selected set containing no required pair. Then necessarily

aj+1 > §ai,

3a;
ajy] = \‘TIJ + 1.

Starting with the smallest possible value a; = 1, the greedy sequence is

SO

1,2,4,7,11,17,26,40,61,92,139, ...

The first ten terms lie in {1, . . ., 130}, but the eleventh does not. By induction, every ratio-avoiding
sequence has its ith term at least as large as the ith greedy term. Hence at most ten integers can be
selected without producing the required pair.
The ten-term set

{1,2,4,7,11,17,26,40, 61,92}

indeed avoids the interval 1 < x/y < 3/2. Therefore ten numbers are not sufficient, whereas eleven
always are.

Final Answer E&ER. n=11.

Question 11 EHE 11 Transforming roots | HRAYEHE }

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Use Vieta’s formulas to compute the sum and product of the transformed roots directly.

Olympiad Knowledge Points BRE4I:3ES

Algebra & [ Vieta’s Formulas 2 EH ] [ Root Transformation HRA &
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Solution f#&

By Vieta’s formulas,
a+p=-2, af = —6.
Also,
(a-1DB-=af-(a+B)+1=-6+2+1=-3.
Therefore the sum of the new roots is
1 N 1 a+p-2 -4 4
a-1 B-1 (a-1(B-1) -3 3

and their product is

1 1
(@-1(B-1) 3
Thus the equation is L1
2
- gt —3= 0,
or equivalently
3t —4t-1=0

Final Answer B#ER. |[3:2-4x-1=0]

Question 12 EH 12 AM-GM inequality | BHif &7 F 15 RN = }

Problem locator / &8 H fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAICIE AR MESR BT RE T IRE - B NSRS SR -

Solution Strategy BB @ET

Apply AM-GM directly to a, b, ¢ to obtain a lower bound for their arithmetic mean in terms of
(abc)'/3. Because both sides are positive, cubing preserves the inequality; record the equality con-
dition a = b = c as part of the proof.

Olympiad Knowledge Points BLE4nskE,

Inequalities A&, ] [ AM-GM ELif 441 ] [ Equality Cases 55/

Solution f#&

By AM-GM,
Lb-i-c 2 3abC.
3
Cubing both sides gives

(a+b+c)®>27abc.

Equality holds if and only if
a=b=c.
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Final Answer J#&% 3. The inequality is proved, with equality exactly when a = b = c.

Question 13 & HE 13 Ptolemy inequality and area | #L#)#& AN B }

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MOESR BT RE TG - HRE NSRS SR -

Solution Strategy ER&@ET

Express the area using the two diagonals and their included angle. Then apply Ptolemy’s inequality
to the product of the diagonals.

Olympiad Knowledge Points HE#EE

[ Euclidean Geometry BR 4847 ] [ Ptolemy Inequality FLEIZ SR ]

[ Diagonal Area Formula $} 4R ERE/A R J

D C

Figure 16. The area is controlled by the product of the diagonals.

Solution f#&

Let 6 be the angle between the diagonals. Splitting the quadrilateral into four triangles around the
intersection of the diagonals gives

28 = AC - BDsin#.

Hence
28 < AC - BD.

Ptolemy’s inequality states that
AC-BD <AB-CD + BC - AD.

For completeness, identify the plane with the complex plane and let the vertices have complex coor-
dinates a, b, ¢, d. The identity

(a-c)b-d)=(a-b)(c—d)+ (a-d)(b-c)
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and the triangle inequality give precisely
la—c||b-d| <|la-b||lc—d|+|a—-d||b-c|.
Combining the two inequalities yields

2§S<AB-CD + BC-AD.

Final Answer &#&&%E. The required inequality is proved.
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Question 1 fEH 1 Finite differences and factorials | 5 [ Z= ) B[ 3 I

Problem locator / 8 H EfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR BB T RE T IRE - BRI TSRS SR -

Solution Strategy EREFET

Rewrite the numerator as n(n — 1) + 2n + 1. After introducing a, = (-1)"/n!, each summand
becomes a second finite difference and the sum telescopes.

Olympiad Knowledge Points BRE4I:#ES

[ Algebra & ] [ Telescoping Sums iz ] [ Finite Differences B FRZ4

[ Factorials P& J

Solution f#&

Forn > 2,
nP+n+1 1 L2 1
n! T (=2 (n-1! al’
Let
(-n"
an = .
n!
Then )
n“+n+1
()" = an-2 = 2an-1 + an.
The initial part is
1-3=-2.

Therefore, with N = 2021,

N n+n+1 N
1+ Z;(_I)HT =-2+ Z;(an_Q — 2ay_1 + ay)
n= n=

=-2+(ay —an-1) — (a1 —ap)

=aN —AadN-1.
Since N = 2021 is odd, ) 1
asp21 = ——2021!, a020 = 2020
Hence the value is
1 1 2022

7920211 20201 20211

2022
Final Answer H&ER. - ——.
BRER 2021!
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Question 2 #H 2 The range of quadratic roots | {7 FE IR AY & [E I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Treat x as a proposed root. The equation requires b = —x? — ax. For fixed x, vary a over its interval

and ask whether the resulting interval for x? + ax meets [-2, 2].

Olympiad Knowledge Points BRE{4EEL

[ Algebra 8 ] [ Parameter Range ZE(#i[E ] [ Quadratic Equations —IX /72 ]
[ Interval Analysis B4 7 ]

Solution f#&

A real number x is a possible root if and only if there exists a € [—2, 2] such that
b=-x?—-axe[-22].

Equivalently, we require
Ix? + ax| < 2

for some a € [-2,2].
For fixed x, the term ax ranges over
[—2x], 2|x]].

Thus the smallest possible value of |x? + ax]| is

max{x? — 2|x|, 0}.

A suitable a exists precisely when
x? = 2x| < 2.

Putting ¢ = |x|, this becomes

?-2r-2<0,
o)
0<tr<1+V3.
Therefore the complete range is
~(1+V3) <x<1+V3.

At the endpoints one may take a = —2 sgn(x) and b = —2, so the endpoints are included.

Final Answer JA&RER. |[-1-V3, 1+V3]|
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Question 3 & H 3 Distance from lattice points to a line | #&5252I B AR A% }—

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy E T

Use the point-to-line distance formula. The numerator is a nonzero integer, and Bézout’s identity
shows that the smallest possible absolute value is attained.

Olympiad Knowledge Points R E{AEES

[ Analytic Geometry fEHT 5[ ] [ Lattice Points 7% ] [ Bézout Identity HtH%=

[ Distance Formula JEEE/AT ]

1/5
’
,—1)
3x+4y=1

Figure 17. The lattice point (2, -1) has distance 1/5 from the line.

Solution fE&

The distance is
|3a +4b —1|  [3a+4b - 1|

ve+2 5
Because a, b are integers, 3a + 4b — 1 is an integer. Since the point is not on the line, this integer is
NONZero, so

fla,b) =

f(a,b) >
The bound is attainable: for (a, b) = (2, -1),

o] =

3a+4b-1=6-4-1=1.

Therefore 1
2,-1) = —.
f@-1) =2

Final Answer H&EZR. minf(a,b) = é
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Question 4 #8H 4 Triangles in a triangular lattice | = A 4TF&ETHL }

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy E T

Count upward and downward triangles separately. For each fixed side length, the possible positions
form a smaller triangular array. Sum these counts and simplify by parity of n.

Olympiad Knowledge Points B #{%0:#:E;

[ Combinatorics & ] [ Geometric Counting #fa[51& ] [ Summation KFl
[ Parity Cases #r{# 38 ]

Figure 18. A triangular lattice of side length n = 5.

Solution &%
An upward-pointing triangle of side length k can be placed in

(n-k+1)(n—-k+2)
2

ways. Hence the total number of upward triangles is

S (n—k+1D)(n-k+2) nn+1)(n+2)
Up= ) 5 = : .

k=1

A downward-pointing triangle of side length k exists only when 2k < n, and its number of positions
is

(n-2k+1)(n-2k+2)
5 .
Thus
LB — 2k + 1) (n = 2k + 2)

Dnzz >

k=1

If n = 2m, simplification gives

m(m+1)(4dm + 1)
5 .

Noy = Uy + Doy, =
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If n =2m + 1, it gives
(m+1)(4m? + Tm + 2)
5 .

Noms1 =

Both cases are represented compactly by

n(n+2)(2n+1)
8

"= |

nn+2)2n+1)
8

Final Answer H&ER. N, = {

Question 5 & H 5 Cyclic and homogeneous inequalities | JEERELTF RN E = }—

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AR MESR BT RE T IRG - HRE NSRS SR -

Solution Strategy BB @ET

For part (i), take logarithms and apply the log-sum inequality to a cyclic permutation. For part (ii),
manufacture each term on the right by a four-term AM-GM inequality and add the three results.

Olympiad Knowledge Points HE#EE

[ Inequalities A&, ] [ Log-Sum Inequality $8F S, ]

[ Weighted AM—-GM [ 34 8 7 35 ] [ Homogeneity Ikt ]

Solution f#&

(i) Taking logarithms, it is enough to prove
(x=y)lnx+(y—-2)Iny+(z—-x)Inz > 0.

The left-hand side can be written as

X
xln—+ylnz+zln£.
Z X y

By the log-sum inequality,
+y+
xlnj—c+ylnz+zlnE > (x+y+z)lnu
Z X y Z+x+y
=0.

Exponentiating proves the result.
(ii) By AM-GM,
2a* + b* + ¢* > 4a®be.

Cyclically,
’ ’ at+ 2+t > 4ab2c,
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a* + b* +2¢* > dabc’.

Adding these three inequalities gives
4(a* + b* + ¢*) > 4(a®be + ab®c + abc?),

which is the desired inequality.

Final Answer & X. Both inequalities hold; equality in each occurs when x = y = ¢
or a = b = c, respectively.

Question 6 #H 6 Functional pairing | BXEHC % I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCIE AL MESR BT RE T IRG - HEE NSRS SR -

Solution Strategy BB #iT

Pair the terms with arguments x and 1 — x. Their sum is constant.

Olympiad Knowledge Points B[4k,

[ Functional Equations EREBi{& ] [ Pairing EC%H%: ] [ Symmetry $1REHE

Solution f#&

For every real x,
9t 9 3
9l-Xx 43 943.9%  34+9¢

J(A-x)=

Therefore

9* 3
+ =1
9*+3 9*+3

JO+f(A-x)=

The terms pair as
k 2021 - k
2021 2021

There are 2020/2 = 1010 pairs, each with sum 1. Hence the required sum is

1010.

Final Answer H&EZE. 1010.
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Question 7 8 H 7 Average divisor counts | £ [RI#{E %L I

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AACHAA A MBS AT R E T RE » BRI IR

Solution Strategy BT

Interpret the floor sum as the total number of divisors of all integers up to n. The increment is
therefore the divisor-count function 7(n + 1). Compare this increment with the current average,
using powers of 2 for increases and primes for decreases.

Olympiad Knowledge Points BLE&n:5E,

[ Number Theory i ] [ Divisor Function K2 {E&ExE ] [ Double Counting ZE 12
[ Harmonic Bounds FEFIAI4t ]

Solution f#&

Let

n

=S

k=1
The quantity S,, counts pairs (k, m) with km < n, and therefore

n

Su= ) (),

r=1
where 7(r) is the number of positive divisors of ». Hence
Spe1 —Sp=1(n+1).

Since a, = S,,/n,
T(n+1)—a,

an+l —A4p =
n+1
(a) Take
n=2"-1.
Then
Tn+1)=72")=m+ 1.
Also,

2= =
an, = — —| < —=H,.
nitk =k

The standard bound H,, < 1 + Inn gives

ap<l+mln2<m+1.

Thus 7(n + 1) > a,, so a,+1 > a,. This holds for every m > 1, giving infinitely many such 7.
(b) Yes. Let p > 37 be prime and take n = p — 1. Then

T(n+1)=1(p) =2.

Kenneth Cheng 85/247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

For n > 36,
>~ (o 5]+ 5]+ 15))
R G Y I Y I
25 3
>———>
12 n

Therefore 7(n + 1) < a,, and hence a,+1 < a,. Since there are infinitely many primes, there are
infinitely many such n.

Final Answer &S, Both strict increases and strict decreases occur infinitely often.

Question 8 £ H 8 A hidden angle bisector | & T 747 }’

Problem locator / & B fEfi : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR MESR BB B RE T IRE - HRE TSRS SR -

Solution Strategy BB #ET

Use coordinates adapted to the altitude: put D at the origin and AD on the vertical axis. Compute
the intersections E and F’; their slopes from D are negatives of each other, which means that DH
bisects ZEDF.

Olympiad Knowledge Points B#&:5E,

[ Analytic Geometry T84T ] [ Angle Bisectors 445 J [ Line Intersections B AR50 EG ]

[ Symmetric Slopes $fE#IK ]

B D C

Figure 19. DE and DF are symmetric in direction about the altitude DH.

Solution #&

Set
D =(0,0), A=(0,a), B=(-b,0), C=(c0), H=(0h),
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where a,b,c >0and 0 < h < a.
Solving the equations of lines BH and AC gives

B bc(a—h) ah(b+c)
“\ab+ch’ ab+ch |’

Similarly, solving the equations of CH and AB gives

Fe bc(a—h) ah(b+c)
B ac+bh’ ac+bh |’

Consequently,
xg  bcela-h)

ye ah(b+c)’

while
XF bc(a—h)

VF - “ah(b+c)
Thus the rays DE and D F make equal angles with the positive vertical axis D H, on opposite sides.
Therefore

(EDH = /FDH.

Final Answer Z#&Z&%. DH bisects /EDF.

Question 9 & H 9 A polynomial difference operator | ZIHFZE T H T ; \

Problem locator / 75 H REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB SR AT R E IR - AR RIS EARE

Solution Strategy E&FHT

Study the leading term under the given operator. Degrees above 2 cannot disappear. Then substitute
a general quadratic and impose cancellation of its linear term.

Olympiad Knowledge Points BE kR,

[ Polynomials £IE= ] [ Leading Coefficients EIE{RE

[ Finite-Difference Operators 2/} & F ]

Solution f#%&

Suppose P has degree m and leading coefficient ¢ # 0. For the monomial x"*,
x+DEx-1D"=(x=1Dx™ = (2-m)x™ + lower-degree terms.

If m > 2, the coeflicient (2 — m)c is nonzero, so the result cannot be constant. Thus deg P < 2.
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Write
P(x) = Ax*> + Bx + C.

Direct calculation gives
(x+DP(x—-1)—(x=-1DP(x)

=(B-A)x+(A-B+20).

This is constant if and only if
B =A.

Therefore all solutions are
P(x) = A(x*+x) +C, A,C €R.

For these polynomials, the resulting constant is 2C.

Final Answer J&ER. |P(x) = A(x® +x) + C |for arbitrary real constants A, C.

Question 10 & H 10 Tangents, areas, and a right angle | PJ4% ~ & H J—

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCIE AR MESR BT RE TG - HRE NSRS SR -

Solution Strategy BB @ET

Let the triangle angles be «, 8,y. Convert the two area equalities into trigonometric equations.
Tangent—chord angles and the sine rule eliminate all lengths, leaving an equation that forces cosy =
0.

Olympiad Knowledge Points BLE&n:5E,

[ Euclidean Geometry B [%4(7 ] [ Tangent—Chord Theorem J435% E# ]
[ Area Ratios HEfEH. ] [ Sine Rule F3%EH# ]

B tangent at A

0 C tangent at C P

Figure 20. An exact representative of the final configuration: AB is a diameter once 2C = 90°.
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Solution f#&
Let
a =LA, B = /B, v =/C.

Write the side lengths opposite these angles as a, b, ¢, and let the circumradius be R.
By the tangent—chord theorem,
LPAC = LPCA = .

Thus triangle APC is isosceles, and

b
AC =2PC , PC = .
cosfp 2cosf
The equality [ACP] = [ABC], using base AC, gives
PCsinf3 =asinvy.

By the sine rule a/b = sin a//sin 8, so

bsin g .

= asin

2cosf 4

becomes
sinQﬂ: 2sin a siny cos §. (1)

Now consider triangle BQC. Since Q lies beyond B on line AB, its angles at B and C are
LQBC =180° - B, LBCQ =q.

Hence
LBOC = —-a.
By the sine rule in triangle BOC,
co = .a sin 8 '
sin(B — a)

The equality [BQC] = [ABC] gives
1 1
§a CQOsina = Eab siny.

Substituting CQ and a/b = sin a/sin B yields

2@ =sinysin(8 - a).

sin
Since y = 180° — a — 3,

siny sin(8 — @) = sin(a + B) sin(B — @) = Sinzﬁ —sin’ a.

Therefore
sin? B = 2sin? . )
Combining (1) and (2),
sin @ = sin y cos 3.
But
sina = sin(B +y) = sin Bcosy + cos Bsin y.
Thus
sinBcosy = 0.
Since 0 < 8 < 90°,sinB > 0, so
cosy = 0.
Hence
v =90°.
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Final Answer & EZE. |/BCA=90°|
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Independent Worked Solutions &3 52 ARE

Question 1 #H 1 Telescoping radicals | R EEEFAN l

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AL MOESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB @EiT

Rationalise each denominator. Every term becomes the difference of two consecutive square roots,
so the sum telescopes.

Olympiad Knowledge Points HE#EE

Algebra & [ Rationalisation 2 B-4 (L, J [ Telescoping Sum EEEER A ]

Solution f#&

For1 < k <2021,
1 Vk - Vk
= al \/_:Vk+ - k.
VE+vVk+1 (k+1)-k

2021

S=> (Vk+1-vk)
k=1
=vV2022 - 1.

Therefore

Final Answer JA&AER. V2022 - 1, so the correct choice is A.

Question 2 BEH 2 Substitution | Tt I 3

Problem locator / #H B RE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR LGB AT R E IR - BRI RS

Solution Strategy E T

Treat the repeated expression Vx + 4/y as a single positive variable.

Olympiad Knowledge Points R E{A#EES

Algebra B [ Substitution ] [ Quadratic Equations X /72
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Solution f#&

Set
t=vVx++/y>0.
Then
t(t—1) =6,
SO

?-t-6=0, (t-3)(r+2) =0.

Since t > 0, we obtain ¢ = 3.

Final Answer H&EZE. 3, so the correct choice is C.

Question 3 fH 3 Symmetric expressions | ¥ }

Problem locator / 78 H REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

SRCHOR A OB AT R E T IRE - BRI RIS SR

Solution Strategy BT

Factor the target expression before substituting the given elementary symmetric quantities.

Olympiad Knowledge Points BRE &5,

Algebra fRE{ [ Factorisation K= /f# J [ Symmetric Expressions $#3{ ]

Solution f#%&

We have
a’b + ab® = ab(a + b).

Hence
a’b + ab? = (-2022)(2) = —4044.

Final Answer B#&Z&R. -4044, so the correct choice is A.

Question 4 fEH 4 Partial fractions | #4532 I \

Problem locator / #5 H REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AR E R E R - AR RS EARE
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Solution Strategy & & #HT

Clear denominators and compare the coefficients of x and the constant term.

Olympiad Knowledge Points BRE{&EES

Algebra 10EL [ Partial Fractions #4342 ] [ Coefficient Comparison HEI{RE ]

Solution #&
Sincex2 -1 =(x-1)(x +1),
x—3=A(x-1)+B(x+1).

Thus
A+B=1, -A+B=-3.

Solving gives

Therefore
A-B=2-(-1)=3.

Final Answer B&EZR. 3, so the correct choice is C.

Question 5 H 5 Solution sets of inequalities | 5 fFEE }

Problem locator / #H B REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT OB AT R E T IRE - BRI RIS EARE

Solution Strategy E T

Rewrite each inequality in the form of a bound on x and match the two endpoints of the stated
interval.

Olympiad Knowledge Points BRE:8ES

[ Algebra {XE{ ] [ Linear Inequalities —/R &=, ] [ Interval Matching [& A%} ]

Solution f#%

The inequalities are equivalent to
x>a+1, x<b-1.
Hence their common solution set is

a+l<x<b-1.
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Comparing with 1 < x < 3 gives

Thus

and consequently

Final Answer H&EZR. 0, so the correct choice is A.

Question 6 & H 6 Integer-valued rational expressions | FE{H 732\ J N

Problem locator / # H REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB SR AT R E IR - BRI RS SEARE

Solution Strategy E&FHT

Use polynomial division. The problem then becomes a divisor-counting problem for a fixed integer.

Olympiad Knowledge Points B#&n#kE,

{ Number Theory &% ] [ Divisibility k& ] { Polynomial Division £ZIEz(kR% ]

Solution f#&

We have
n?+7=(m+3)(n-3)+ 16.
Therefore
n?+7 - 16
=n- .
n+3 n+3

This is an integer exactly when n + 3 is a nonzero integer divisor of 16. The integer divisors of 16
are
+1, £2, +4, £8, +16,

so there are 10 possible values of n + 3, and hence 10 possible integers n.

Final Answer H&EZE. 10, so the correct choice is D.
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Question 7 & H 7 Fractional parts | /NEER 4 I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAJCIE AL MOESR BT RE TG - HRE NSRS SR -

Solution Strategy BB #ET

The fractional parts repeat with period 5. Count complete periods and then handle the final four
terms.

Olympiad Knowledge Points BRE&#kE,

Number Theory & ] [ Fractional Parts /NE{ER4> ] [ Periodicity JE }

Solution f#%
For consecutive integers, the fractional parts of division by 5 cycle as

2314

1
g’ g’ g’ g’ 0’

whose sum is 2. There are
4044 — 2021 +1=2024=404-5+4

terms. Since 2021 = 1 (mod 5), the last four residual terms have fractional parts

il
ot o
ol e
(SIS

which also sum to 2. Therefore
S =404-2+ 2 = 810.

Final Answer E&ZEER. 810.

Question 8 fEH 8 Factorisation | KT\ f# }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AL MESR BT RE TG - HRE NSRS SR -

Solution Strategy ER&@ET

Group the expression as a quadratic in x, or inspect it as a product of two linear forms.
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Olympiad Knowledge Points BLE&n:5E,

Algebra & [ Factorisation F =2 & ] { Bilinear Forms #8£3#= ]

Solution f#%&

Direct expansion shows that
(x=2y)(x +y—2) =x? —xy — 2x — 2y% + 4y.

Hence
x2—2x—2y2+4y—xy =(x=-2y)(x+y-2).

Final Answer BRER. (x-2y)(x+y-2).

Question 9 & H 9 Sign of a rational expression | 7 5% }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Replace the consecutive gaps by positive variables. The sign then becomes transparent.

Olympiad Knowledge Points BE{%5k%,

[ Algebra & ] [ Sign Analysis 7758 47 ] [ Gap Substitution Z&t#

Solution f#%&

Let

Thenc —a =x+y, and

Since

1 1
<

xX+y x

and 1/y > 0, the expression is strictly negative. More explicitly,

1 1+ 1 22+ xy +y?
x oy x+y  xy(x+y)

< 0.
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| Final Answer H&ZEZR. The expression is strictly negative.

{ Question 10 EH 10 Parity counting | &8 48:1 8 }

Problem locator / # H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR IR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

First count all triples with even sum by parity type, then subtract the few triples whose sum is below
10.

Olympiad Knowledge Points FRE &R,

[ Combinatorics & ] [ Parity 3814 ] [ Complementary Counting #&E5H#] ]

Solution f#&

An even sum occurs in exactly two cases:

* three even digits;

* one even digit and two odd digits.

There are five even digits and five odd digits, so the total number of even-sum triples is

() ()00

The even-sum triples whose sum is less than 10 are

{0,1,3},{0,1,5},{0,1,7},{0, 2,4}, {0, 2, 6}, {0, 3, 5},
{1,2,3},{1,2,5},{1, 3,4}.

There are 9 of them. Hence the required number is

60 -9 = 51.

Final Answer E&ER. 51.

Question 11 EHE 11 Area ratios in a parallelogram | 47 IU&EHIFE L J

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MESR BT RE TG - HRE NSRS SR -
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Solution Strategy & & #HT

Use vectors with A as the origin. The intersection point F is obtained by equating two affine
parametrisations, after which the area ratio follows from a determinant.

Olympiad Knowledge Points & &:5E,

Geometry £ ] [ Vectors [( & J [ Area Ratios &L ]

A B

Figure 21. The given angle is /B = 60°, and F satisfies AF : FC =1: 2.

Solution f#&

Let

and put A at the origin. Then

Since F € AC, write

Since F € BE, write

Comparing coeflicients gives

s

t=1-s, t= 3’
sos=2/3andt=1/3. Thus

F = 1(u+v).
3
Now
E_I%:lu—lv, E_C>‘=u+1v.

3 6 2

Therefore . . . . ,
SEFC = B det (gu —g"u + §v) = 5' det(u, v)|.

Since Sagcp = | det(u, v)|, we obtain

Serc _ 1
Sagcp 6
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. 1
Final Answer H&EE. 5

Question 12 FHE 12 Angle trisectors, median and altitude | =<5 5343 ~ HAREL 5 }—

Problem locator / # H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AR E R E IR - BRI RS EARE -

Solution Strategy E & FHT

Let /A = 36. The order condition /B < /C identifies which trisector is the altitude. Then apply
the trigonometric form of the cevian ratio to the median.

Olympiad Knowledge Points BBk 2,

[ Geometry 2{f ] [ Trigonometric Ceva =fEELR L ] [ Median and Altitude 43525

[ Angle Trisection fi=%4%> ]

Figure 22. The extremal geometry forced by the conditions: AM and AH are the two trisectors of
the right angle at A.

Solution f#&

Write
LA = 30.

Let the trisectors from the side AB be the rays making angles 6 and 20 with AB. If the first trisector
were the altitude, then
/B =90°-0, £C =90° - 26,

which would give /B > /C, contrary to the hypothesis. Hence the second trisector is the altitude
and the first is the median. Therefore

/B =90° - 26, /C =90° - 6.
Let AM be the median. By the trigonometric cevian ratio,

BM B ABsin /BAM B csin @
MC ACsin/MAC  bsin20°

Since BM = MC,
in 20
- Sl,n = 2cos0.
b sin @
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On the other hand, the sine rule gives

¢ sinC cos 6

b sinB  cos20
Thus
cos 6
2cos0 = .
s 20
Since 0 < 0 < 45°, cos @ > 0, and therefore
1
20 = —.
cos 5

Hence 26 = 60°, so 8 = 30°. Consequently

£C =90° -6 =60°.

Final Answer Z&EZR. /C = 60°. ’

Question 13 & HE 13 A factor of a Mersenne-type number | #F#x B A0 K #L }—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCIE AL MESR BT RE TG - BRI NSRS SR -

Solution Strategy BB @ET

Look for a small modulus for which the multiplicative order of 2 divides 2022.

Olympiad Knowledge Points B[4k,

Number Theory i ] [ Modular Arithmetic B ] [ Multiplicative Order FRJ%[E

Solution f#&

Since
20=64=1 (mod 63)
and
2022 =6 - 337,
we have
22022 = (2937 =137 =1 (mod 63).
Therefore

6322022 _ 1.
Also 10 < 63 < 99, so d = 63 is valid.

Final Answer &#&%&3%. One possible divisor is d = 63.
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,{ Question 14 & H 14 Intersections determined by five points | 712 H 47 AC 25 }—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

As printed, the number is not uniquely determined. The condition that no three of the original five

points are collinear does not force all five points to be in convex position, nor does it prevent different
segment intersections from coinciding. Two valid configurations are shown below.

Solution Strategy BT

Test whether the stated hypotheses determine a unique combinatorial configuration. A convex con-
figuration and a configuration with one interior point give different answers.

Olympiad Knowledge Points HE41:25

Combinatorial Geometry 404 £/ ] [ Convexity ] [ Counterexample {4

Convex configuration: 5 crossings One interior point: 3 crossings

Figure 23. Both configurations satisfy the printed condition, but their numbers of crossings differ.

Solution f#&

If the five points are in convex position and in general position, every choice of four vertices deter-
mines exactly one crossing of the two diagonals of that quadrilateral. Hence the number of crossings

()-»

However, take four points forming a quadrilateral and a fifth point strictly inside it, chosen so that it
lies on none of the diagonals. The complete set of ten joining segments can then have only 3 proper
crossings, as in the diagram. Thus the printed hypotheses admit at least two different answers, 5 and
3.

Final Answer &#&&XR. The number is not uniquely determined by the stated condi-
tions. If convex position was intended, the answer is 5.
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Question 15 & H 15 Integer optimisation with congruences | [FI&RFR I T HY B E R (E ]—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Set x + y = 3m. The congruence modulo 5 then restricts y, while the objective can be expressed in
terms of m and the quantity 2x + y.

Olympiad Knowledge Points F #4052,

[ Number Theory £ ] [ Linear Congruences 3% [FIf& ] [ Integer Optimisation BE & {E ]

Solution f#&

Since 3 | x + y, write
x+y=3m

for a nonnegative integer m. The condition 5 | x + 2y becomes
3m+y=0 (mod5),
SO
y=2m (mod 5).

Also
Tx+5y=22x+y)+3(x+y) =22x+y) +9m.

Because 2x + y > 99,
7x + 5y > 198 + 9m.

Moreover,
2x+y<2(x+y) = 6m,

so 6m > 99, hence m > 17.
Ifm=17thenx+y=>51land y =34 =4 (mod 5). But

2x+y =102 -y >99

would require y < 3, impossible.
Form = 18, we have x + y = 54 and y = 36 = 1 (mod 5). The condition

2x+y=108-y >99
requires y < 9, so the possible values are y = 1 or y = 6. Taking y = 6 gives
x =48, 2x +y =102,

and
Tx+5y=T7-48+5-6 = 366.

For m > 19,
Tx+5y >198 +9-19 = 369 > 366.

Therefore 366 is minimal.
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Final Answer H&EZR. 366, attained at (x, y) = (48, 6). ’

'{ Question 16 FH 16 Maximum area with fixed circumradius | &M E &0 & K HEE }—\

Problem locator / 75 H RE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AR HE R E IR - AR RS EARE

Solution Strategy & #HT

Express the area in terms of the circumradius and the three angles, then maximise the product
sin Asin Bsin C under A + B+ C = 180°.

Olympiad Knowledge Points BBk E,

Geometry (7 ] [ Circumradius FMEE ¥ ] [ Trigonometric Optimisation =& {H ]

B \/ c
Figure 24. The maximum is attained by the equilateral triangle.

Solution f#%
Using a = 2Rsin A, b = 2R sin B and ¢ = 2R sin C, the area is

b
K = 4 _ 2R? sin A sin Bsin C.
4R

With R = 2,
K =8sinAsin BsinC.

For A + B + C = 180°, the product sin A sin Bsin C is maximised at
A=B=C=60°.

For example, this follows from the concavity of log sin x on (0, 7) and Jensen’s inequality. Hence

3
3] 3v3
sin A sin Bsin C < (sin60°)® = (%) = T\/_'
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Therefore

3v3
KSS-T\/_=3‘/§.

Equality holds for an equilateral triangle.

Final Answer S&EE. 343.
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This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
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Independent Worked Solutions &3 52 ARE

Question 1 fEH 1 Maximum area with fixed circumradius | E4MEE B H A EE J—

Problem locator / & B fEfi : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR BT RE T IRE - BRI TSRS SR -

Solution Strategy BT

Write the area as 2R? sin A sin B sin C, and maximise the sine product under A + B + C = 7.

Olympiad Knowledge Points BE kR,

Geometry (7 ] [ Circumradius FMEEEE ] [ Trigonometric Optimisation =f &R {E ]

B v c
Figure 25. The extremal triangle is equilateral.

Solution %
For a triangle with circumradius R,

b
K = % = 2R?sin Asin BsinC.
When R = 2,
K =8sinAsinBsinC.

Since A + B + C = 7 and log sin x is concave on (0, ),

3 3
A+ B
sinAsin BsinC < (sin +T+C) = (\/3) 3V3

Thus
K < 3V3,

with equality exactly when A = B = C = 60°.
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| Final Answer B&&X&ER. 3V3.

{ Question 2 FBE 2 Parity counting | %844z }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARJCIE AL MESR BT RE TG - HRE NSRS SR -

Solution Strategy BT

Count all triples of even total by parity type, and subtract those with sum below 10.

Olympiad Knowledge Points BBk E,

[ Combinatorics 414 ] [ Parity & B ] [ Complementary Counting #i&51T8{

Solution 7

There are five even digits and five odd digits. An even sum is obtained from either three even digits
or one even and two odd digits. Hence there are

() () =10+50-e

even-sum triples in total. The triples with even sum less than 10 are

{0,1,3},{0,1,5},{0,1,7}, {0, 2,4}, {0, 2,6}, {0, 3,5},
{1’ 2’ 3}’ {1’ 2’ 5}’ {1’ 3, 4},

so there are 9 exclusions. Therefore the answer is

60 -9 = 51.

Final Answer Z&EE. 51.

Question 3 #H 3 Minimum intercept area | #E = A I &/ HITE Jl

Problem locator / & H fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCIE AR MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB @EHT

Use the intercept form x/a + y/b = 1. The point condition gives 3/a + 4/b = 1, and AM-GM
yields a lower bound for ab.
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Olympiad Knowledge Points BLE&n:5E,

Analytic Geometry BT M ] [ Intercept Form ZFE=, ] [ AM-GM HERE, ]

(3.4)

o A

Figure 26. Equality occurs for intercepts OA = 6 and OB = 8.

Solution f#%

Let
OA = a, OB = b,

where a, b > 0. The line has equation

X )y
-+==1
a b
Since (3, 4) lies on it,
3 4
-—+—-=1
a
By AM-GM,
3 4 12
1=—+-=2>24/—.
a b~ ab
Therefore
ab > 48.
The area is

[0AB] = %ab > 24.

Equality in AM—GM requires

1
a b 2
which gives a = 6 and b = 8. These intercepts indeed define a line through (3, 4).

Final Answer E&ER. 24.
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Question 4 fEH 4 A cubic minimum | =X Hx/IME }

Problem locator / & B fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AR MGESR AT RE T IREG - BRI TSRS SR -

Solution Strategy BT

Shift the target by the expected minimum and factor the resulting polynomial into a visibly nonneg-
ative expression.

Olympiad Knowledge Points BE&n:kE,

{ Algebra L& ] [ Polynomial Factorisation Z£XE= % # } [ Optimisation B{E

Solution f#%

We have
F)+3=x3-3x+2=(x-1%(x+2).

For x > 0, both factors on the right are nonnegative, so
f(x)+3=0.

Hence
f(x) = -3.
Equality holds at x = 1.

Final Answer H&% 2. -3, attained at x = 1.

Question 5 fEH 5 Induction for the sum of cubes | 37 77 FlEF AN I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AACIE AL MESR BT RE T IRG - HRE NSRS SR -

Solution Strategy BT

Use mathematical induction in its standard two-stage form. First verify the formula atn = 1. For the
induction step, write S,+1 = S, + (n + 1)3, substitute the induction hypothesis, factor out (n + 1)2,
and simplify the remaining quadratic to (n + 2)2/4.

Olympiad Knowledge Points BE{%5kL,

Algebra {tE{ [ Mathematical Induction B2 5R44%: ] [ Sum of Cubes 5 Hl
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Solution f#&

Forn =1,

51:13:1:(1(“1))2'

2

Now assume

_n(n+1)2
5= (20

Then

Sy + (n+1)3
n?(n+1)>2

=t )

:(n+1)2(nz2+n+1)

Sn+1

(n + 1)2@

(D) (n+2))
(Cetone2y

This completes the induction step.

nn+1)

2
Final Answer &XEE. S, = ( ) for all positive integers n.

,{ Question 6 8 H 6 Intersections determined by five points | 71 B5HARA B }

Problem locator / 7 H %L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR IR AL MESR BT RE TG - HEE NSRS SRR -

\ J

The printed conditions do not determine a unique answer. A convex set of five points gives 5 cross-
ings, while a valid configuration with one point inside a quadrilateral can give 3 crossings.

Solution Strategy ER&FEHT

Check whether the hypotheses force a unique order type. Construct two admissible configurations
with different crossing counts.

Olympiad Knowledge Points BRE&:HE,

Combinatorial Geometry #8& 57 ] [ Convexity ] [ Counterexample <
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Convex: 5 crossings One interior point: 3 crossings

Figure 27. The number of crossings depends on the configuration.

Solution f#&

For five points in convex position, every choice of four points determines one pair of crossing diag-
onals. Thus a generic convex configuration has

-

crossings. On the other hand, the second configuration in the figure satisfies the condition that no
three original points are collinear, but has only 3 proper segment crossings. Therefore the number
is not fixed by the stated hypotheses.

Final Answer &&&EZR. The question is underdetermined as printed. If convex position
was intended, the answer is 5.

Question 7 #H 7 A deletion game and pairing strategy | TS5z EE LA TS ]—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

On the first move, remove the middle block 47, . . ., 55. The remaining numbers form 46 pairs whose
members differ by 55. After every opponent move, restore the invariant that all surviving numbers
occur in complete pairs.

Olympiad Knowledge Points BRE&:HE,

Combinatorial Games 484182 ] [ Pairing Strategy BC %} 550% ] [ Invariant A&
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ot
ot

paired numbers di

1 46 @ 56 101

Figure 28. After the first move, pair i with i + 55 for 1 < i < 46.

Solution f#&

On the first move, the first player removes
47,48, ...,55.
The remaining 92 numbers are partitioned into the 46 pairs
(1,56),(2,57),...,(46,101).

Each pair has difference 55.

Suppose before the second player’s move the remaining set is a union of complete pairs. During that
move, let the second player remove both members of d pairs and one member of each of s further
pairs. Since exactly 9 numbers are removed,

2d +s5 =9.

The first player removes the partners of the s singly removed numbers, using s removals, and then
removes both members of any d intact pairs, using the remaining 2d removals. Thus exactly 9
numbers are removed, and the surviving set is again a union of complete pairs.
After the initial move there are five such response rounds. Each round eliminates exactly 9 complete
pairs, so from 46 pairs exactly one pair remains. Its two members differ by 55.

Final Answer J#&% 3. The first player can guarantee a score of 55.

Question 8 & H 8 A circular letter process | [BlJEF &AM I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARCIE AL MR E AT RE TG - HEE NSRS SR -

Solution Strategy BT

Work backwards from a hypothetical first all-B state. Its predecessor must be constant, while an
all-A state cannot have a predecessor on an odd cycle.

Olympiad Knowledge Points B E14:5k%,

Combinatorics & ] [ Invariant and Preimage 7~ & B2i% 1§ ] [ 0Odd Cycles #ER ]
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Solution f#&

Suppose all letters become B for the first time after some round. For a new letter to be B, its two
neighbouring old letters must be equal. Hence, if every new letter is B, every pair of adjacent old
letters is equal. Since the positions form one circle, all old letters must therefore be identical: either
all A or all B.

By minimality, the preceding state cannot already be all B. It would have to be all A. However,
to produce all A in one round, every pair of adjacent letters in the previous state would have to
be different. This would require the letters to alternate A, B, A, B, ... around the circle. Such an
alternating colouring is impossible on a circle with 99 positions, because 99 is odd.

This contradiction shows that an all-B state can never be reached.

Final Answer &&EZ. No, it is impossible.

Question 9 B H 9 A cyclic product inequality | fEERIRFE AL } \

Problem locator / # H REfi : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AT R E IR - BEIEE RS EARE -

Solution Strategy EREFEHT

Part (i) factors into a square. For part (ii), clear the common denominator and multiply the adjacent
two-variable inequalities

(1 +xP) (1 +x2,)) > (1 +xix141)°.

Olympiad Knowledge Points BLE&n:5kE,

[ Inequalities NEF= ] [ Factorisation =\ 5## ] [ Cyclic Products {EIRTERE

Solution f#%

For part (i), direct expansion gives

ozt oo )= e ) o)
X1+ —|xo+— | —|x1+—]|XxX2+—
X1 X2 X2 X1

For part (ii), after multiplying both sides by the positive quantity x1xs2 - - - x,, it is enough to prove

n n
n(l +x7) > 1_[(1 + XiXiy1).
i=1 i=1

For each i,
(1 +x?)(1 +xi2+1) = (1 +xx41)* = (x; = xi41)* > 0.
Thus

(1 +x2) (1 +x2,) > (1 +xx41)°.
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Multiplying these n inequalities cyclically yields

n 2 n
(l_[u +x?>) > (ﬂ(l +xl-xi+1>)
i=1 i=1

Both products are positive, so taking square roots proves the result.

2

Final Answer H&ZER. Both inequalities hold; equality occurs when all relevant adja-
cent variables are equal.

Question 10 HHE 10 Best constant in an inequality | N5 G EH 5L }

Problem locator / 8 H XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR JGESR BB T RE TG - BRI TSRS SR -

Solution Strategy & & A#HT

Apply the Cauchy—Schwarz inequality in Engel form, then test the symmetric pointx; = --- = x,, =
1/n to prove sharpness.

Olympiad Knowledge Points B# &R,

Inequalities N3 ] [ Cauchy-Schwarz f R, ] [ Best Constant H1{E% & ]

Solution f#%&

By Cauchy—Schwarz in Engel form,

2
Zn: Yoo Gateva)?
= 1-x;  (I-=x1)+--+(1-x,)

Since } x; =1,
T=-x)+--+(1=-x,)=n-1.

Therefore
x?

Zn: :
> .
jzll—x]' n—1

Thus C = n — 1 is sufficient.
If

X1 =Xg ==X =,

n
then

an X3 1/n? 1
_—=n- = .
j:ll_xj 1-1/n n-1

Hence any admissible C must satisfy C > n — 1.
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Final Answer Z&&R. C=n-1. ’

»{ Question 11 EE 11 A three-variable product inequality | =TI N EF = }—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AL MESR BT RE TG - HRE NSRS SR -

Solution Strategy ER&@ET

Introduce p = /Xy, ¢ = \/yz and r = /zx. The left side becomes a product of three simple linear
expressions. AM—GM reduces the problem to a sum-of-squares inequality.

Olympiad Knowledge Points HE#E5

[ Inequalities & ] { Radical Substitution &=/t ] [ AM-GM HERER, ]
[ Sum of Squares F 75l ]

Solution #&

Set

p =Xy, q =z, r=/zx.
Then

pr =xq, pq =yr, qr =2p,

and pgr = xyz. Hence

xyz(x +2)(y +2)(z +2) = (pr +2q)(pq + 2r)(qr + 2p).

By AM-GM,

pqg+pr+qr+2p+2q+2r
3 .

Sxyz(x +2)(y +2)(z +2) <

Now
3+2(p2+q2+r2)—(pq+pr+qr+2p+2q+2r)

= (-1 + (g =1+ =17+ 5 ((p =) + (g =) + (= p)?)

> 0.
Therefore
pq+pr+qr+2p+2q+2rS3+2(p2+q2+r2).
Since
PP+ +rt=xy+yz+ax,
we obtain

2(xy + yz + zx)

\S/xyz(x+2)(y+2)(z+2) <1+ 3

Cubing both sides proves the inequality.
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| Final Answer H&EZR. The stated inequality holds, with equality at x = y = z = 1.

{ Question 12 FH 12 Pairwise coprime denominators | W W 5.2 531 I

Problem locator / #H B REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

SAOCHOR A OB AT R E T IRE - BRI RIS EARE

Solution Strategy BT

Put the expression over the common denominator abc. Integrality forces the divisibility conditions
a|b+c,b|c+a,andc | a+ b. Order the variables and exploit the largest one.

Olympiad Knowledge Points B E{4EES

[ Number Theory Bi ] [ Pairwise Coprimality MM &% ] [ Divisibility Bk
[ Extremal Ordering T {EHEF ]

Solution f#&

Let the expression be N. Multiplying by abc gives
Nabc = a®b + a’c + ab® + b’c + ac® + bc?.

Reducing modulo a yields
0=bc(b+c) (moda).

Since a is coprime to both b and c, it is coprime to bc, so
alb+ec.

Similarly,
b|c+a, cla+b.

Because the expression is symmetric, assume

a<b<ec.
Since ¢ | a+ b and a + b < 2c, either

a+b=c
or

a+b=2c.

The second case forces a = b = ¢, and pairwise coprimality then gives
(a,b,c) =(1,1,1).

This gives N = 6.
Now suppose a + b = c. Since
bla+c=2a+b,
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we have b | 2a. But gcd(a, b) = 1,50 b | 2. As a < b, the possibilities are
(a,b) =(1,1) or (a,b)=(1,2).

They give respectively
(a,b,c) =(1,1,2) and (1,2,3).

For (1,1, 2),
1 1
N=1+2+2+1+-+-=7"1.
2 2
For (1,2, 3),
N—2+3+3+1+1+2—8
a 2 2 3 3

All permutations give the same values because the expression is symmetric.

Final Answer B#%%. The possible positive integers are 6,7, 8.
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2022/2023 | Junior Division#]H4H

This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
the question, then use the strategy, knowledge map, and worked solution here for study.
B SLEMHEE T R AR B AR 0 B SCLBE R SEER - B AR SRS - AnEh

SRR B o

Official Paper Access B JjH &AL

The examination paper is not reproduced in this public companion. Open the official DSEDJ com-
petition archive, select the matching year and division, and treat that facsimile as authoritative.
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TR -
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Source attribution / Z8JR5EBH : Education and Youth Development Bureau (DSEDJ), accessed
12 August 2026. Non-commercial teaching use; this companion is not an official version.
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Independent Worked Solutions &3 52 ARE

Question 1 & H 1 Divisor counting | ZJEUEEL 1’

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AR MESR BT RE TG - HRE NSRS SR -

Solution Strategy BB #T

Factorise 2023 into prime powers and apply the divisor-counting formula.

Olympiad Knowledge Points BLE4IskE,

Number Theory & ] [ Prime Factorisation & F &5 # ] [ Divisor Function A8 &2k

Solution f#&

We have
2023 =7-17°.

Hence the number of positive divisors is

(1+1)(2+1) = 6.

Final Answer & EZ. 6, so the correct choice is C.

Question 2 & H 2 Signs of cyclic ratios | TEIR FLAERIFTHE I

Problem locator / &8 B fEf\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AASCIE AR MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy EB&f@ET

Use the product of the three ratios to determine the parity of the number of negative terms, then rule
out the case where all three are positive.

Olympiad Knowledge Points HREn#kE,

[ Algebra f{E[ ] [ Sign Analysis £F58547 ] [ Cyclic Expressions {EIRZ
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Solution #%
Since a, b, c are distinct, all denominators are nonzero. Multiplying the three ratios gives

-b b- -
a . €c £-a_.

b—c c—a a-b

Therefore the number of negative factors is even: it is either 0 or 2.
If all three ratios were positive, then a — b, b — ¢, and ¢ — a would have the same sign. This is
impossible because

(a=-b)+(b-c)+(c—-a)=0

and none of the three differences is zero. Hence exactly two ratios are negative.

Final Answer J&KEZR. 2, so the correct choice is C.

Question 3 H 3 Comparing large powers | KELL#K } \

Problem locator / 8 B B\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR JGESR BB T RE T RE - BRI TSRS SR -

Solution Strategy EREFET

Rewrite r as a power of 2 and compare the logarithms of the three quantities.

Olympiad Knowledge Points F 2150425

Algebra L& ] [ Exponential Comparison F5&{ Vi ] [ Logarithmic Estimation 3 &4 {E ]

Solution f#&

First,
r =642 =27

Since 3% = 243 > 27, raising both sides to the 14th power gives
p=310>2%597 =

Also,
17* = 83521 > 59049 = 310,

Raising this inequality to the seventh power gives
g=178>3"=p.

Therefore
r<p<gq.
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| Final Answer H&EZR. r < p < ¢, so the correct choice is D.

'4 Question 4 #H 4 Nearest perfect cube | FHEIT A5 T8 J \

Problem locator / # B REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AT R E R - BRI RS SEARE

Solution Strategy EREFEHT

Locate 2023 between two consecutive cubes and compare the two distances.

Olympiad Knowledge Points HE#EE

[ Number Sense BV ] [ Perfect Powers ZT& ] [ Estimation fi{& J

Solution f#&

The consecutive cubes around 2023 are
123 =1728, 133 =2197.
Their distances from 2023 are
2023 — 1728 = 295, 2197 - 2023 = 174.

Hence 2197 is closer.

Final Answer Z&Z&%. 2197, so the correct choice is D.

Question 5 fH 5 Symmetric expressions | ¥ }

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HRE NSRS SR -

Solution Strategy E T

Express x2 + y2 and xy in terms of (x + y)? and (x — y)?.

Olympiad Knowledge Points BLE &R,

Algebra E{ ] [ Symmetric Expressions $#E= ] [ Sum and Difference FIz5##1 J
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Solution f#&

Adding the two given equations,
2(x% + y?) = 2025 + 289 = 2314,

SO
x? +y? = 1157.

Subtracting them,
4xy = 2025 — 289 = 1736,

so xy = 434. Therefore
x? —xy+y?=1157 - 434 = 723.

Final Answer Z&ZER. 723.

Question 6 & H 6 Diophantine factorisation | %7 & K =/ } N

Problem locator / # H B\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR JGEER BB T RE T RE - BRI TSRS SR -

Solution Strategy EREFET

First bound the smallest variable x. Then reduce each remaining case to a factorisation of the form
(u—r)(v—r)=N.

Olympiad Knowledge Points BRE4:#ES

[ Number Theory B3 J [ Diophantine Equations Z& & 572 J

[ Bounding and Factorisation fi5 5 82K = - # ]

Solution f#&

If x > 3,theny,z >4 and

oy =

a contradiction. Hence x = 1 or x = 2.

If x = 1, then
2(1+1) (1+1)=3.
y Z

yz—2y—-27=2,

After clearing denominators,

o)
(y=2)(z-2) =6.

Kenneth Cheng 123/247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

Because 1 < y < z, the positive factor pairs of 6 give

(».2)=03.8),  (45).

(1+1)(1+1):2,
y b4
(y-1D(z-1)=2.

The only positive factor pair gives y = 2, which violates x < y.
Thus there are exactly two triples.

If x = 2, then

SO

Final Answer J&ER. 2triples: (1,3,8) and (1,4, 5).

Question 7 8 H 7 Geometric interpretation of radicals | HRZCAIEE A2 TE }

Problem locator / /& E L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Interpret the two square roots as distances from a point on the x-axis to two fixed points, and use
reflection to convert the broken path into a straight segment.

Olympiad Knowledge Points R E{A#EES

[ Geometry £{ ] [ Reflection J 4t ] [ Distance Minimisation FEEE R {E

Solution &

Write

Va2 +2x +5 =V (x + 1)2 + 22

and

Vx2 — 6x + 34 = \/(x — 3)2 + 52.

Let P = (x,0), A = (-1,2), and B = (3,5). The expression is PA + PB. Reflect A in the x-axis to
A’ = (-1,-2). Since PA = PA’, the minimum of PA + PB is the straight-line distance A’B:

A'B=+v3B+1)2+ (5+2)2 = V16 + 49 = V65.

Final Answer S&ZEE. 65.

Kenneth Cheng 124 /247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

Question 8 & H 8 Angle bisector theorem | 47347 & # }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Use the 30°-60°-90° side ratio, followed by the angle bisector theorem.

Olympiad Knowledge Points HE#EE

[ Geometry £&(f ] [ Special Right Triangles HHREA=/AF ]

[ Angle Bisector Theorem 543 EH

Solution #&
Since 2B = 30°, the triangle is a 30°—60°-90° triangle. As AB = V/3, we have
AC =1, BC =2.

By the angle bisector theorem,

AP _AB 3
PC BC 2°
Since AP + PC = AC =1,
AP = V3 =2V3-3.
V3 +2

A B C

Figure 29. The angle bisector divides AC in the ratio AB : BC = V3 : 2.

Final Answer H&&EER. AP =2V3-3.
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Question 9 8 H 9 Equal-area quadrilateral lemma | VU8 HIFES | #E ;

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

SRCHOR A OB SR AT R E T RE - BRI RIS AR

Solution Strategy BT

Place the origin at M and translate the equal-area conditions into equal cross products. Express two
vertex vectors in a basis formed by the other two.

Olympiad Knowledge Points BRE{AEES

Geometry (7 ] [ Vectors [& ] [ Area and Cross Product T8 ]

Solution &%
Put M at the origin and denote the position vectors of A, B, C, D by
a,b,c,d.

Because the quadrilateral is convex and M is inside it, the four oriented cross products have the same
positive value:
axb=bxc=cxd=dxa=K>0.

Write
c = aa+ Sb.
Then
bxc=a(bxa)=—-aK =K,
so @ = —1. Hence

c=—-a+gh.
Similarly, writing d = ya + ¢b and using d X a = K gives 6 = —1, so
d=vya-b.
Now
K=cxd=(-a+pb)x(ya—b) =K - ByK.

Thus gy = 0.
If B = 0, then c = —a, so M is the midpoint of AC and diagonal BD passes through it. If y = 0,
then d = —b, so M is the midpoint of BD and diagonal AC passes through it.
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D

Figure 30. The four small triangles have equal area; the vector argument forces M to be the
midpoint of one diagonal.

Final Answer &#&%&%. Either M is the midpoint of AC or M is the midpoint of BD.

Question 10 & HE 10 Prime arithmetic progressions | & &% Z=#7 I

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB @ET

Consider the six terms modulo 2, 3, and 5. If the common difference is not divisible by one of these
primes, too many terms become divisible by that prime.

Olympiad Knowledge Points HRE&n:kE,

[ Number Theory ik ] [ Modular Arithmetic & ] [ Prime Progressions B # %273 ]

Solution f#%&

If d were odd, the six terms would alternate in parity, so at least three would be even. At most one
prime can equal 2, hence this is impossible. Therefore 2 | d.
If 3 1 d, the residues modulo 3 repeat with period 3, so among six consecutive terms of the pro-
gression exactly two are divisible by 3. At most one of them can equal 3, a contradiction. Hence
3|d.
Now 6 | d,sod > 6. If 5 1 d, the first five terms represent all residue classes modulo 5. One of
them is divisible by 5. If it is not the first term, then it is greater than 5, contradicting primality. If
p = 5, then p + 5d is also divisible by 5 and is greater than 5, again a contradiction. Thus 5 | d.
Since 2, 3, 5 are pairwise coprime,

30| d.
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| Final Answer S&KER. 30| d.

{ Question 11 EH 11 Double counting divisor sums | ZJEH1 & & 18 I

Problem locator / f8 H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Expand every divisor sum and count the same divisor—-multiple pairs by grouping first according to
the multiple and then according to the divisor.

Olympiad Knowledge Points R E{&#EES

Number Theory &R ] [ Double Counting Z &1 ] [ Divisor Sums Al

Solution #&

The left-hand side is ;
Z Z d.
m=1d|m

Fix a positive integer d < n. The integers m < n divisible by d are

n
d,2d,...,[—Jd,
d

so there are |n/d| of them. Therefore, regrouping the same terms by the divisor d,
n n n
PIDIEDNUTIE
m=1d|m d=1

Renaming d as k gives the required identity.

n n

Final Answer R&KER. Z o (k) = Z k PJ

k=1 k=1 k

Question 12 &HE 12 Discriminant controlled by a cubic | FH = RG] 51 = ]—

Problem locator / 78 B XEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR JGEER BB T RE T RE - BRI TSRS SR -
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Solution Strategy & & #HT

The number of real roots is determined by the discriminant. Compare the positive solution a with
V8 using the cubic equation.

Olympiad Knowledge Points & &:HE,

Algebra & [ Discriminant 3|55 ] [ Root Location RN E

Solution f#%&

The discriminant is
A =a%-4(a® - 6) =24 - 3a® = 3(8 — d?).

Let
f(t) =13 —61-6.

ForO <1t < \/5, the function is decreasing and
f() < f(0)=-6<0.
For t > V2, f'(t) = 3t> = 6 > 0, so f is strictly increasing. Moreover,
F(V8) =2V8—6<0,  f(3)=3>0.
Consequently the unique positive root a satisfies

a> V8.

Therefore 8 — a® < 0, so A < 0. The quadratic has no real roots.

Final Answer HA&AZZ. 0 real roots. ’

Question 13 & H 13 Median minimises absolute deviations | FF{i BB 4 %} {E 1 ]—

Problem locator / 75 H REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB SR AT R E R - AR RS

Solution Strategy E&FHT

The sum of absolute deviations is minimised at a median. Pair the terms symmetrically around the
interval [50, 51].

Olympiad Knowledge Points B {413k,

Algebra {E{ [ Absolute Values 4 $H# ] [ Median Principle 78R ]
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Solution f#&

Any x € [50,51] is a median of the numbers 1,2,..., 100, so it minimises the sum. Pair k with
101 — k for 1 < k£ < 50. For x € [50,51],

lx — k| + |x — (101 = k)| = 101 — 2k.
Thus
50
min f(x) = 2(101 — 2k)
k=1

-5l
=5O-101—2~50 >

= 2500.

Final Answer &#&ES. 2500, attained for every x € [50, 51].

Question 14 & H 14 Cyclic divisibility classification | JEIREERR 74 J

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AR MESR BT RE TG - HRE NSRS SR -

Solution Strategy BT

Rotate the quadruple so that a is maximal. Then b + c is either a or 2a. The first case reduces to a
short finite divisibility analysis, split according to whether b > ¢ or b < c.

Olympiad Knowledge Points HE#EE

[ Number Theory &&h ] [ Divisibility B ] { Extremal Principle f5{E JF ¥ }

[ Finite Classification &R %8 ]

Solution f#&

Because the conditions are invariant under cyclic rotation, rotate the quadruple so that
a = max{a, b, c,d}.

Sincea | b+ cand b + ¢ < 2a, eitherb+c=aorb +c = 2a.
If b+ c = 2a, then b = ¢ = a. The remaining divisibility conditions force d = a, and the gcd
condition gives

(a,b,c,d) =(1,1,1,1).

Now suppose
a=b+c.

Case 1: b > c. Write b = gB, ¢ = gC, where gcd(B,C) = 1 and B > C. Since

c+d=mb
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for some positive integer m, and d < a = b + ¢, we have
(m—-1)b < 2c,
som € {1,2,3}. Moreover,
d=mb —c, cld+a=(m+1)b,

so C | m + 1. Finally,
dla+b=2b+c

gives
mB-C|2B+C.

The common factor g divides all four variables, so g = 1. Furthermore,
mB—-C|m(2B+C)—-2(mB-C)=(m+2)C,
so only finitely many B need be checked. The admissible triples are

C|B|(a,b,c,d)
(3,2,1,1)
(5,4,1,3)
(5,3,2,1)
(7,5,2,3)
(2,1,1,1)

m
1
1
1
1
2

—_ NN
AN N )

Case2: b <c.Sincec |d+a=d+b+c, write
d+b=rc.

Asd<b+cand b < c,wehaver € {1,2}. Putb = gB, ¢ = gC with gcd(B,C) = 1 and B < C.
Then
d=rc-b, blc+d=(r+1c,

soB|r+1. Also
rC—-B|2B+C.

Again g = 1. Also,
r(2B+C)— (rC - B) = (2r + 1)B,

so the check is finite. The admissible triples are

r{B|C]|(ab,c,d)
1[1]2]G1,21)
101]4](5,1,43)
11231 ,231)
11251 (7,2,5,3)
2131|4](7,3,4,5)

Therefore all solutions are the cyclic rotations of the following eleven representatives:

(17 15 19 1)7 (27 17 17 1)7 (3’ 27 17 1)7 (39 17 27 1)5 (57 4a 19 3)7 (57 37 27 1)7
(5,1,4,3), (5,2,3,1), (7,.5,2,3), (7.2,5,3), (7,3,4,5).

Each listed quadruple is readily checked to satisfy all four divisibility conditions. The first has one
distinct rotation; each of the other ten has four, so there are 41 ordered quadruples in total.
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Final Answer B4 ZR. All cyclic rotations of the eleven representatives above; equiv-
alently, 41 ordered quadruples.

Question 15 @ H 15 Symmetric rational identities | ¥17HA B J

Problem locator / & H fEf\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BB B RE T RE - BRI NSRS SR -

Solution Strategy BB f@ET

Normalise the variables by the sum a + b + ¢ and convert the condition into a relation between the
elementary symmetric sums.

Olympiad Knowledge Points BLE&n:5E,

Algebra 1B [ Normalisation ¥R/t ] [ Symmetric Polynomials £ £E5

Solution f#%&

Let

6a 6b 6¢
s=a+b+ec, X=—, y=—, z=—.
K s K
Then
X+y+z=06,
and

a+b-5c=s5s—-06¢=s(1-2),

with analogous formulas for the other denominators. Hence

1 N 1 N 1 :g
l-x 1-y 1-z 5
Let
ey =Xxy+yz+zx, €3 = XxXyz.
Sincex +y +z =6,
1 1 I e2—9

l-x 1-y 1-z ey—e3-5
Thus
5(e2 —9) = 9(e2 —e3 = 5),

which simplifies to

9eg = 4es.
Finally,
1 1 1 1
(a+b+c)(—+—+—):6(—+—+—)
a c X y z
e
es3
9 27
=6-—-=—.
4 2
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. 27
Final Answer H&EE. 5

Question 16 & E 16 Lucas numbers and the golden ratio | & RNHETEEL 4 [t J—

Problem locator / 5 H € : consult the official DSEDJ paper for this division and question
number before reading the solution.

AACIE AR JGESR BB T RE T IRE - BRI TSRS SR -

Solution Strategy ER&FET

Use the conjugate of the golden ratio to identify the floor as a Lucas number, then apply the doubling
identity for Lucas numbers.

Olympiad Knowledge Points FRE&:E,

[ Number Theory &/ J [ Linear Recurrences A48 ] [ Lucas Numbers E-FHi#

[ Algebraic Conjugates RELHE ]

Solution f#%&

Let

The Lucas numbers are
Ly =¢"+y™ e Z.

For m = 4n — 2, m is even and
O<y™=¢ " < 1.

Therefore
|.¢mJ = Lm - ]-9

so the required expression equals
Ly, —2.

Now put k = 2n — 1, som = 2k and k is odd. The Lucas doubling identity is
Lox = L7 - 2(-1)%.

Since k is odd,
Ly = Log =L} +2.

Thus
Lm-2=L2=12_|,

which is a perfect square.

Final Answer H#& % 5. The expression equals L2 ,, hence is a perfect square.
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2022/2023 | Senior DivisionEH2H

This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
the question, then use the strategy, knowledge map, and worked solution here for study.
B SLEMHEE T R AR B AR 0 B SCLBE R SEER - B AR SRS - AnEh

SRR B o

Official Paper Access B JjH &AL

The examination paper is not reproduced in this public companion. Open the official DSEDJ com-
petition archive, select the matching year and division, and treat that facsimile as authoritative.
KRFEANEHHERE  FRIEHT R I EEE » 2E SRS » i DEZR
TR -

Official archive / E FEE : dsedj.gov.mo/cre/science/comp/info.html

Source attribution / Z8JR5EBH : Education and Youth Development Bureau (DSEDJ), accessed
12 August 2026. Non-commercial teaching use; this companion is not an official version.
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Independent Worked Solutions &3 52 ARE

Question 1 #H 1 Exact trigonometric values | ##5k = f BN EUE }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AR MESR BT RE TG - HRE NSRS SR -

Solution Strategy ER&@ET

Write 15° = 45° — 30° and apply the tangent subtraction formula.

Olympiad Knowledge Points B#4n#kE,

Trigonometry =f 2 ] [ Angle Difference Formula Zf/A ] [ Exact Values FEHE{E ]

Solution f#%&

Using the tangent subtraction formula,

, tan45°—tan30° 1-1/V3
tan 15° = = .
1+tand5°tan30° 1+ 1/v3

Rationalising,

tan 15° = V31 =2-3.
V3+1

Final Answer B&ER. 2-+3.

Question 2 & H 2 Change of logarithmic base | ¥ #IE/K I

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIEAALR MESR BT RE TG - HRE NSRS SR -

Solution Strategy ER&@ET

Take reciprocals of the logarithms by the change-of-base formula, then combine the logarithms into
one product.

Olympiad Knowledge Points HEn#kE,

[ Algebra fXE[ ] [ Logarithms ¥%1&{ ] [ Change of Base #IE/A = ]
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Solution f#&

By change of base,
1 _ log(xy)
logyy(xyz)  log(xyz)’

Hence the required sum is

log(xy) +log(yz) + log(zx)
log(xyz) '
The numerator is
log((xy)(yz)(zx)) = log((xyz)?) = 2log(xyz).

Therefore the sum equals 2.

Final Answer B&&&ER. 2.

Question 3 #H 3 Tangent addition identity | 1E YIRS I

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR CIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy E T

Apply the tangent formula for the sum of three angles. The numerator must vanish because the total
angle is 7.

Olympiad Knowledge Points F2{40:#:%;

Trigonometry =/ % ] [ Tangent Addition IELTAIfA /A ] [ Symmetric Expressions $#E=, ]

Solution &

Let
A= tan_lx, B =tan~! v, C =tan"'z.

Since A + B + C = m, we have tan(A + B + C) = 0. Therefore

x+y+z-—xyz=0,

SO
X+y+z=xyz
Hence 1 ] ]
X+y+
S R
Xy yz X xXyz

Final Answer Z&EE. 1.
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1

Question 4 #H 4 Euler totient double counting | B i 8 514 I

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Expand the floor as the number of multiples of k, then use the classical identity 4/, ¢(d) = m.

Olympiad Knowledge Points BLE&n:5kE,

{ Number Theory & } [ Euler Totient B3 gL ] { Double Counting 8 & =18 }

Solution f#%

We have

n n
n
Setw |2 = Sew Y1
k=1
Interchanging the order of summation gives

Zn: > (k).

m=1 k|m
Using
D ek =m,
k|m
we obtain
Zn: = n(n+1)
= 5
m=1

. +1
Final Answer H&REER. L ).

Question 5 B H 5 A product-constrained rational inequality | Fef&E R HlAH AL }%

Problem locator / # B XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT OB SR AT R E R » BRI RS EARE -

Solution Strategy E AT

Introduce three positive variables whose product is fixed. After rewriting the expression as a sum
of reciprocal linear terms, clear denominators and use AM—-GM.
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Olympiad Knowledge Points BLE&n:5E,

Inequalities ~N& = ] [ Substitution 1{# ] { AM-GM S5 54 ¥4 }

Solution f#%&

Set
_ 24? _2¢? _2p?
~ bce’ Y= ~ ac
Then x, y,z > 0 and
xyz =8.
The required expression becomes
1 1 1
= + + .
x+1 y+1 z+1
Now
g_1= X+y+z+2-xyz
x+DOH+D(z+1)°
By AM-GM,

xX+y+z23¢xyz=6.

Since xyz = 8,
X+y+z+2-xyz>26+2-8=0.

Thus S > 1. Equality holds when x = y = z = 2, which is equivalenttoa = b = c.

Final Answer B&ER. 1, attainedwhena =b = c.

Question 6 & H 6 Diagonal inequalities in a quadrilateral | P48 Z % AR E }—

Problem locator / & H fEfi[ : consult the official DSEDJ paper for this division and question

number before reading the solution.

ARSI AR MGESR BT RE T IRE - BRI TSRS SR -

Solution Strategy BB f@ET

Let the diagonals meet at an interior point. Apply the triangle inequality to the four small triangles

for the lower bound, and to two large triangles for the upper bound.

Olympiad Knowledge Points BLE &R,

Geometry % ] [ Triangle Inequality = RE R, ] [ Convex Quadrilaterals "1/U%E 7%
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Solution f#&

Let the diagonals AC and BD meet at O. Since O lies inside the convex quadrilateral, the triangle
inequalities in AAOB and ACOD give

AB < AO + BO, CD <CO+DO.

Adding,
AB+CD < AC + BD.

Similarly, using AAOD and ABOC,
AD + BC < AC + BD.

Therefore
max(AB+ CD,AD + BC) < AC + BD.

For the upper bound, apply the triangle inequality to the two possible boundary paths joining the
endpoints of each diagonal:

2AC < (AB+ BC) + (AD + DC),

and
2BD < (BA+ AD) + (BC +CD).

Adding these two inequalities and dividing by 2 gives

AC+BD <AB+BC+CD + DA.

C
D

Figure 31. The diagonal intersection separates each side into a triangle-inequality compari-
son.

Final Answer H&AESR. max(AB+CD,AD + BC) < AC + BD < AB+ BC + CD + DA.
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Question 7 #H 7 Sharp constant inequality | H(EFHHFER }

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Divide by ab? and minimise the resulting expression. First minimise with respect to a using a +
1/a > 2, then minimise the remaining one-variable expression.

Olympiad Knowledge Points BE#5kE,

Inequalities REZ, ] [ Best Constant S{EH# ] [ AM-GM i 4a 7 L1

Solution f#&

We seek the infimum of
R (a+b)(ab+1)(b+1)

ab?

For fixed b,

1 1
%:abmuhé:b(ﬁ_)mul.
a a a

Sincea + 1/a > 2,

b+1 (b+1)3
RZW(b2+2b+1)= B2 .
Now by AM-GM,
b+1 b/2+b/2+1 S 3| b?
3 3 A
o) 5
(b+1) 5 ﬁ
b? 4
Equality holds when

a=1, b=2.

Therefore the largest possible constant is 27/4.

2
Final Answer J&ER. k= I7

Question 8 & H 8 Cubic norm identity | — & BT &= }

Problem locator / f8 H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR IR AL MESR BT RE TG - HEE NSRS SR -
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Solution Strategy & & #HT

Recognise the expression as the determinant of a circulant matrix. The product of two circulant
matrices is circulant, and determinants multiply.

Olympiad Knowledge Points & &:HE,

[ Algebra & ] [ Polynomial Identities £ EH A%, J [ Circulant Matrices BZRE R

[ Norm Multiplicativity &i#5fen: i ]

Solution f#&

Define
F(a,b,c) = a®+ b3+ ¢ - 3abc.

We have the determinant representation
a
F(a,b,c) =det|c

S
o Q
X 0

Suppose
X:F(a,b,c), y:F(p,Q7r)9

where all six variables are integers. The product of the two circulant matrices is

r A B C
q|=1€
p/ \B

il

b
a
c

SO Q
SRS Y

p
r
q

ST R

A B
CcC A
where

A=ap+br+cq, B=aq+bp+cr, C=ar+bqg+cp.
Thus A, B, C are integers, and

xy = det(My) det(Ms) = det(M1Ms) = F(A,B,C) € S.

Final Answer &% %E. Sis closed under multiplication.

Question 9 EH 9 Additive decomposition of an array | HiFEAY ] 1 5 }

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AR MESR BT RE TG - HRE NSRS SR -
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Solution Strategy &K #HT

Compare two permutation sums that differ only by swapping two selected columns. This yields the
vanishing of every 2 X 2 alternating sum, which is exactly the condition for an additive row—column
decomposition.

Olympiad Knowledge Points R E{4EEE

[ Combinatorics 284 ] [ Matrices #HpH# ] [ Permutation Sums HE%#1

[ Functional Decomposition E5E5## ]

Solution f#&

For distinct rows i, k and distinct columns j, £, choose a permutation that assigns j to row i and ¢ to
row k. Compare it with the permutation obtained by swapping these two assignments while leaving
all other rows unchanged. Since all permutation sums are equal,

aijj +are = aje +akj.

Thus every 2 X 2 alternating sum vanishes.
Set
Xi = dij1 — dii, yj =daij-.

Taking k = 1 and ¢ = 1 in the rectangle identity gives
aij +ai1 =ai + aij.

Therefore
aij=aj1—aitaijj=xi+yj.

This proves the required representation.

Final Answer B &%, One valid choice is x; = a;1 —ay; and y; = ay.

Question 10 & E 10 A central Delannoy identity | #5¢ Delannoy 1H % =\ Jl

Problem locator / &8 B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAICIE AR MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB @ET

Apply Vandermonde’s identity to the second binomial coefficient, interchange the order of summa-
tion, and use the absorption identity for binomial coefficients.
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Olympiad Knowledge Points BL#&n:5kE,

[ Combinatorics fH& ] [ Binomial Coefficients —IJETVREL J

[ Vandermonde Identity 5 #55%1F &=, J

Solution f#%&

By Vandermonde’s identity,

S-SR
. -2 (560

AR
SO0-E6N 6

Replacing j by n — k and using (") = (}) gives

Sl

k=0

Final Answer &#&&%. The two sums are equal for every positive integer n.

Question 11 &E 11 Classifying a recursive sequence | JEHEE1] 5% }’

Problem locator / &8 B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BT RE TG - HRE NSRS SR -
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Solution Strategy & & #HT

Subtract the index from the sequence. Monotonicity makes the new sequence nondecreasing, while
the recurrence makes it constant on every interval [n, 2n]. Then eliminate all positive shifts using
an elementary construction of a prime whose shifted index is composite.

Olympiad Knowledge Points R E{4EEL

[ Number Theory i ] [ Sequences (% J [ Prime Gaps Z&(HFE

[ Factorial Construction F&RiE%E ]

Solution f#&

Define
b, =a, —n.

Since a,,+1 > a, + 1, we have
bus1 = ans1 —(n+1) 2 a, —n=by.
Thus (b,,) is nondecreasing. The recurrence gives
bo,=as, —2n=a,+n-2n=a, —n=>b,.

Therefore, for every n < k < 2n,
b, < by < by, = by,

so by = b,. Since the intervals [n, 2n] overlap and cover all positive integers, (b,) is constant.
Hence
an=n+c

for some integer ¢ > 0.
The sequence a, = n (¢ = 0) clearly satisfies all conditions. We show that ¢ > 0 is impossible.
Let

N=(c+ 1

Then the ¢ consecutive integers
N+2,N+3,....N+c+1

are all composite. Let p be the first prime greater than N + ¢ + 1. Then every integer from N + 2 to
p — 1 is composite. Since

p—c=2N+2 and p—c<p,
the integer p — ¢ is composite. But
Ap—c = (P—C)+C:p

is prime, contradicting condition (iii).
Therefore ¢ = 0 is the only possibility.

Final Answer B ER. a,=nforaln>1.
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Question 12 #EH 12 Orthocenter vector identity | F/[ M R F }

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Take the circumcenter as the vector origin. The vector sum of the three vertex vectors is the ortho-
center vector.

Olympiad Knowledge Points B[4k,

[ Geometry £ ] [ Vectors [H & ] [ Orthocenter [ ] [ Circumcenter Sh0 ]

Solution f#&

Take O as the origin and write

— — —

a=0A, b = OB, c=0C.
Since A, B, C lie on the same circle centred at O,
la| = [b] = [c].
Let
h=a+b+ec.

Then
(h—a)-(b—c)=(b+c)-(b—-c)=|b]*>—]|c|? =0.

Thus the line through A and the point with vector h is perpendicular to BC. Similarly, it lies on the
other two altitudes. Hence

— —_— = —

OH=h=0A+0B+0C.

Therefore
—_— — —

OA+0B+0C-0H=0.

A

Figure 32. With O as origin, the orthocenter vector is a + b + c.

Kenneth Cheng 145 /247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

Final Answer H#&%&Z. The zero vector 0.
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This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
the question, then use the strategy, knowledge map, and worked solution here for study.
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Official Paper Access B JjH &AL
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12 August 2026. Non-commercial teaching use; this companion is not an official version.

Kenneth Cheng 147 /247 XelLaTeX Edition


https://www.dsedj.gov.mo/cre/science/comp/info.html

Macau Mathematics Competition Solution Companion

Independent Worked Solutions &3 52 ARE

Question 1 & H 1 Divisor counting | ZJEUEEL 1’

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AR MESR BT RE TG - HRE NSRS SR -

Solution Strategy BB #T

Factorise 2024 into prime powers, then apply the standard divisor-counting formula.

Olympiad Knowledge Points BLE4IskE,

Number Theory & ] [ Prime Factorisation & F &5 # ] [ Divisor Function A8 &2k

Solution f#&

We have
2024 = 8- 253 =23 .11 - 23.

Therefore the number of positive divisors is

B+1)(1+1)(1+1)=16.

Final Answer H&ES. 16, so the correct choice is D.

Question 2 & H 2 A chain of inequalities | EFH A I

Problem locator / & H fE{\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MESR BT RE TG - B NSRS SR -

Solution Strategy BB #HT

Use the last inequality to obtain a lower bound for x, and the middle inequality to obtain an upper
bound.

Olympiad Knowledge Points BLE4nskE,

[ Algebra f{E{ ] [ Inequalities ~N&E =, ] [ Domain Analysis &7
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Solution f#&

Since 1/x appears and x > 0, we must have x > 0. From

1o
X
we get x > 1. On the other hand,
x < 1
x
gives x? < 1, hence x < 1. Thus
x=1

is the only solution.

Final Answer F#AES. There is exactly 1 real number, so the correct choice is B.

Question 3 #H 3 Right angles in a convex octagon | 1/ \1&EH B }

Problem locator / & B fEfi : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR MGESR BB T RE T IRE - BRI TSRS SR -

Solution Strategy B @#T

Use exterior angles. A right interior angle contributes an exterior angle of 90°, while every exterior
angle of a strictly convex polygon is positive and their total is 360°.

Olympiad Knowledge Points R E{&EES

Geometry Z&(f ] [ Convex Polygons 1% &% ] [ Exterior Angles #Mg#l ]

Solution f#&

If four interior angles were right angles, their corresponding exterior angles would already sum to
4-90° = 360°.

The remaining four exterior angles would then have to be zero, contradicting strict convexity. Hence
there can be at most three right angles.

The bound is attainable: choose three exterior angles equal to 90° and the remaining five equal to
18°. These are all positive and sum to 360°, so they can be realised by a convex octagon.
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three right angles

.

Figure 33. A convex octagon with exactly three right angles. —1{f B8 =i B f 1™ & TE

Final Answer H&XEZR. 3, so the correct choice is C. ’

Question 4 #H 4 Four-digit numbers with digit sum eight | EFH1 4/ \FIPUALEL }—

Problem locator / # B REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR MBS AR E R E R - BRI RS SEARE

Solution Strategy E & FHT

Subtract 1 from the first digit so that all four new variables are nonnegative, then use stars and bars.

Olympiad Knowledge Points BE&n:kE,

[ Combinatorics 4 & J [ Stars and Bars R ] [ Digit Problems # {7 ]

Solution f#%
Write the digits as dy, d2, ds3, dy4, where d; > 1 and
d1+d2+d3+d4=8.

Sete; =dy —1>0. Then
e1+do+ds+dy=T7.

Since the total is only 7, no digit can exceed 9, so there are no further upper-bound restrictions. By
stars and bars, the number of solutions is

7T+4-1 10
5= () -

Final Answer H&ZXEZR. 120, so the correct choice is C.
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Question 5 8 H 5 A sum of squares equal to zero | “F77F1 A% }

Problem locator / #8H B RE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCHR A OB AR E R E IR - BRI RS EARE

Solution Strategy E T

A sum of two real squares is zero only when both squares are zero.

Olympiad Knowledge Points BLE&n:5E,

[ Algebra & J [ Non-negativity JE& M ] [ Linear Systems 434 7 248 J

Solution f#&

Both terms are nonnegative, so

Hence

and therefore

Final Answer H&RZER.

Question 6 #H 6 Equal selling prices with opposite percentage changes | [F] &R &2 &5 &

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR MESR BT RE TG - HEE NSRS SR -

Solution Strategy E T

Recover each cost price from the common selling price. Equal percentage gain and loss do not
cancel when the cost prices are different.

Olympiad Knowledge Points RErA%ES

Arithmetic E1ff ] [ Percentages B 7% ] [ Profit and Loss & &
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Solution #%
The cost price of the television sold at a 15% gain is

3910
—— = 3400.
1.15 3400

The cost price of the television sold at a 15% loss is

3910
=2 = 4600.
0.85 000

Thus the total cost and total revenue are
3400 + 4600 = 8000, 3910 + 3910 = 7820.
The dealer therefore makes a net loss of

8000 — 7820 = 180.

Final Answer FZ#&Z%. A netloss of $180. ’

Question 7 H 7 One root is the square of the other | —HR% A —IRETF 77 }—

Problem locator / # B € : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR JGESR BB T RE T RE - BRI TSRS SR -

Solution Strategy EREFEHT

Let the two roots be r and r2. Use Vieta’s formula to eliminate k, obtaining a cubic in r. The
required sum can then be found from the elementary symmetric sums of the cubic roots, without
solving the cubic explicitly.

Olympiad Knowledge Points R E{4EEE

Algebra B [ Vieta’s Formula &% &8 ] [ Symmetric Sums HREE A

Solution f#%&
Let the roots be r and r2. Vieta’s formula gives
r+rf=k+1,  r*=3k+1.

Eliminating k yields
=32 =3r+2=0.

This cubic has one root in each of the intervals (-2, —1), (0, 1) and (3, 4), so it has three distinct
real roots ry, ra, 3. The corresponding values

2
ki=ri+ri—1
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are also distinct: if k; = k;, then (r; —r;)(r; +rj +1) = 0, so r; + r; = —1; the third root would
then be 4, but 4 is not a root of the cubic.
For the cubic

r3—3r2—3r+2:0,

Zl’i=3, Zrirj:—&

Vieta’s formula gives

i<j
Hence
z:rl.2 = (Z:ri)2 —QZrirj =9+6=15.
i<j
Therefore

Dki=Y (F+ri-1)=15+3-3=15.

Final Answer E&ER. 15.

Question 8 & H 8 Coloured balls and a linear system | FZERELLR M 7 FE4H J

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BT RE T IRE - BRI NSRS SR -

Solution Strategy B @ET

Translate the two verbal conditions into linear equations and parametrise all positive integer solu-
tions.

Olympiad Knowledge Points B4k,

Algebra {8 ] [ Linear Diophantine Equations &1 =% 8 512 ] [ Parity ZE ]

Solution f#%&
Let the numbers of red, white and blue balls be », w, b. Then
w+b = 4r, r+b=06w.
From the first equation b = 4r — w. Substituting into the second gives
or = Tw.
Thus, for some positive integer #,
r=Tt, w = 5t, b = 23t.

The total is
r+w+b = 3b5¢.

It is even, so 7 is even,; it is less than 100, so 35¢ < 100. Therefore ¢ = 2, giving

35t = 70.
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Final Answer H&EZR. 70 balls.

Question 9 H 9 Area of a right trapezium | E AL HEHE I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR CIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BB #EiT

First use the area of the right triangle ABC to find AB. Then place the trapezium in coordinates and
use CD = DA to determine the upper base.

Olympiad Knowledge Points H #7502,

[ Geometry £/ } [ Coordinate Geometry A FE 44 {A ] Area TH &

Solution f#&

Since AABC is right-angled at B,
1
384 = §-AB-24,

SO
AB = 32.
Place
A=1(0,0), B=1(32,0, C=(32,24), D =(d, 24).
Then

CD=32-d, DA = Vd? + 242

The condition CD = DA gives
(32 —d)? = d* + 576,

SO
1024 — 64d = 576, d=T.

Hence CD = 25, and the area of the trapezium is

AB+CD 32+ 25

- 24 = 684.
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24

-
A 32 B

Figure 34. The coordinate model of the trapezium. #fZHAAE R B [E o

Final Answer B&EE. 684. ’

Question 10 HHE 10 Squares on an equilateral triangle | %1% =¥ =& FAYIEHTE ]—

Problem locator / 78 H € : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR MGESR BB B RE T IRE - BRI TSRS SR -

Solution Strategy &% #HT

Choose coordinates for the equilateral triangle. The outer vertices X, Y, Z are then obtained by
rotating the side vectors through 90°. Direct calculation shows that AXY Z is equilateral.

Olympiad Knowledge Points BR#&/:5E,

[ Geometry (T ] [ Coordinate Geometry ALFEL (T J [ Rotations Jig#& s #t ]

Solution f#%&
Take
1
A =(0,0), B =(1,0), C= (5, —) .

The relevant outer vertices of the three squares are

V3 1) Y:(1+«/§ 1+v3

X =

"33 IR ) =

For example,

2
=4+ V3.

o2 5]
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The same calculation, or the 120° rotational symmetry of the whole configuration, gives

XY =YZ=2ZX =+/4+ V3.

Thus AXYZ is equilateral and its perimeter is

344+ V3.

Z

Figure 35. AXYZ is equilateral by the 120° rotational symmetry. F 120° jgiE 5 fEn] 7 AXYZ
BEBZAE -

Final Answer B&ZR. 34+ V3.

Question 11 &EE 11 A cyclic cubic system | JEIR =X 77 FE4H }

Problem locator / &8 H fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AASCIE AL MESR BT RE T IRE - BRI NSRS SR -

Solution Strategy BB @ET

Use ¢ = —a — b to reduce the second equation to a polynomial in a and . The resulting expression
is a negative perfect square.

Olympiad Knowledge Points BE4n:kE,

Algebra f{E[ [ Factorisation R4 f# ] [ Cyclic Expressions {EIRT
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Solution f#&

From a + b + ¢ = 0, we have ¢ = —a — b. Substituting into the second equation and simplifying,
ab® + be® + ca® = ab® + b(—a - b)® + (-a - b)a®
2

z—(a2+ab+b2) .
Therefore

a’+ab+b*=0.
But )

b
a?+ab+b? = (a+§) +§b220,

with equality only when a = b = 0. Hence ¢ = 0 as well.

Final Answer H&ER. (a,b,c) = (0,0,0).

Question 12 #EHE 12 Mutual divisibility conditions | H ¥R ; \

Problem locator / # H REfi : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB SR AT R E IR - BEIEE MRS -

Solution Strategy EREFEHT

Write a — 1 = kb. The second divisibility condition then gives a strong size bound on k, leaving
only k =1and k = 2.

Olympiad Knowledge Points BLE4nskE,

Number Theory & ] [ Divisibility k& ] [ Diophantine Equations Z&E 512 ]

Solution f#%&

Write
a—-1=kb, k> 1.

Then
a=kb+1, 2a +1=2kb + 3.

Since 2a + 1 divides the positive integer 50 — 3, we must have
2kb +3 <5b-3.

This is impossible for k > 3,s0k =1 or k = 2.
Ifk=1,thena=>b+1and
2b+3|5b-3.

Since (5bb — 3)/(2b + 3) < 5/2, the quotient is 1 or 2:
5b—-3=2b+3 = b=2,

Kenneth Cheng 157 /247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

or
5h-3=2(2b+3) = b=0.

These give (a, b) = (3,2) and (10, 9).
Ifk=2,thena =2b+ 1 and
4b + 3| 5b - 3.

The quotient is less than 5/4, so it must equal 1. Hence

5b -3 =4b + 3, b

6,

giving (a, b) = (13, 6).

Final Answer & EE. (a,b) = (3,2),(10,9), (13,6). ’

»{ Question 13 & HE 13 Angle bisector and perpendicular bisector | T3 AR LT B - 747 }ﬂ

Problem locator / & H fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AR MESR BT RE T IRE - HRE TSRS SR -

J

The ratio is not a universal numerical constant; it depends on the side lengths of AABC. The data
determine the following exact expression. In the diagram E lies beyond B, corresponding to AC >
BC.

Solution Strategy BB @ET

Place the angle bisector CD on the x-axis. The coordinates of D follow from the angle-bisector
theorem, and the perpendicular bisector of CD becomes a vertical line.

Olympiad Knowledge Points FRE&n#kE,

Geometry % ] [ Angle Bisector Theorem 434 & H ] [ Coordinate Geometry A2 fE44(d ]

Solution &%
Let
AC = p, BC =g, p>q,
and write ZACD = /DCB = 6. Choose coordinates
C=1(0,0), A=(pcosb,psinf), B = (gcosl,—gsinb).
By the angle-bisector theorem,

A p

DB g’

Do (2pqcos€ 0)‘
ptq

SO
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The perpendicular bisector of CD is therefore

pq cos 6
p+q

Intersecting this line with AB gives

E_(pqcosQ pqsin@)
p+q  p-q ]

A direct calculation yields

2

DA? = p—2 ((p —g)%cos? 0+ (p + q)?sin® 9) ,
(p+q)
while
2 p2q2 ( )2 2 0 ( )2 2 0
ED” = (p—q cos“ 6+ (p+¢g)°sin )
(P —a)*(p +q)?
Consequently,

ED ¢ BC

DA p-q AC-BC

E

Figure 36. Coordinate placement with CD horizontal and its perpendicular bisector vertical.

# CD B Pl LR ALARRCE o

ED BC
Final Answer & ER. — = —— forth nfiguration shown.
BRRER DA = 1c_pc Tor the configuration sho

Question 14 FEHE 14 A locus defined by a 45° angle | PU- 71 [E & M #LE0 }—

Problem locator / #8 B RE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

SRR OB AR E R E IR - BRI RS EARE
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Solution Strategy & & #HT

The locus of points from which the fixed segment AB subtends a 45° angle is an arc of a circle. Find
the two possible circles and then minimise the distance from C to the relevant circle.

Olympiad Knowledge Points R E{&EES

[ Geometry %A ] [ Circle Locus B/ ] [ Triangle Inequality =f~&E=

Solution f#&

Place
B =1(0,0), A =(0,2), C =(3,0).

A circle through A and B on which chord AB subtends an inscribed angle of 45° has central angle
90°. Its radius is therefore

AB
R=———=vV2.
2sin 45° V2

The two possible centres are
01 =(1,1), 02 = (-1,1).

The circle centred at O is closer to C, since
CO1=V5,  COy=V1T.
For every point D on the relevant arc of the first circle,
CD > CO1 - 01D =V5-V2.

Equality holds at the point of the circle lying on the ray from O, to C. This point lies on the major
arc AB, so indeed ZADB = 45°.

01

B Cc

Figure 37. The equality point is the point of the locus circle nearest to C. ZF5F% A #HHE L
BEHE C HOE

Final Answer B&ZEE. V5- V2.
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Question 15 FH 15 A two-variable rational inequality | —JT N AE 4

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Apply the Engel form of Cauchy—Schwarz to combine the two fractions into a single expression
depending only on s = x + y. Since x,y > 1, we have s > 2; subtract 8 from the resulting rational
function and factor the numerator as (s — 4)°.

Olympiad Knowledge Points B# &R,

Inequalities & ] [ Cauchy-Schwarz i FERE ] [ Equality Cases &5R &/

Solution f#&

By Cauchy’s inequality,
2 2 2
Xty (x+y)

y-1 x-1 x+y-2

Lets =x+y > 2. Then

2 2 _ — )2
s s 8s+16=(s 4) > 0.
s—2 s—2 s—2

Therefore the required inequality holds. Equality in both steps occurs when

x=y=2.

Final Answer H&ZZXR. The minimum value is 8, attained at x = y = 2. ’

Question 16 & HE 16 Maximising a sum of reciprocals | BN 7 BAIH) & K1E }—

Problem locator / # B B\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGER BB T RE T RE - BRI TR SR -

Solution Strategy EREFET

The smallest denominator ¢ controls the size of the sum. Split into the cases ¢ = 2, ¢ = 3, and ¢ > 4,
and in each case choose the remaining denominators as small as the strict inequality permits.

Olympiad Knowledge Points BRE4I:#ES

[ Number Theory & J [ Unit Fractions B/ 78] ] [ Extremal Principle #&{E 5 J
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Solution #%
Clearly ¢ > 2.
If ¢ > 4, then
3 3 41
S<—-<-<—.
c 4 42
If ¢ = 3 and b = 3, the strict inequality gives a > 3, so
S<1+1+1_11 41
T4 3 3 12 42
If c =3 and b > 4, then
S < 1 N 1 N 1 5
T4 4 3 6
Now let ¢ = 2. We cannot have b = 2. If b = 3, then
1 1 1
—+-+=-x<1
a 3 2
forces a > 7, and the largest value in this case is
1 N 1 N 1 41
703 2 42
If b =4,thena > 5 and
11 1 19 41
S<—-+-+-=—<—.
5 4 2 20 42
If b > 5, then
S < 1 N 2 9
~2 5 10
Thus the overall maximum is attained at (a, b, ¢) = (7, 3, 2).
. 41 .
Final Answer & ER. maxS(a,b,c) = o attained at (7, 3, 2).
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This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
the question, then use the strategy, knowledge map, and worked solution here for study.
B SLEMHEE T R AR B AR 0 B SCLBE R SEER - B AR SRS - AnEh

SRR B o

Official Paper Access B JjH &AL

The examination paper is not reproduced in this public companion. Open the official DSEDJ com-
petition archive, select the matching year and division, and treat that facsimile as authoritative.
KRFEANEHHERE  FRIEHT R I EEE » 2E SRS » i DEZR
TR -

Official archive / E FEE : dsedj.gov.mo/cre/science/comp/info.html

Source attribution / Z8JR5EBH : Education and Youth Development Bureau (DSEDJ), accessed
12 August 2026. Non-commercial teaching use; this companion is not an official version.
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Independent Worked Solutions &3 52 ARE

Question 1 FEH 1 TIteration of a rational radical function | fEZCERNELHIIEAT I

Problem locator / 5 H EfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR LR AR JGEER BB T RE T IRE - BRI TSRS SR -

Solution Strategy & & A#HT

Compute the first few iterates and observe that the coefficient of x? in the denominator increases by
one at each step. Then prove the pattern by induction.

Olympiad Knowledge Points BLE&n:5kE,

Algebra ftEL { Functional Iteration EREHER ] { Mathematical Induction BUER411% ]

Solution f#%

We claim that

X
)= s

The formula is true for n = 1. If it holds for n, then

X
for1(x) = f (\/ﬁ)

x/V1 + nx?

X2

1+ nx?
X

V1+(n+ 1)x2'

Thus the formula follows for every positive integer n.

1+

Final Answer B&&%.  f,(x) = —— so the correct choice is D.
! V1 + nx?
Question 2 B H 2 Logarithms with different bases | N [F] FCETH 8 J \

Problem locator / 7 B XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT OB AR E R E R - BRI RS -
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Solution Strategy & & #HT

Let the three expressions have a common value 7. Rewrite 3’, 5 and 15’ in terms of a and b; the
key is that 15" = 357,

Olympiad Knowledge Points R E{4EEE

Algebra ftE{ ] [ Logarithms %1&{ ] [ Change of Representation /R

Solution f#&
Let the common value be ¢. Then
3" = 9aq, 5" = 125b, 15" =a+b.

Since 15 = 3/5’, we obtain
a+b=(9a)(125b) = 1125ab.
Dividing by ab gives
1 1
—+ — =1125.
a b

Final Answer J&REZR. 1125, so the correct choice is B. ’

Question 3 #HE 3 A product recurrence and a weighted geometric sum | JefE IR B N #E S L AN ’

Problem locator / #8 H €\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MBS BB T RE T RE - BRI TSRS SR -

Solution Strategy ER&FEHT

First obtain a closed form for a, by telescoping the product. Then evaluate the weighted geometric
sum Y (k + 1)2k-1,

Olympiad Knowledge Points BRE4:#ES

[ Sequences 3| J [ Telescoping Products 32 ]

[ Weighted Geometric Sums fn#E& Al J

Solution f#&

Forn > 1,

k+1

n+1

n—1

2(k +2

an =2 | 2412
k=1

=on. =(n+1)2"L.
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Also,

m
D+ )25t = mam,
k=1

which follows by adding the standard identities for 3, k<2~ and 3 2=, or by induction. Therefore
aip + -+ asgs = 2023 - 22073,

while
asoes = 2025 - 22023,

Hence the required ratio is
2025

2023

2025

Final Answer H#ER. ——
al Answer ZRER. oo

so the correct choice is C.

Question 4 #H 4 Repeated differences and the pigeonhole principle | B8 7= {E BLAE 3 FH

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARCIE AL MOESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

Assume every difference occurs at most 14 times. Minimise the sum of 99 positive differences under
that restriction and compare it with a1gg — a1 < 399.

Olympiad Knowledge Points H2{40:#:%;

[ Combinatorics 14 ] [ Pigeonhole Principle #8 £ F# ] { Extremal Principle f&{E R }

Solution f#&

Suppose, to the contrary, that every positive integer occurs among the d; at most 14 times. To make
the sum of the 99 differences as small as possible, we would take fourteen copies of each of

1,2,...,7

and one additional copy of 8. Therefore

99
Zd,-214(1+2+---+7)+8:14-28+8:400.
i=1

But

99
Zdi =daipo — ax < 400— 1= 3997
i=1

a contradiction. Hence some value occurs at least 15 times.
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| Final Answer H&ER. There exists an integer n such that d; = n for at least 15 indices.

{ Question 5 #H 5 Maximum of a sum of square roots | HR=CHIA & KIE }

Problem locator / #H H RE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

SRR OB AT R E IR - BRI RS EARE

Solution Strategy E T

The largest admissible k is the maximum value of the left-hand side on its domain. Apply Cauchy’s
inequality to the two square roots.

Olympiad Knowledge Points R E{4EE

Inequalities A&, ] [ Cauchy-Schwarz fFRZE R, ] [ Optimisation H&

Solution f#&

The domain is 3 < x < 6. By Cauchy’s inequality,
2
( x—3+\/6—x) <2((x-3) + (6-x)) = 6.

Hence

V-3 +V6—x < V6.

Equality holds when
x—3=6-x,

that is, when x = 9/2. Thus the maximum is V6.

Final Answer H&ER. kyax = V6.

Question 6 EH 6 A hidden perfect square | FEiEiHI 552 &L I \

Problem locator / # H B\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR BB T RE T RE - BRI TSRS SR -

Solution Strategy ER&FET

Clear denominators and group the cubic terms using
a®+b®—ab(a+b) = (a+b)(a-0b)>

The equation then collapses to an explicit square.
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Olympiad Knowledge Points BLE&n:5E,

{ Number Theory & } [ Algebraic Factorisation fCE{R 5% }

[ Perfect Squares Z&F & ]

Solution f#%&

Multiplying the given equation by ab gives
a(@>—a—-c)+b(b>-b—-c)=ab(a+b+2).

After moving all terms to one side,

a®+b>—a’b—ab? —a®> - b%*-2ab—c(a+b) = 0.

Now
a® +b® —a’b —ab® = (a + b)(a - b)?
and
a® + b% +2ab = (a + b)°.
Therefore

(a+b)(a-b)?-(a+b)?-cla+b)=0.

Since a + b > 0, division by a + b yields
a+b+c=(a-b)>

Thus a + b + c is a perfect square.

Final Answer B ER. a+b+c=(a-b)% ’

Question 7 B 7 Quadratic residues modulo an odd prime | & Z & T HY 7K F iR J—

Problem locator / & H fEf\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BB T RE T IRE - HRE TSRS SR -

Solution Strategy BT

Work modulo p and divide by the nonzero residues b and d. The two ratios a/b and c/d are both
square roots of —1, so they are either equal or negatives of one another.

Olympiad Knowledge Points & &/:HE,

[ Number Theory 2 J [ Modular Arithmetic H1ff ] [ Quadratic Residues —/XFIfk
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Solution f#&

All of a, b, c, d are nonzero modulo p. Put

-1 -1

r=ab (mod p), s=cd (mod p).

The assumptions give

r?=s2=-1 (mod p).

Thus
(r=s)(r+s)=0 (mod p),

sos=rors=-r (mod p).
If s=r,thena =rbandc = rd, so

ac+bd=(r*+1)bd=0 (mod p),
whereas
ad+bc=2rbd #0 (mod p),

because p is odd and r, b, d are nonzero.
If s = —r, then
ad+bc=rbd—-rbd=0 (mod p),

while
ac+bd = (-r* +1)bd =2bd #0 (mod p).

Hence exactly one of the two expressions is divisible by p.

Final Answer &#E 3. Exactly one of ac + bd and ad + bc is a multiple of p. ’

Question 8 & H 8 Divisibility of every consecutive block | FT75 545 [ B BR J—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MOESR BT RE TG - HRE NSRS SR -

Solution Strategy ER&@ET

Compare adjacent blocks to obtain periodic congruences. Then combine the conditions for block
lengths m — 1 and 2m — 1 to force the first term to be divisible by every positive integer.

Olympiad Knowledge Points HE#EE

[ Number Theory £ ] [ Congruences &% ] [ Consecutive Sums EEF ]

Solution f#%

Assume such a sequence exists. Fix an integer m > 2.
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Every sum of m — 1 consecutive terms is divisible by m. Subtracting two adjacent such sums gives
Apnym-1 = a, (mod m) (n>1). (1)
Now consider the block of 2m — 1 terms
as+as+---+ag,.
It is divisible by 2m, hence by m. It can be split as
(ag+ -+ am) + (ams1 + - -+ azm-1) + azm.
Each parenthesised sum contains m — 1 consecutive terms and is divisible by m. Consequently,
m | aom. 2)
Next apply (1) with m replaced by 2m and n = 1. We obtain
daom = a1 (mod 2m).

Together with (2), this implies m | a;. Since m > 2 was arbitrary, a; would be divisible by every
positive integer, impossible for a positive integer.

Final Answer H#& 2. No such sequence exists. ’

Question 9 EE 9 A cyclic system of four positive variables | PU{[E 1F %8 = FIEIR 5 1E4H }ﬁ

Problem locator / 8 B B\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR JGEER BB T RE T RE - BRI TSRS SR -

Solution Strategy EREFET

Let the common ratio be A. Subtract opposite equations to prove x = z and y = w. The remaining
equation factors into (x — y)(xy — 1) = 0.

Olympiad Knowledge Points BRE&:HE,

[ Algebra & ] [ Cyclic Systems 15 24 J [ Factorisation K4 f# ]

Solution f#&

Let the common value of the four fractions be 2 > 0. Then
xyz+1=2a(x+1), wx+1=A(z+1),

so subtraction gives
xz(y —w) = A(x - 2). (1
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Similarly, subtracting the second and fourth equations gives

yw(z—x) =A(y —w). (2)
Multiply (1) by A and use (2):

Axz(y —w) = 2*(x - 2),
while

Ay = w) = —yw(x - 2).
Hence

—xyzw(x —z) = A2 (x - 2),

and therefore

(22 +xyzw)(x — 2) = 0.

All quantities are positive, so x = z. Equation (1) then gives y = w.
The first two fractions are now equal:
¥y +1 : xy? +1
x+1  y+1°

Cross multiplication and factorisation give

(x=y)(xy-1)=0.

If x =y, then all four variables equal 12.
If xy = 1, then the sum condition gives

2(x +y) =48, x+y=24.

Thus x and y are the two roots of
=24t +1=0,

namely

12 + V143.

Both alternating orders are possible.

Final Answer BRER.
(x,y,z,w) = (12,12,12,12),

or

(12 + V143,12 — V143,12 + V143,12 — V143),

or the tuple obtained by interchanging the two alternating values.

Question 10 & H 10 Incenter, median and circumcircle | /.0 ~ FHARELYNEEE] ]—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AL MESR BT RE TG - HRE NSRS SR -
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Solution Strategy & & #HT

Use coordinates adapted to the angle bisector BI: place B at the origin and the internal bisector of
/B on the x-axis. This makes / and E lie on the same axis and permits direct computation of D.

Olympiad Knowledge Points B# &R,

[ Geometry (T ] [ Coordinate Geometry A&FELS (T J

[ Incenter A.0> ] [ Circumcircle SMEZ[E ]

Solution f#&

Use the standard side notation

+b+
a=BC, b=CA,  c=AB, arbre

Write /B = 26 and choose coordinates
B=(0,0), A=(ccosb,csinf), C=(acosh,—asinb).

The x-axis is the internal angle bisector of ZB. The incenter and midpoint are

/= accosH’O ’ M= acosz_asinG ‘
) 2 2
The circumcircle through B has equation
a+c a-—c

x24y? -

+ =0
QCOSGx ZSiné’y

Its second intersection with the x-axis is therefore

a+c
E:( ,@.
2cos 6

Solving the two line equations for M1 and AC gives

D= a(2c —b)cosf absinb
- a-b+c ‘a-b+c)’

By the cosine law,
daccos’O=(a+c)>—=b>=(a-b+c)(a+b+c). (1)

Using (1) to simplify the squared distances, we obtain

EI% = ab®c
(a-b+c)a+b+c)
ED? - ab3(a+b-c)
(a-b+c)a+b+c)
while
IBQZac(a—b+c)’ ]CQ:ab(‘H-b_C),
a+b+c a+b+c
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Consequently,
ED 2_ bla+b-c) s 2
EI|] cla-b+c) \IB]

All lengths are positive, so the required equality follows.

A

Figure 38. The configuration for Question 10, drawn from a representative acute triangle.
F 10 EEENFEEREH -

ED IC
Final Answer RER, — = —,
BRER EI ~ IB

Question 11 E 11 A nonlinear recurrence inequality | JEZRTEET AT }—

Problem locator / 8 H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR JGESR AT RE T IRE - BRI TSRS SR -

Solution Strategy ER&FET

Rewrite the condition in terms of (a,, —1)(a,+2—1). If a term exceeds 1, exactly one of its two neigh-
bours must also exceed 1. Then show that two adjacent terms greater than 1 lead to contradictory
inequalities.

Olympiad Knowledge Points RE{&ES

Sequences 3| ] [ Inequalities RE =, ] [ Contradiction % &% ]

Solution f#%
The given inequality is equivalent to

(an—D(ansa—1) <1-ap,,. (1)
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We first show that no two adjacent terms ag, ax+1 With k > 2 can both exceed 1.
Suppose ar > 1 and ax4+1 > 1. Applying (1) with n = k — 1, the right-hand side is negative, so
ar-1 <1, and

(aker = D(1—ag-1) > aj — 1.

Since 0 < 1 —ar_1 < 1, it follows that
ak+1—1>ai—1>ak—1,

SO Aj+1 > Ag.
Applying (1) with n = k, we similarly get a2 < 1 and

(ar — 1)(1 —ags2) = azﬂ - 1.

Thus
ak—1>az+1—1>ak+1—1,

SO aj > ay+1, a contradiction.
Now suppose a,, > 1 for some n > 3. Applying (1) with centre term a,, namely with index n — 1,
gives

(an-1—1)(ans1 —1) <0.

Hence exactly one of a,_1,a,+1 is greater than 1. This produces an adjacent pair greater than 1
whose lower index is at least 2, contradicting the result above.
Therefore a, < 1 for every n > 3, and in particular

aspos < 1.

Final Answer m&AERE. aygs < 1.
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2024/2025 | Junior Division#]H4H

This independent companion separates the official paper from the editorial layer: use the DSEDJ source for
the question, then use the strategy, knowledge map, and worked solution here for study.
B SLEMHEE T R AR B AR 0 B SCLBE R SEER - B AR SRS - AnEh

SRR B o

Official Paper Access B JjH &AL

The examination paper is not reproduced in this public companion. Open the official DSEDJ com-
petition archive, select the matching year and division, and treat that facsimile as authoritative.
KRFEANEHHERE  FRIEHT R I EEE » 2E SRS » i DEZR
TR -

Official archive / E FEE : dsedj.gov.mo/cre/science/comp/info.html

Source attribution / Z8JR5EBH : Education and Youth Development Bureau (DSEDJ), accessed
12 August 2026. Non-commercial teaching use; this companion is not an official version.
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Independent Worked Solutions &3 52 ARE

Question 1 H 1 Telescoping radicals | =R AN l

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AL MOESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB @ET

HEEREA TN o HIMVEIRIEARIBEZE 4 - BIEE LM EARRF I RZ EZNUSZ — »
e IE AR -

Olympiad Knowledge Points & &:HE,

- ARAGEL, -
. ERPI -
- ERFSUEEHA -

Solution f#%&

Fork=0,1,...,505,

1 _ Vak+5-Vik+1
Vik + 1+ Vidk + 5 4 '

Hence

S %[(\/g_\/j)+(\/§_\/3)+---+(\/2025—\/2021)]

V2025 -V1 _ 45-1

11.
4 4

Final Answer H&XEZR. 11, so the correct choice is D.

Question 2 fH 2 Double counting | E#EFIHE I

Problem locator / # B REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AR E R E IR - BRI RS SEARE

Solution Strategy E&FHT

=Ry TARD AN o B — 8 4EH — T A B gGET—IK - AWM EA LG W
Ko MM THEANBL B TEAZEARX 2 - BIRRIEE mIEA 2 AR -
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Olympiad Knowledge Points BLE&n:5kE,

[ #14 Combinatorics ]
o FHERFTHL
o MEGTHEELSHES -

« B/ WEEER D

Solution f#&

The numbers who can sing, dance, and act are respectively
100 — 42 = 58, 100 - 65 = 35, 100 - 29 = 71.
Thus the total number of talent memberships is
58 + 35 + 71 = 164.

Let x students have exactly two talents and y students have exactly one talent. Since every student
has at least one talent and nobody has all three,

x +y =100, 2x +y = 164.

Subtracting gives x = 64.

Final Answer &R, 64 students; therefore the correct choice is E (none of the listed
numbers).

Question 3 fH 3 Symmetric expressions | ¥ }

Problem locator / /& E L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

HHORR 1 BAEITERL x » BEERSE x + 1/x o AT ERK 23 + 1/x3 » BH
i AR 20T x o

Olympiad Knowledge Points B #1452,

&L Algebra

- BIRCERR -
c w3+ vi=(u+v)3-3uv(u+v) e

o BT EAIRAR -
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Solution f#&

Since x # 0, divide the equation by x:

Therefore

] ol
¥+ =+ -3 x+-
X X X

= (=4)® = 3(-4) = —64 + 12 = -52.

Final Answer H&EE. -52.

Question 4 HE 4 Reciprocal substitution | {ZE{1k } \

Problem locator / 5 H €L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR IR AR MGESR BB T RE T IRE - BRI TSRS SR -

Solution Strategy & & #HT

Hab=1tER a,b#0> BEE b =1/a > L& b WTREENE a IRTE - WEDT
BRI E S8 > HAFEZAITRE a,b °

Olympiad Knowledge Points R E{4EEL

« BIEEIRab=1-
o Uil B B RS

Solution 7

Since b = 1/a,
1 1 a?

1+b2 1+1/a?2 1+a?

Hence
1 1 1 a®

+ = + =1.
1+a2 1+b2 1+4a?2 1+a?

Final Answer H&EZR. 1.
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Question 5 #H 5 Biquadratic equations | # — X712 I

Problem locator / #8H B RE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCHR A OB AR E R E IR - BRI RS EARE

Solution Strategy E T

Ly =x*20 SEICHRARER y B "IXTTHE o R W ERGERER - FIH y > 0 HERAE 0%
TR » RIBH x? = y BRIFTEER x - B EEWREZERE

Olympiad Knowledge Points B #1452,
o B IRJTIEHLT -
o B RIFEER

Solution 7

Let y = x2 > 0. Then

5

2
+y—-—=0,
MR AT

SO
16y% + 16y — 5 = (4y — 1)(4y + 5) = 0.

The nonnegative solution is y = 1/4. Hence

N

Final Answer B&ER. x =+

Question 6 & H 6 Sums of positive cubes | 1FFEE Al }

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AL MESR BT RE TG - HRE NSRS SR -

Solution Strategy BB @ET

SEREEDUE . F BRI > BB n <4 BERERA=MELY > #HxKEE a =9,10,11,12
SIEIL 5 B b > ¢ ATHEEE T RJEBIR i AR D 8o ® > & —HEBR -
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Olympiad Knowledge Points BLE&n:5kE,

[ % Number Theory ]
o MITEHIR/MEET o
s Bt a>b>c BHEFEEIHE -
o fE L AEEHERR T 5

Solution f#&

First,
2025 = 113 + 73 + 73 + 23,

so four cubes are sufficient.
We show that three cubes are impossible. Suppose

2025 = a® + b> + ¢3, a>b>c>1.

Since 3 - 8% < 2025 < 133, one has 9 < a < 12. For a fixed a, the inequalities b > ¢ and

b3 + ¢® = 2025 — a3 give
_ g3
\3/2025% < b < V2025 — ab.

This leaves only the following possibilities:

a| b |c3=2025-a°-b"
12| 6 81

1| 8 182

10| 10o0r9 25 or 296

91 9 567

None of 81, 182, 25,296, 567 is a positive cube. Thus three cubes are impossible.
A representation by two cubes would have @ > b > 1. Since 2-10% < 2025 < 2-113, one must have
a = 11 or 12. The remaining values are

2025 — 113 = 694, 2025 — 123 = 297,

neither of which is a cube. A one-cube representation is also impossible because 123 < 2025 < 133,
Hence the least number is 4.

Final Answer Z&ER. n=4.

Question 7 fEH 7 Nested radicals | fTREMR }

Problem locator / 8 H Ef\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR RIS BT R R - PR SN S -
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Solution Strategy & & #HT

EETRER I BIE A u,v > 00 518 (u+v)? ° X XIH 2uv IEFAL Va2 — 10 BB =1E
MERABE V@ +v)2 s BAA u+v >0 EHAEE > BI7] EEAHE -

Olympiad Knowledge Points R E{4EEE

o FEERIARA -
o P T PERIRER -
o IESEERIFAOREA

Solution f#&

Put

B a+1 B a-1
u—\/ 5 V—\, 7

w+v)2=u?+v2+2uv =a+ Va2 -1.

Then u, v > 0 and

Therefore
a+Va2-1=u+v,

and the given expression is 0.

Final Answer BE&EER. 0.

Question 8 B H 8 Comparing large powers | A% LR }

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy EREFEHT
TEEERE > T/ MEEE : 37 > 211 o ST 1253 LTS R Ay 321 > 233 o

Olympiad Knowledge Points R E{4EEL

B(3% Number Theory
o FREULIE o
. EENHR AR S -
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Solution f#&

Since
37 = 2187 > 2048 = 211,

cubing both sides gives
321 5 933 § 931

Final Answer &X&ER. 3%lis larger.

Question 9 B H 9 Integer factorisation | FEE[E = 7 }

Problem locator / #8 H REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

SACHOR A OB AT R E T IRE - BRI RIS SR

Solution Strategy BT

255 5 FE LY, Simon’s Favorite Factoring Trick : (2a — 19)(2b —19) = 192 K a,b > 10 °
W FHI B IE - HEFIH 361 HIIE FEHATE -

Olympiad Knowledge Points B B4k,

% Number Theory

« BEHATTE -

o BoiiEER 0 ## (SFFT) o
o FHBFCH ELMR(E

Solution f#&

The equation is equivalent to
19(a + b) = 2ab.

Hence
(2a - 19)(2b — 19) = 361 = 192.

Also a, b > 10, so both factors are positive. The positive factor pairs are
(1,361), (19,19), (361,1).

They give
(a,b) =(10,190), (19,19), (190, 10).

Thus the maximum difference is
190 — 10 = 180.

Final Answer H&EE. 180.
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Question 10 & H 10 Digit sums | EFH I

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy E T

FH n=s(n) (mod 9) » EATEEAVE FFIFRE A 9 BIREEL - XA n < 2025 » BFFAHEIB
28 » FFLLAFME 9,18, 27 =FEIEHH -

Olympiad Knowledge Points B#&n:kE,

[ 3 Number Theory ]
o TERIEFERE 9 MHE o
o FARMGEHEATRIRE

Solution f#%&

Because n = s(n) (mod 9),
2025 =n+ s(n) = 2s(n) (mod 9).
As 2025 =0 (mod 9), it follows that s(n) = 0 (mod 9). Moreover n < 2025, so s(n) < 28. Hence
s(n) €{9,18,27}.
The corresponding candidates are
n=2016, 2007, 1998.

Their digit sums are respectively
9, 9, 2T

Therefore the valid integers are 2016 and 1998.

Final Answer &R, n=1998 or n = 2016.

Question 11 EHE 11 Tangential polygons | VJE £ 8 }

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AL MOESR BT RE TG - HEE NSRS SR -
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Solution Strategy & & #HT

DB 22 MR SR AR AR U SR BOTEAR A o S5 ARAE N DDARAVTESR I B 6 > EHEDARASELE
DIRERIPIAR BRI B tan(6/2) » BEIETT AR 90° GOFHE UIAR o3 B A - A SRy
P ] K AR A S P R R )

Olympiad Knowledge Points B4 %,

[ %) Geometry ][ &= Inequalities ]
o EISNMYIARELE A IED]) o
« VEZEEEEA P =23 tan(6;/2) °

o BHREG B B -

the minimizing regular tangential octagon

Solution f#%

Figure 39. At the minimum, each right angle is split equally by the additional tangent. #/)»
EIETLAIEY) WBTERIELR S A A0 -

Let the additional tangent in one quadrant split the 90° angle between two adjacent square sides into
a and 90° — «. For a unit circle, the two tangent-length contributions in this quadrant are

tan% + tan (45° - %) .

The function tan x is strictly convex on (0, 45°), so the sum is minimized when the two arguments

are equal:
o a
— =45 - — =45°.
2 2

For a tangential polygon, each tangent segment is counted twice in the perimeter. Therefore
Ppin =2 -4 -2tan 22.5° = 16 tan 22.5°.

Since tan 22.5° = V2 - 1,
Prin = 16(\/5_ 1)

Final Answer J&ER. |16(V2-1) |
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Question 12 & H 12 Cubic differences and integer bounds | 377 7= BLFEL B {5+ }—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy & HT
FHZEBIE S d=a-b>1 - EHEBENLR

i Y SR
bty a

HHE AN 3d SEFRH d < 3 > FZ—RRE =/ NMEN °

Olympiad Knowledge Points B E14:5k%,

%z Number Theory ] [ fRE{ Algebra ]
o SLTTEDRE -

« GINEESZBd=a-b-

o RERIARRDH

Solution f#&
We musthave a > b. Putd =a —b,soa = b +d. Then

a®—b®  d(3b® +3bd + d?) 43
ab b(b +d) B b(b+d)

The required inequality becomes
3

11<3d+——<1
<3 +b(b+d)_

2.

Since the fraction is positive, 3d < 12,s0d < 3.
If d = 1, the expression is less than 4; if d = 2, it is at most

8
6 + m < 9.
Both are impossible. Thus d = 3, and
27
11<9+ —— < 12.
<9 b(b+3)
Hence
2< 27 <3
“b(b+3) " 7
or

27
93b(b+3)$§

The only positive integer satisfying this is b = 2. Thereforea = b + 3 = 5.

Kenneth Cheng 185/247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

Final Answer J&RER. (a,b) = (5,2). ’

Question 13 & HE 13 Angle chasing in an equilateral triangle | %1% = &/ 18 1 }—

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AR MOESR BT RE TG - HRE NSRS SR -

Solution Strategy BB @ET

EEER KRS 3 HCF=AD =1713%| F £ BC LI C =42 — ;s IEHUR DF H)K58
B 60° > T EF HEE K% » 8% DC EEM MM A 0 FIF D, E BN TS - WATK
FHE 0 AT o

Olympiad Knowledge Points R E{4EEL

%17 Geometry ] [ BT %47 Analytic Geometry
o BB =ML o

o J7 ) F EEETRE o

* 30°-60°-90° £5H# -

Solution f#&

Scale the equilateral triangle so that AB = 3. Take

A = B = C =
(0,0), (3,0, 55

§%)

SO

D =(1,0), E =(2,0).
Since CF = 1 and CB = 3, the point F is one third of the way from C to B:

F=(2,V3).

B

Figure 40. Coordinate model of the configuration. & H Fit & i A4 fZEAY o
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The vector DF = (1, V3) makes an angle 60° with the positive x-axis, while EF is vertical and
makes an angle 90°. Let the direction angle of DC be 6. Since C lies on the perpendicular bisector
of DE, the direction angle of EC is 180° — 6. Therefore

LCDF =6 -60°,

and
(CEF = (180° — 8) —90° = 90° — 4.

Thus
LCDF + /CEF = 30°.

Final Answer B&REZE. 30°.

Question 14 & H 14 Vieta’s formulas | FiEEH I 2

Problem locator / & B €L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AL JOE SR AR E R E T IRE - BRI RS EARE

Solution Strategy BT

HEHREMER R k> Bla, b, c BREF—=IKTEx3 - kx -1 = 0 (I =(EEBR - HEEEHEG
?U_Tlﬁzliiﬁﬁfi PR ER

Olympiad Knowledge Points B4k,

o FHIL[F KB EREZE
o« ZIRHEEEEH -
e a3+ b3+ 3 —3abe THER -

Solution f#&

Let the common value be k. Then each of a, b, ¢ satisfies
x*—kx—-1=0.
Because a, b, c are three distinct roots, Vieta’s formulas give
a+b+c=0, abc = 1.

Using
a®+ b2 +c®—3abc=(a+b+c)(a®+b*+c?—ab - be - ca),

we obtain
a®+ b3+ ¢ =3abc =3
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Final Answer Z&&EZR. 3.

Question 15 FH 15 Cyclic fractions and divisibility | {HFR 20 70 BB 5 |
Y y l

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR CIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BB #HT

FeRB IR MBS 1 B 3 > HUREEE R AER 2 - FHE TAITR 20 BRI - A A UK
BRGE ac = bd - RIZUSKAKHESHAN a,b,c,d > TLEFE R E RN 1 (S Z

75 e

Olympiad Knowledge Points & &:HE,

[ 3% Number Theory J[ X% Algebra J
o IR AAETE -
o ZHREHXDHE -
o BEZHEEGHEE -

Solution f#%

Set
_a N b N c N d
a+b b+c c+d d+a
Write
c d a
X =—, = - = -, w=-
VS YT d
Then xyzw =1 and
1 1 1 1

= + + + :
1+4x 1+y 14z 1+w

After putting the four terms over the common denominator, the numerator of § — 1 is
242(x+y+z+w)+ (xy+xz+xw+yz+yw+zw) > 0.

Thus S > 1. Applying the same resultto 1/x,1/y,1/z,1/w gives4—S > 1,50 S < 3. Since S is an
integer, S = 2.

Now
1 1

(a+b)(c+d) (b+c)(d+a)
_ (ac—-bd)(a-c)(b-d)
S (a+b)(b+c)(c+d)(d+a)

Because the four integers are distinct, a # ¢ and b # d. Since S — 2 = 0, it follows that

S —2=(ac - bd)

ac = bd.
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Let g = ged(a, b) and write
a=gx, b=gy, ged(x,y) = 1.
From ac = bd we have xc = yd, so y | ¢ and x | d. Hence for some positive integer £,
c = hy, d = hx.

Therefore
a+b+c+d=glx+y)+h(x+y)=(g+h)(x+y).

Both factors are at least 2, so the sum is composite and hence not prime. m]

Final Answer S&&EE. a+ b +c +d is composite. ’

Question 16 & H 16 Elementary optimisation and inequalities | 55 S {EH B A2 J—

Problem locator / & B fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARSI AR MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB @EHT

F—HAARABES : 2y =x3 1 [x(1 = x> B y(1 - y)3 » LITUIE AM-GM K&k
B o BRI a L > DRIE Vb — b 8 e — c ERF T LB KME -

Olympiad Knowledge Points BRE4:#ES

[ &R Inequalities J[ fR#% Algebra J
* AM-GM KEZEHRAME °
o BRIy =3
o 12 R BRI (EE L E 5

o EIRERIFES A o

Solution f#%&
For part (i), put y = x3 € [0, 1]. Then
(x=xH)? =21 =) = y(1 - y)°.

By AM-GM applied to

we get
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Thus
27

1-y)2 < —,
y(1-y) <356

and hence
o s[27 332

x—x < —_— =

T V256 8

Equality holds when y = 1/4, that is, x = 1/ V4.
For part (ii), sincea =1-b —c,

a+Vb+c=1+(b-b)+ (Jc-c).

Lett = Vb. Then

2
1 1
2
t-t'==--|t—-=] <=
Let r = v/c. By part (i),
3V2
r—r4s—§/—.

Therefore

a+\/5+<‘/551+}l+3;/§=10+83</§.

Equality is attained when

32

Final Answer HRER. [nax (x —xh) = = and the stated inequality follows.
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Independent Worked Solutions &3 52 ARE

Question 1 H 1 Telescoping radicals | =R AN ;

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AATCIE AL MOESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB @EiT

ERE S AN - BIRB RN TR TRZ ZR—F o« AR+ REZ K
H > AFEREWHE -

Olympiad Knowledge Points BLE&n:5E,

8 Algebra

o BEFEARE -
« IRIHF -
« RI|HEERHEH -

Solution f#%&

Rationalising the general term,

1 V2k +1-vV2k -1
V2 -1+ 2k +1 2 '
Therefore the sum telescopes:
1 lo12 J J
5_2;(2“1 2%-1)

- -

1
=—-(45-1) =22
S(45-1)

Final Answer H&ZZR. 22, so the correct choice is A.

Question 2 #H 2 Radicals with negative variables | % &% &R I ~

Problem locator / & B XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

SACHAR A OB AR E R E T IRE - AR RIS EARE
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Solution Strategy & & #HT

FCHRRAFEHEE x <0° L r=—x 20 FAZIEGREHEMEFIET - BRHET
Va2 B x T AREAEEHE o

Olympiad Knowledge Points BLE &R,

{81 Algebra

o A -

Solution %

The radicand is nonnegative only when x < 0. Put # = —x > 0. Then

V=81x3 = V81#3 = 9rVf = —9xV—x.

Final Answer & EXR. -9xV/—x, so the correct choice is B.

Question 3 E 3 Logarithms and inequalities | %88 NSE = ] w

Problem locator / 8 H XEf : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR JGEER BB T RE T RE - BRI TSRS SR -

Solution Strategy ER&FEHT

L x =logyga ~ y =logyo b * JFRARFEEIRFFEESEERN £ + y? - BIEEER AL xy » B
B x?+y? > 20y BB L5 > WhaE x = y ALEFH -

Olympiad Knowledge Points BRE{AEES

LB Algebra H AZR Inequalities
o FHMERRE - (x-y)2>0-°

o EIRMRIFE AT EN o

Solution f#&

Set
X = loglo a, y = 10g10 b.

Then a = 10 and b = 107, so

alogloablogmb — (10X)X(10y)y — 1Ox2+y2 - 16.
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Hence
x2+y? = log;q 16.
Since
X2+ y2 > 2xy,
we obtain

1
xy < 3 log1g 16 = log;q 4.

Equality occurs when x = y, and such positive a, b exist.

Final Answer H&EZR. max(logyalogyb) = log;, 4.

Question 4 #H 4 Cubic equations | =—{X 7712 } \

Problem locator / # B B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR OB AR E R E IR - BRI RS SEARE -

Solution Strategy E & FHT

SR EAER x = 5> FIE=RAD#ES— KB F8E ZKEF - ZIREFRHA RIS
& RAHEEEER -

Olympiad Knowledge Points BLE&n:5kE,

&L Algebra

« HBIRIAIR -
© ZIHAEAIE -
« TUHFIR -

Solution f#%&

Move all terms to one side and factor:

5 1
x3+x—g = g(2x—1)(4x2+2x+5).

The quadratic factor has discriminant
22 —4(4)(5) =4 -80 <0,

so it has no real roots. Therefore the only real solution comes from 2x — 1 = 0.

. 1
Final Answer H&ER. x = 3
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Question 5 #H 5 Optimisation and inequality | F{EELE I

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

BRI x - x* BEEE B RBORENE - 8 28O EM a = 1-b - c #5 BIEFA
1+ (Vb = b) + ({fc - ¢) > MEFEIR AT BIBSLAGE » BRIt b F AN S 5] e -

Olympiad Knowledge Points RE:#EE

[ R Inequalities ][ ¥ Algebra ]
- BEEMRE (AREMT) -
o FRIHESHEE -
o BCITVE R SETR IR -

Solution f#%

For part (i), let
fx) =x—x*
Then
fl)=1-4*  f’(x)=-12x* <0.

The unique critical point is

1
X =—,
V4
and it gives the maximum. Thus
1 1 342
max f(x) = —= - —= = —.
V4 4v4 8

For part (ii),usea =1-b —c:
a+Vb+c=1+(b-b)+ (c-o).

Let ¢ = Vb. Then

2
1 1
2
r—2=>—[r-2| <=
Let r = «/c. By part (i),
, 32
r—r ST.

Therefore

1 3V2 10+342
a+\/3+\4/E§1+Z—1+ ;/_: +8€/_'

Equality occurs when
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that is,

3

8

Final Answer H&EZR. ?6al>]<(x —x* = , which yields the required inequality.

Question 6 B H 6 Coordinate geometry and reflection | ALAZE 2 (AT B 7 5f I

Problem locator / & H fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BB B RE T IRE - BRI TSRS SR -

Solution Strategy BT
FIFHGIFRE D 151 AD Fofi F o0 4R - HUR AD Ry SRl HAR

—=

R X, M, N F 28 s B3 AM B AD BT FEL AN 4T 0 ﬁaf}? *ﬁlﬁa
SRR

S
EE
=
5,
w
«J‘
H;
Hi

Olympiad Knowledge Points BLE4nskE,

[ %17 Geometry ][ BT 8T Analytic Geometry ]
o INAFEGEL AT AR
« SNEETE ©
o [AESHFE AT -
o HFCHIRA -

Solution #&

Since D is the midpoint of arc BC, AD bisects £A.
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X

Figure 41. A more faithful sketch for Question 6. % 6 FEHBSHE R EE -

Put A = (0, 0) and take AD as the x-axis. Let
0 =/BAD = /DAC, u = cosd, v =sin6.

Write AB = ¢, AC = b, and set
s=b+c, d=b-c.

Then
B = (cu,cv), C = (bu,-bv).

The circumcircle through A has equation
2 +y2+tx+my=0.

Substitution of B and C gives

s d
{=——, = —.
2u " 2v
Hence d
h)
o=|—,—].
(4u 4v)
The second intersection of the x-axis with the circle is
K
D= (—, 0) .
2u
Now
—
BC = (du,—sv),

so a perpendicular direction is (sv, du). Since X lies on ray AH, write
X = A(sv, du), A>0.

As M is the midpoint of DX,

O - s(1+2/luv),/1du ‘
4du 2
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Write N = D + (X — D). Since ON || AD, the line ON is horizontal, so

B _d
YN =Yoo = 1
Because yy = tAdu, we obtain
1

4y’

It follows that
TN - (s(1+2/luv) _i)

SAu?v 4y

—
Reflect AM in the x-axis. The reflected vector is

s(1+ 2/1uv), _Adu 0w AN
4du 2

Thus ray AM is reflected onto ray AN by reflection in AD. The same reflection sends ray AB onto
ray AC. Therefore
LBAM = /CAN.

Final Answer J&EZE. /BAM = /CAN. ’

Question 7 & H 7 Permutations and the triangle inequality | HEFEE = A A= }—

Problem locator / &8 B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAICIE AR MOESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB @ET

HLHEDE A BAR LRI 1,2, ..., n BUPAGBEAR - PAABARE ST MR 1 2 n AUBHAE -
BRREZDH -1 BlaHERKTFIHIERTH -

Olympiad Knowledge Points FRE &R,

[ 44 Combinatorics ][ AER Inequalities ]
BRI -
. SRS -
o TAEIHEEIEEA -

Solution f#&

View the permutation as a closed route visiting all points 1, 2, . . ., n on the real line.
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one path from 1 to n

t t t t t

2 3
the return path

Figure 42. The cyclic order determines two routes joining 1 and »n on the real line.

The closed route contains two distinct paths from 1 to n. By the triangle inequality, each path has
length at least

n—1.
Therefore
S>2(n-1).
Equality is attained by the cyclic ordering
1,2,3,...,n,

for which
S=n-1)+(n-1)=2(n-1).

Final Answer H&&E%R. minS=2(n-1) =2n-2.

Question 8 8 H 8 Complex geometry | #EHHE (] } \

Problem locator / #8 H XEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR JGESR BB T RE T RE - BRI TSRS SR -

Solution Strategy E AT

SN AR A EALE » FIH z = 1/ SR GTEZER R o fKIXkKH P,E,F,Q,R* %
T=QRNEF ; Hill A, T BJ5%KH Y > BB AFEFREEEL PK BERE 8 » He
K B EF F1Bf o

Olympiad Knowledge Points BRE{AEES

%7 Geometry ] [ EE %7 Complex Geometry
o B EERLE -

o BRBARTZHI R AR

o BEAREAEIAYE AR AT o

o FLEL ~ AR K HREROAEUL
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Solution f#&

p

Figure 43. Lecture-note style schematic for Question 8. % 8 FHiE RN R EE - B T %
AY,QR,EF (38

Use complex coordinates with € as the unit circle. Set
a=1, |b| = |c| =1, o=b+c, = bc.

Then

~ 1
b = -
c

) o=

_ g
5 c= -
Vs

1
b
The orthocenter has coordinate

h=1+b+c.

Reflection in the chord BC sends z to b + ¢ — bcz. Since P is the reflection of H in BC,
p=b+c—bciz=—bc=—7r.
The reflection of B in AC is 1 + ¢ — cb. Since E is the midpoint of B and this reflection,
1 c
=—(b+1+c- —) .
‘T3 ( b

Similarly,

&%
Il
N | =
—_
()
+
—_
+
S
|
|
N —

The line E F has equation

_ no—ol+4dn + o
z+z=4, H= on :

Let K be the midpoint of EF. Its coordinate is

e+f_47r+27ra'—a'2

k = ,
2 4

and

A + 20 — 02

k= 4r
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For a point p on the unit circle and any point z, the second intersection of line pz with the unit circle
is

=D

1-p7

Hence the second intersection Yy of PK with Q is

k—-p _47r2+27m'+47r—0'2

yo:l—plg_n(4+47r+20'—0'2)'
Likewise,
_e—-p  2bc+b-c
T=1"pe” "bb-—c-2)
and
f-p 2bc —b +c
r = - = .
1-pf cb-—c+2)
Put

y = qr, w=gqg+r.

Put the two fractions over a common denominator and use
(b-¢)?=(b+c)?—4be = 0 - 4n.
After replacing every occurrence of b + ¢ by o and bc by «, the product and sum reduce to

02— 4dn — 4n?

V= (0?2 —4n —4)°

—03 + 2021+ 202 - 872 - 8n
m(o2 —4m —4)

Since Q, R lie on the unit circle, the chord QR has equation

w =

Z+VvZ=w.

LetT = QR N EF, with coordinate . From

t+1t=pu, t+vi=w,
we obtain
t_w—,uv
1-v

The chord through A = 1 and a point Y = y on the unit circle has equation
z+yz=1+y.

Since T lies on AY, substituting z = ¢ gives

Using = u — t and the expressions above, this simplifies to

A2 + 210 + 4 — o2

y= 7(4+4n + 20 — 02) -

Yo-

Thus Y =Yy, so P, K, Y are collinear. Since K is the midpoint of EF, the line PY bisects EF. O
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Final Answer H&ER. PY passes through the midpoint of EF.

Question 9 FEH 9 Factorials and modular arithmetic | P& 3fe Bl #5 B i l

Problem locator / & B fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy BB @EHT

SR AR/IMEETHEER b <5 E b > 6> B 16 15 a BREIZE 4 8 5 s B 11 HFR b > 11>
R EME R RE NG ERE » R EE—TIRE -

Olympiad Knowledge Points BLE&:5E,

% Number Theory

o PETRAIBEERRME: o

o DYYRRIEREL 16 ~ 2 11 ©

o SEREAE - BARRERN BT TER

Solution f#&

If b < 5, then
al + b! <2-5! =240 < 2024 + ¢*,

which is impossible. Hence b > 6, so
b!'=0 (mod 16).
Because 2024 = 8 (mod 16) and every fourth power is congruent to O or 1 modulo 16,
al=8 or 9 (mod 16).
Checking a < 5 and noting that a! = 0 (mod 16) for a > 6, we obtain
a € {4,5}.

If a = 4, then
¢t = b! = 2000.

If b > 11, reduction modulo 11 gives
¢t=-2000=2 (mod 11),
which is impossible because the fourth-power residues modulo 11 are

0,1,3,4,5,9.
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Thus 6 < b < 10. Direct comparison with consecutive fourth powers gives no solution:

b! — 2000

b

6 <0
7 3040 € (74, 8%)
8
9

38320 € (134, 14%)
360880 € (244, 25%)
10 | 3626800 € (434, 44%).

If a = 5, then
c* = bl - 1904.

For b > 11, modulo 11 gives
¢*=-1904=10 (mod 11),

again impossible. Hence 6 < b < 10. Checking these five cases,
8! — 1904 = 40320 — 1904 = 38416 = 14%,
while the other four values lie strictly between consecutive fourth powers. Therefore
(a,b,c) =(5,8,14)

is the unique solution.

Final Answer B&EXE. (a,b,c) = (5,8,14). ’

Question 10 & E 10 Homogenisation and Schur’s inequality | FF{XfLE2 Schur N J—

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AR MGESR BT RE T IRE - BRI NSRS SR -

Solution Strategy BT

SElp=a+b+c BRI /%\xza/p%% fEx+y+z=1° BIGHET pP B0FR > BAE
ANERE R E x, y, z FITNRE R AER 5 &IZEBHIUIK Schur NEZUFER ©

Olympiad Knowledge Points B[4k,

[ ARZR Inequalities
o BIUALELER—1L
- BEEIER -
o Schur NER (IHKFER) -
s HEMEERESE -
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Solution f#&

Let
p=a+b+c>0, x=—, y=-, 7=

<R

Then
x+y+z=1

and the given condition becomes
PP +y3+23 —xyz) =2

The desired inequality is

Pl +yt+ 2 > p,
or equivalently

PPoat+yt+h > 1.

Using the expression for p3, it is enough to prove
2xt +yt+ ) >3 + 3+ B —xyz.
Since x + y + z = 1, the difference between the two sides equals
2xt + ¥yt + ) - (B + ¥+ ) +xyz
=x*(x=y)(x =) +Y’ (v -y —x) + 22— x)(z - y).

This is Schur’s inequality of degree 4 and is nonnegative for x, y, z > 0. For completeness, assume
without loss of generality that x > y > z. Then

P -2) 2y (v -2),
so the first two terms combine to a nonnegative quantity, while

2(z-x)(z—-y) = 0.
Therefore the required inequality holds. It follows that

PPt +yt ) 21,

and hence
4 4, 4
a+b*+c*>a+b+c.

Final Answer B&ER. at+bi+ct>a+b+ec.
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Independent Worked Solutions &3 52 ARE

Question1 fEH 1 Geometric series | 2 Fb 4R B }

Problem locator / & H fEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR BT RE T IRE - HRE TSRS SR -

Solution Strategy BB f#ET

SILEMIHERE 2! 0B - BIEHBRE PR A AR 2 ARSI - BEERER
AREMEE - T BEERE  BERASER R - B R EAIIRRE -

Olympiad Knowledge Points B[4k,

o BRI Lyt trm =

o TRECHE K FIAEEEH
« BEETRRERA - A ESIREERE -

rm+1 -1
o

r—1

Solution f#&

Using the geometric-series formula,

25 -1
2-1

N:2+2(1+2+4+8+16):2+2( ):2+62:64.

Final Answer H&EZR. N = 64, so the correct choice is D.

Question 2 fEH 2 Floor functions and radicals | B{EE Bx S B AR =, I

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AAOCIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

RAZEARGAN G B RAMEEE  HEEEEMR - R kR (8 a] i f—1H
FHIAEERIELE (0,1) » RIEATAEHERE /D BERSH

Olympiad Knowledge Points BRE&#kE,

fLEL Algebra [ f&{& Estimation ]
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AR E- =

o BUREEL |x] HOIRFEHIRE
o BFVEEER FE AT o

Solution f#&

Write the sum as
202

N:Z{V10k+6—\/10k—4J.

k=1

Rationalising each difference gives

10

V10k + 6 — V10k — 4 = )
V10k + 6 + V10k — 4

Fork =1, 0
1< —— <2,
V16 + V6
and for k = 2,
10

1< —— < 2.
V26 + V16

Hence the first two floor values are both 1.
For every k > 3,

V10k + 6 + V10k — 4 > V36 + V26 > 10,

so the corresponding difference lies strictly between 0 and 1. All remaining floor values are therefore
0. Thus
N=1+1=2.

Final Answer J&KEZR. N =2, so the correct choice is A.

Question 3 E 3 Estimation and irrationality | 1/ {E B M2 I N

Problem locator / 8 B B\ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR JGESR BB T RE T RE - BRI TSRS SR -

Solution Strategy EREAFET

PR - UBIE & P HEEY L T5 « BRI » KRB EMAEEE - BT
7 o BERR X - A RIREER A R B S & P T B F T IRAN AT e R L

Olympiad Knowledge Points B[4k,

+ LS RICERS -
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o RAFRYBEEMEEN o
o ERIELF T RIBEMR -

Solution fE&

Clearly @ > 0. Moreover,

@ = V60 + V61 > V49 + V49 = 14,

so statement B is false. On the other hand,
a < V64 + V64 = 16,

so statement C is true.
To prove irrationality, suppose that @ were rational. Then

a® =121 + 2V3660

would be rational, forcing V3660 to be rational. This is impossible because 3660 is not a perfect
square. Hence « is irrational.

Final Answer & Z%. The false statement is B.

Question 4 #H 4 Divisibility and averaging | #FRELFI(H }

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARCIE AL MESR BT RE TG - B NSRS SR -

Solution Strategy BT

FeAEZERERE » 8 T A% SR n+ 45 | 2025 218 HZEF|H AR 45 B9IE K &L
HREMNE n METEFHE -

Olympiad Knowledge Points {45k %,

[ i Number Theory ]
o BIRMGAELAREL : n2 = (n + 45)(n — 45) + 2025 ©
o B R K IE RS -
o FHERERA: I B -

Solution f#&

Polynomial division gives
n? = (n + 45)(n — 45) + 2025,
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SO

n? 2025
=n-4 )
T A T

Therefore n + 45 must be a positive divisor of

2025 = 3* - 52,
Since n > 0, we require n + 45 > 45. The divisors of 2025 greater than 45 are
75,81, 135, 225, 405, 675, 2025.

Hence
n = 30, 36, 90, 180, 360, 630, 1980.

Their sum is
30 + 36 + 90 + 180 + 360 + 630 + 1980 = 3306,

and so 3306
N="0
7
_ ~ 3306 .. . . . .
Final Answer H&XEE. N = — which is none of the listed choices.
Question 5 & H 5 Real algebraic systems | EXEHEH I \

Problem locator / #H B REf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

SAOCHR A LGB AT R E TR G - BRI RS

Solution Strategy BT

H R S AR W E T2 A PR (22 +32)2 = a? + b2 » Jeski x2,y? » DL 2xy = b IREFFIR
BB b = 0 BFRRILIE DB L 03 -

Olympiad Knowledge Points R EiAES

fREL Algebra ] [ HEHE Complex View

o TS (x2 - yH)? + (2xy)2 = (A% + y2)% ©
o HEUFT (x +iy)? = a +ib FMIERE -
o FOTRAYATSREC B B FH A e o

Solution f#&

Observe that
a? +b% = (x> = yH)% + (2xy)? = (A +y?)2

Let

R ="Va2+b2>0.

Kenneth Cheng 209 /247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

Then

SO

The signs must also satisfy 2xy = b.
If b # 0, then R > |a|, and the two solutions are

(x)_+R+a+ b
ST e a)

where the same sign is taken in both coordinates.
If b = 0, the possibilities are:

condition ‘ solutions

a>0 (£Va,0)
a<0 |(0,£y=a)
a=0 (0,0).

Final Answer & % 3. The solutions are exactly the pairs listed above, with R =

Va2 + b2.

Question 6 & H 6 Rational parametrisation | 5 EEZEFRIR ] N

Problem locator / 75 B XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MBS BB T RE T RE - BRI TSRS SR -

Solution Strategy & #HT

B EEA—EAEER (1,1) - @R - MR FEEEAREE - RAREF IR
BERR - BRERGHAERBESEGE » FIS 28 L (6 2 -

Olympiad Knowledge Points BBk,

fLEL Algebra ] [ BT 4(T Analytic Geometry ]
o EFEARA A ESRUL -

o CAE BB EIRE

o ZRITREEH—RERF—R -

The Chinese statement and the handwritten solution use rational numbers. The English line in the
printed paper says “integers”, which would make the assertion false.
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Solution f#&

The rational point (1, 1) lies on the circle a® + b? = 2. Draw a line of rational slope ¢ through (1, 1):

Figure 44. A rational-slope secant through (1, 1) meets the circle again at another rational

point. HURERR EARBL B F AL » W] EEAEBHYA ERS -

b-1=t(a-1), t €Q.
Putu =a—-1,s0a =1+uand b =1+ tu. Substitution into the circle gives
1+u)?+ A +tm)? =2,

which simplifies to
u(2(1+1) +u(l+1%) =0,

The root u = 0 corresponds to the original point (1, 1). The second intersection is obtained from

2(1L+1)
14127

Hence
2 -2r-1 C1-2r—¢?
T 2+
For every rational # # —1, this gives a rational point on the circle distinct from (1, 1). Since there
are infinitely many rational values of ¢, there are infinitely many rational solutions.

2-2-11-2t—1¢2

, fort e
2+1 2+1

Final Answer &% %. One parametrisation is (a, b) =

Q.

Question 7 fEH 7 Modular arithmetic | FE 7 }

Problem locator / 78 H € : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR IR MGEESR BB T RE T IRE - BRI TSRS SR -
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Solution Strategy & & #HT

B AR DA BUSE - HEEmERE 2*° = 1 (mod n) 5 AT A BN HITEERE D
fRIER B EEM EE R -

Olympiad Knowledge Points BRE4:#ES

[ 2 Number Theory J
o BFLER N PR ER -
o FRIEPEEHEECRIN
o TERRZE R [ A DU E i R 2 B KB ## -

Solution ##Z

Since 248 — 1 is odd, the only candidates are
61,63, 65,67, 69.

For 63,
20 =1 (mod 63),

50 2% =1 (mod 63). For 65,
=4096=1 (mod 65),

s0 2% =1 (mod 65).
The remaining candidates fail:
218 =34 (mod 61),

248 =62  (mod 67),
218 =16 (mod 69).

Thus the only divisors in the required interval are 63 and 65.

Final Answer & ER. N =63 +65 = 128.

Question 8 & H 8 A family of quadratics | IR ERE& Jl

Problem locator / &8 B fEf\[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AROCIE AR MESR BT RE T IRE - HRE NSRS SR -

Solution Strategy EB&@ET

B RE BEEL 0 SCAE AT BB TS 2BAER D + 28Ok E—EE T 1 » SZE T HZA -
MR EG B o HIFEERR r RIES B K o BHEZCHFHE A MR REHr> s
BTSSR -
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Olympiad Knowledge Points BLE&n:5kE,

& Algebra

o B2 TIRHBIOEER o

« EEEH o

« BEAFRPAFRES T -

o BEMEIFTE MR RE -

Solution f#Z&

We first rewrite the expression as
y=x+1%+a(x-2).
Therefore, when x = 2, the term involving a vanishes and
y=32=09.

Thus every parabola passes through the fixed point (2, 9).
For part (b), let r be the larger root and s the other root. Since r is a root,

(r+1)2+a(r—2)=0,

so, forr # 2,

(r +1)2
Cr=2
By Vieta’s formula,

r+s=—(a+2),

and hence
5 2r+5
= —q — —r = .
s 4 r—2
The condition that r is the larger root is r > s, giving
2r +5
- >0
r—2
Equivalently,
- 1
(r=5(@+1) >0
r—2
A sign analysis yields
-l<r<?2 or r> 5.

Conversely, every r in these intervals determines a real a and a distinct smaller root s, so the range
is exact.

Final Answer 3 & & &. The fixed point is (2,9), and the larger root satisfies
[-1<r<2orr>5|

Kenneth Cheng 213 /247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

Question 9 #H 9 Binary representation and Vieta’s formula | — i3/~ Ed &% E }—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

SEIE M S A BITTEAIARN - SR EEEM - HTIEE BB - AR EE HEE
REEFEMR BRI AL (r + 1) (s + 1) = 2047 » NBES HG 08 B A BRI —RREE

Bify o

Olympiad Knowledge Points & &/:5E,

[ (% Number Theory J[ 14 Combinatorics |
o BEEHEEEA o
s IXBE rs+r+s+1=(F+1)(s+1)°
o THERIFRRAIME—N o
- BEHBIEEFHE

Solution f#%
The total sum is
S(A)+S(B) =2 +22 + ... + 210 =211 _ 9 = 9046.

Suppose one root is a positive integer r. Since the sum of the roots is the integer S(A), the other
root s = S(A) — r is also an integer. Moreover,

r+s=_S(A), rs = S(B).
Therefore
r+s+rs = 2046,

SO
(r+1)(s+1)=2047 = 23 - 89.

Asr>0andrs =S(B) =0, we have s > 0. The possible unordered factor pairs are
(r+1,s+1)=1(1,2047) or (23,89).

These give the root pairs
(r,s) =(0,2046) or (22,88).

In the first case,
S(A) = 2046, S(B) =0,

so A contains all ten powers and B = @.
In the second case,

S(A) =22 + 88 = 110, S(B) =22 - 88 = 1936.
The binary expansion
110=64+32+8+4+2=2042°4+23 4922421

uniquely determines A, with B its complement. Thus there are exactly two ordered divisions.

Kenneth Cheng 214 /247 XelLaTeX Edition



Macau Mathematics Competition Solution Companion

‘ Final Answer H&%& 2. 2 ordered divisions.

»{ Question 10 & H 10 Coordinate geometry on a circle | [B] A AAE 4 fr] I

Problem locator / & H fEfi[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MESR BB RE T IREG - BRI NSRS SR -

Solution Strategy B #ET

SEARSME EAR MR ELTE » SFIF M2 AC TENETEIBAKE - LA THE - WYIE
R REDRH, 1,03 KB MJ RENS KD » 1 DO REBI M E = -D » &k
P BB 17 -

Olympiad Knowledge Points R E{4EEE

%7 Geometry ] [ fEMNT%(T Analytic Geometry
o A ARELET N AR o

o [EIRALERL K BEAL B AL -

o BRRATY BARASLGT -

o FEPATHEEE L5 Ak -

Solution &

Scale the circumcircle to the unit circle and place
0 =(0,0), M = (0,-1).

Let ZABC = 6. Since BM is the internal angle bisector, M is the midpoint of arc AC not containing
B, so we may write
A = (-sin6, — cos0), C = (sin6, —cos0).

Thus AC is the horizontal line y = — cos 8.
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Figure 45. A more faithful geometric sketch for Question 10. %5 10 I EHREH -

Let
B=(p.q), p*+q*=1,
and define
t=V1-cos0, u=4+1+gq, v=£.
u
Then
p=uv, q=u2—1, u?> +v2=2.

Because B, I, M are collinear, write
I=M+AB-—M) = (Ap,-1+A(qg +1)).

Let r be the inradius. Since BI = (1 — 1)BM,

BM =+p2+(qg+1)2=2(1+¢q) =V2u

.0 1—-—cosé@ t
sm—:d—:—,
2 2 V2

r=(1-Atu.

and

we obtain

On the other hand, the vertical distance from I to AC is
r=-1+A(g+1)+cosf = Au’ -1
Equating the two expressions gives

t
(1 - Dtu = ? - 12, hence A=-.
u
Therefore

I=(tv,tu—1).

Since AC is y = t> — 1, reflecting I in AC gives

J=(v,20% —tu—1).
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Consequently,
MJ = t(v,2t —u).

A general point of MJ is
X = (uv, =1+ u(2t — u)).

The intersections with the unit circle satisfy
i+ -1+ pu2r-v)]*=1.
Besides the root ¢ = 0 corresponding to M, the other root is

22t -u)
T2+ (2t —u)?’

Using v2 = 2 — u?, this gives

_ v(2t—u) 3 —1 4+ 262 = 2tu + u?
1422 -2’ Y 1 +22 =21

X
Because DO is a diameter, E is antipodal to D, so E = —D. Hence
—
BE =E - B=—(D + B).
A direct simplification yields

2(1 + tu — u?)

D+ B =
1422 - 2tu

(tv,tv =1).

The vector on the right is a scalar multiple of 5_} = [. Therefore D + B is parallel to O, and so is
H
BE = —(D + B).

Thus
Ol || BE.

Final Answer & EZE. OI| BE.
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Independent Worked Solutions &3 52 ARE

Question 1 fEH 1 Floor functions and radicals | B Bx S ELAR =, I

Problem locator / 5 H EfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR LR AR JGEER BB T RE T IRE - BRI TSRS SR -

Solution Strategy & &A#HT

AN EERNAE - BABEANETEERER 1 - AROERER - 1A%
TR 5 E » HER S THBUB R BE

{11

Eit
=
Im
sl
=

Olympiad Knowledge Points R E{4EEE

LB Algebra [ f&{8 Estimation ]

« IRIAFE -
o B i B Do i 4 T
o BEVEEEER S H AT

Solution &%
As in the Junior Division problem, write

202
> {\/mk 16— VI0k —4J .

k=1

Rationalisation gives

10
V10k + 6 + V10k — 4

V10k + 6 — V10k — 4 =

For k = 1, 2 this number lies in (1, 2), whereas for every k& > 3 it lies in (0, 1). Hence only the first
two terms contribute.

Final Answer H&KEZR. 2, so the correct choice is A.

Question 2 E 2 Integer equations | FEE 7% ’

Problem locator / 8 H € : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR IR AR MGESR BB T RE T IRE - BRI TSRS SR -
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Solution Strategy & & #HT

A5 3L T 22 5 i R T IR BE R 1 - (] 61 AEH - T ECE @/ o HEBR A T RERBCE 1R -
L b-a=1" HEFER—E _KEBREOTE -

Olympiad Knowledge Points BBk 2,

% Number Theory ] [ X% Algebra ]

o« Y HENK > —a3=(b-a)(b?+ab+d?) -
o BEHIHEFHECE o

o BRUTRERARRE AL -

Solution f#&

Rearranging and factorising,
(b —a)(b® +ab + da*) = 61.

Since 61 > 0, we have b > a. The second factor is positive, and 61 is prime. Thus
b-—a=1, b +ab +a® = 61;

the alternative b — a = 61 and b2 + ab + a® = 1 is impossible.
Putting b = a + 1 gives
(a+1)2-a® =61,

SO
3a>+3a+1=61.

Therefore
a’*+a-20=0, (a+5)(a-4)=0.

The two solutions are
(a’ b) = (_5’ _4)7 (4’ 5)

Final Answer & EZR. N =2, so the correct choice is C.

Question 3 fEH 3 Combinatorics and recurrence | ZH & Bl g I

Problem locator / #5 B XEfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AL OB AR E R E R - BRI RS EARE -

Solution Strategy EREFEHT

IR F ER AR RE M « DL A &5 ~ DUBL(E B %5 ~ UL BB &8 - B —EF B » &V%
A% 5E & HRImIRREIRE » Rt =R RN 2P HEIRE 9 -
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Olympiad Knowledge Points BLE&n:5kE,

[ #14 Combinatorics ]
o« FRRARRREME,BREAE]
o BT TR
o FERImAETE R LR B ORI ©

Solution 7

Let
u, = number of valid length-n strings ending in A,

v, = number ending in exactly one trailing B,

w, = number ending in BB.

Appending one letter gives the recurrences
Upsl = Vn + Whp, Vn+1 = Un, Wn+l = Vn.

Forn =1,
(u1,vi,wi) = (1,1,0).

Successive values are
‘ (una v}’h Wn)

(1,1,0)
(1,1,1)
(2,1,1)
(2,2,1)
(3,2,2)
(4,3,2)
(5,4,3)
(7,5,4)
(9,7,5).

© 00 O Ui W K|S

Thus the required number is
ug+vg+wg=9+7+5=21.

Final Answer J#&E S, 21, which is none of the listed choices.

Question 4 & H 4 Quadratic polynomials | —{RZIEZ J

Problem locator / & B fEf\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MOESR BT RE TG - HRE NSRS SR -

Solution Strategy BB @ET

A CRREEH L BARBCRL — 3 o MRAIFIEREY) R BB > BEHEMEEL N (x-a)(x-p)
G RE — ZIRZ I -
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Olympiad Knowledge Points BLE&n:5E,

& Algebra

o MRFAHHE -
« HREEZHEN -
« BUNSIHAWEATHE

Solution f#%&

Since V2025 = 45, let

a = V2026 + 45.
Choose its algebraic conjugate
B =45 - V2026.

Then
a+ B =90, af = 452 — 2026 = —1.

Therefore the required polynomial is

(x—a)(x=B) =x*-90x — 1.

Final Answer J&EZR. p(x) = x2 - 90x — 1, so the correct choice is D.

Question 5 fEH 5 Finite sets and translations | B[R4 B I

Problem locator / & B fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy E T

EGfRE A E SO SRR AUB C (A-17) U (B + 31) ° MEEE FFUAIHHR » AT
BARERXLAHET  EMEEEAMEEBARIAA - SR LB WS TR » FREFTER
ML 17Tn = 31m ©

Olympiad Knowledge Points BRE &R,

[ #14 Combinatorics ][ B3 Number Theory J
« BIREEH PR ASBEE -
o HBIGEEEHERA: -
« HEGITRRMEEFT TS -
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Solution f#&
Define the translated sets
A-17T={a-17:a € A}, B+31={b+31:beB}.

For each k € A U B, either k + 17 € A, in which case k € A — 17, or k — 31 € B, in which case
k € B + 31. Hence
AUBC (A-17)U (B +31).

Translations preserve cardinality, so
|A—=17| =n, |B + 31| = m.

Since A and B are disjoint,
|AUB| =n+m.

Consequently,
n+m=|AUB|<[(A-1T)U(B+31)|<|A-17|+|B+31l|=n+m.
All inequalities are equalities. Therefore
AUB=(A-17)U (B +31),

and the two sets on the right are disjoint.
Summing all elements on both sides gives

Za+Zb:Z(a—17)+Z(b+31).

acA beB acA beB

Cancelling the common sums yields
-17n+ 31m = 0.

Thus 17n = 31m. O

Final Answer Z&ZEER. 171 = 31m. ’

Question 6 #H 6 Mathematical games and sums of squares | HE2 % 811 75 A1 ]—

Problem locator / & H fE{\L : consult the official DSEDJ paper for this division and question
number before reading the solution.

ARCIE AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

L TRIREEEZ r AP 5H1 1EREE © Lagrange VU777 E B IRFEAEEGFE S, 5 Amy AU
MG RFI7 8L > T Bob BRI ER ST —EIER T T > R TRE—K > &%

F3ET -
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Olympiad Knowledge Points BLE&n:5kE,

[ B3 Number Theory M 4% Combinatorial Games ]
e Lagrange V-V 75 E#E o
o IR BEIE (monovariant) °

o HEE BRI -

Solution f#&

For r > 1, let S, be the set of positive integers representable as a sum of at most r integer squares.
By Lagrange’s four-square theorem, every positive integer belongs to Sy.
Suppose the current number is

m=y%+---+y3€S,.

Amy’s operation cannot increase the number of squares needed. Indeed:
If k = 2t is even, then
mk = (m")? eS8, C8,.

If Kk = 2t + 1 is odd, then

m* =m(m')? = (m'y1)* +---+ (m'y,)? €5,

Now suppose the current number lies in S,.. Choose a representation with at most r squares and
let Bob subtract one nonzero square appearing in that representation. The resulting number lies in
Sy—1. Amy’s subsequent power move keeps it in S,_1.
Starting from S4, Bob can therefore force the sequence

S4—>Sg—>Sg—>S1—>0.

Thus Bob has a winning strategy in at most four of his moves.

Final Answer &#&%&%. No. Amy cannot prevent Bob from winning.

Question 7 B 7 Parity and prefix sums | & {814 EL T ZRAN I

Problem locator / &8 H fEfi[ : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AR MGESR BB B RE T IRE - HRE TSRS SR -

Solution Strategy BT

#E ~ BB A +1, -1 LRFRE BUEIRAEI A o HFEEREEEN S R 1 809
ARESHCEEBUKPAR T/2 5 BISERELARE T Rl » B ISR B B A B o
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Olympiad Knowledge Points BLE&n:5kE,

| #1# Combinatorics |
o BUBRANARAS o
o A PR B o
o HBEETEURAE T AR BE R AE o

Solution f#&

Encode the colour of the ith coin by

1, if the coin is white,
& =
' —1, if the coin is black.

Define the prefix sums
Pi:81+'--+8i, P():O,

and let
T = Popq1.

For the ith coin, the number of white coins to its left is

(i - 1) + Pi—l
5 .

There are 2n + 1 — i coins to its right, whose signed sum is T — P;. Hence the number of black coins
to its right is

Cn+1-10)-(T-Py)

2
Their sum is
+ P, 1+P,-T
5 .
Therefore the ith coin is good exactly when
P,_1+P;=T.

Since P; — P;_1 = +1, this condition says that the unit segment joining P;_; to P; crosses the level
T/2.

The walk starts at Pp = 0 and ends at Po,,1 = T. Because 2n + 1 is odd, T is odd, so neither
endpoint lies on the half-integer level T/2. Moreover, 0 and T lie on opposite sides of this level.
Every crossing switches sides. Hence the total number of crossings, and therefore the number of
good coins, is odd.

Final Answer & Z. The number of good coins is always odd.
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Question 8 8 H 8 Symmetric inequalities | ¥ I

Problem locator / #H H B : consult the official DSEDJ paper for this division and question
number before reading the solution.

AR AL MESR BT RE TG - HEE NSRS SR -

Solution Strategy BT

TRMER — % x, y B A R RIS B RERAE S » BRI NEE RS o BRI
FHEAHBRE 2 BIA Y x = VIHEFEMGETE « S5HIZERE B EMF -

Olympiad Knowledge Points B# &R,

&= Inequalities

o EERECEANSER o

o« SRR 3, xi; HOLHE o
o SESRMRIERVIR 2B HE -

Solution %
For any x,y > 0,
T 400 4 Sxy = (4 VT = (V- ) 20
Thus 1 5
(x +y)yxy < Z(X2 +y?) + 2%

Applying this to all six pairs gives

1 3
S< ZZ(X?+X?)+§Z)Q)CJ'.

i<j i<j

2 . .
Each x; appears in exactly three pairs, so

4
Z(x?+x?) =3 ) x%
i<j i=1
Also,
(x1 +)C2+X3+X4)2—in2 1—le.2
25 = 2 -T2
i<j
Therefore

3 9 3 2\ _ 3
S < szi +Z(1_in) = Z
Equality in the pairwise inequality requires x; = x; for every pair, hence

1
X1 = X9 =X3=X4=Zl.

At these values, S = 3/4.
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. 3 .
Final Answer A EE. maxS = 7 attained at x; = xo = x3 = x4 = 1.

Question 9 & H 9 Euclidean and coordinate geometry | [ [ EH A2 22 44 fr I \

Problem locator / 75 B REfiL : consult the official DSEDJ paper for this division and question
number before reading the solution.

AT OB ERI T R E R - BRI RS EARE -

Solution Strategy EREFEHT

S VIEVISGREREE AK = AL = s » FIEMA V0 RR R AIEE - £ K, L 58 - PR
N EAESMEEG H— S RIEEN - B ELEFREH 1, M, 0 > L=RERET I mEgtt
g% > WA AR FR LTI RAF -

Olympiad Knowledge Points HE#EE

| %fT Geometry || FEHTA4fT Analytic Geometry |
o [BI5FE KL B o
o = ERHARIIITEIHAE o

Solution f#&

Let .
a=BC. b=CA  c=AB,  s=2+2*c¢

Let N be the midpoint of K L.
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Figure 46. Schematic configuration for the A-excircle problem. [EF1E7R A-55/0 (8 ~ 4MEZ[E
KAREN -

By equal tangent lengths from A,
AK = AL =s.

Place A at the origin and take the internal angle bisector of ZA as the x-axis. Write 8 = A/2. We
may take
B = (ccosf,csinb), C = (bcos8,—bsinb).

Thus
K = (scos#,ssinf), L = (scosf,—ssin®),

o)
N = (scos6,0).

Write the circumcircle in the form
x2+y?—Ax—puy=0.
Substituting B and C gives
Acosf + usiné = c, Acosd —usinf = b,

SO
b+c

"~ 2co0s6’
The intersections of the circumcircle with the x-axis are x = 0 and x = A. Since N # A and N lies
on the circumcircle,

b+c
2cos6’

scosf=1=

Hence
25cos>@ =b +c.

Using 2 cos? 6 = 1 + cos A and the cosine law,

b2 + 2 - a?
l+ —— | =b+ec.
S( 2bc ) ¢
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After clearing denominators and using 2s = a + b + c, this becomes
F(a,b,c) =0,

where
F(a,b,c) = a® + a*b + a®c — ab® — 2abc — ac® — b3 + b%c + be? — 3.

We now use a second coordinate system. Put
B = (09 0)’ C = (a’ O)’ A = (p’ Q)’

where

612+C2—b2 2 2 2

, +q° =c”.
2% p q

Because the A-excircle touches BC at M and BM = s — c,

p:

M = (s -c,0).

The incenter has barycentric coordinates a : b : c, hence

,_(alp+o) ag
B 2s 25|’

The circumcenter lies on the perpendicular bisector of BC, so its x-coordinate is a/2. From OA =
OB,
2 _
0-(e. <),
2 2q

The signed-area determinant of I, M, O is

Azdet(lx—Mx Iy—My)

0,-M, Oy,-M,|

Substituting the coordinates and simplifying with

2 2 2
p= 2(1 ’ q =c p
gives
b —
A= CF(a,b,c).
8aq

But F(a, b, ¢) = 0 from the midpoint condition. Therefore A = 0, proving that I, M, O are collinear.
O

Final Answer \&EE. [, M, 0 are collinear.
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BEERRSI

This appendix is a navigation aid. Where an original question is ambiguous, the answer below retains
the qualification stated in the full solution; consult the linked question for the complete argument.

ASKfE Sk A PEPORE R o WA

(] IE SCRIRE g o

BERERE TR T RIRRGHY B HETHR

2019 - Junior Division ] 41

Q Topic EH

Answer EE

1 Prime distribution | & 24

i

2 Ratios of fractions | 732t
{1l

3 Digit sum | {H0

4 Integer bounds and ratios | %%
A EE

5 Fractional parts and estimation
| /INEGER o B

6 Triangle side relation | = ff
B AR

7 Telescoping product | EIefH
HE

8 Age ratios | F#8 LA

9 Polynomial coefficients | %
HIRE

10 Area and trigonometry | THIFE
L= L

11 Floor-sum pairing | H{ % Al
FCit

12 Tiling invariant | $ i) A~ %
=
E==8

13 Rationality identity | & ¥
(EE 2

(x,y) = (4,0), so the correct choice is E.

1
T which is none of the listed choices.

18163, so the correct choice is C.
2359, which is none of the listed choices.

The correct choice is E.

, so the correct choice is B.

1010
2019

As written, ‘S =49m+37(m=0,1,2,..
possible value is 37.
3.

V3

g
76304.

2 ‘ The least

No, such a tiling is impossible.

|xy + yz + zx|

Yes. In fact S =
lxyz|

€ Q.

2019 - Senior Division &+ 4H

Q Topic EH

Answer &EZR

1 Recurring decimals | fEER/]N
#

2 Egyptian fractions | 3%} 7
#

Kenneth Cheng

0.0109, so the correct choice is B.

N = 10, which is none of the listed choices.
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Topic EH

Answer EE

10

11

12

13

14

15

Reduced fractions and Euler’s
function | B4 53 8 B @R
L

Handshake counting | # F
ATEL

Ellipse and focal property |
GRS i e

Polynomial functional equa-
tion | ZIHNWHITHE
Maximum under a cubic con-
straint | = {XEIR T HIEHK
i)
Exponential Diophantine equa-
tion | THEIEFE T2
Extremal residues modulo 3 |
B 3t e
Nonlinear recurrence and hid-
den linearity | JEAR IR HHEEL
SRR 1
Quadratic conjugates and re-
currence | Z{RILHEELIEHE
Perfect squares and powers of
two | SEaFJ7 B T IREE
A-excircle inequality | A-5%
PIEAE
Unit-distance incidence bound
| B2 PR BR R LR
Equal-sum partition | &A%

H

672, which is none of the listed choices.

-1
S = %2), which is none of the listed choices.
10 - 2V10 |

P(x)52+\/gorP(x)E2—\/5.
Bl

[(x,y) = (1,1),(16,2) |

n==6|

for every n > 1.

The units digit is .
=11}

The stated inequality holds, with equality when B = C.

1974}

Yes. The table above gives an explicit partition into eleven
groups, each of sum 671.

2020 - Junior Division 41

Q Topic EH Answer BFE
1 Addition chains | JI{Z#H The sequence displayed above is a valid construction.
2 Consecutive squares | JHAE  2.3.4,5,6, with 32 + 62 = 22 + 42 + 52,
BETTT
3 Cubic residues | 3777 F/fi There are no integer solutions.
4 Rational inequality | H ¥4~ The inequality holds; equality occurs when a = b or ab =
F 1.
5 Magic-sum tables | Ef1 75 N = 21.
%
6 Angle chasing and the sinerule AC L BD.
| B2 IB B IF 7% e 2
7 Repeated blocks and divisibil- Divisibility by 17 need not hold, so the correct choice is D.
ity | fEIRE( T ELRE LR
8 Exponential prime equation | 9, which corresponds to E (none of the listed numerical

TR EEOT R

Kenneth Cheng

choices).
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Topic EH

Answer EE

9 Symmetric power sums | ¥f N =4, so the correct choice is B.
REFEAN
10 Symmetric identities | ¥f# 8, so the correct choice is B.
11 Barycentric ratios | E/[>4% 1, so the correct choice is D.
R E
12 Prime powers and squares |  As printed, p + m € {6,7}. Under the likely intended
B R T 8L conditionm > 1, p+m =17.
13 Symmetric rational equations (a, b) = (5 al \/5, i \/5) or the reversed pair.
ErTE it 22
14 Sums of three primes | =&  As printed, no such two-digit number exists. If “distinct
B primes” was intended, the answer is 11.
15 Cubic factorisation | =Xz ‘ —3abxy(a —b)(x —y) ‘
ESEawayi:
16 Real algebraic system | E# (a,b) = (=5,3) or (5,-3).
REUTEM
17 Sum of two squares | Mi“F-77  For example, (x,y) = (16, 42).
il
18 Affine geometry and lineratios BD : DE : EF =11:16: 6.
| £ 56 S o BLAAR LU
19 Integer roots and Vieta | 28 S = g
HR B Ay °
2020 - Senior Division = H#H
Q Topic EAY Answer ER
1 Derangements | $54F 44 operations.
2 Nonlinear recurrence and in- The inequality holds for every k > 0.
duction | JEAR1E R B B 40
3 Cauchy inequality | 7 P§ N  The inequality is proved.
E
4 Cyclic geometry and incircles An external common tangent of the two incircles is parallel
| BIAEIDSEEATIE  to BD.
5 Cubic identities and integer (a)3,4,5,6. (b)(¢,1—1)fort € Z,and (-1,-1).
equations | 3777 1R £ Bd #
BUTHE
6 Alternating square sum | - N = 2,041,210, so the correct choice is E.
T5 22 RSN
7 Partial fractions | #37777Z. 16, so the correct choice is D.
8 Cyclic rational identity | fE¥& 1, so the correct choice is C.
9 Four-cube identity | PY37.7  24abc, so the correct choice is D.
10 Polynomial optimisation | £ -3.
HA & E
11 Terminal digits | 315@%(? aspoo + asgo1 = 6.

Kenneth Cheng
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Q Topic EH Answer BFE

12 Cubic factorisation | ={KFE (a)0. (b) (a+b+c)(a®+b%+c?—ab - bc - ca).
o fiE

13 Five cubes representation | 7. 2020 = 10% + 103 + 33 + 13 + (=2)3.
{8l Sz 7 B

14 Real algebraic system | E#( (a,b) = (-5,3) or (5, -3).
REUTEM

15 Minimax approximation | 8 min M(b,c) = 1.
/MR I T

. 2019

16 Interchanging infinite sums | = —

LB 2020
2021 - Junior Division #]F 41

Q Topic EH Answer BFE

1 Integer systems | #7725, so the correct choice is E.
H

2 Counting triangles | = fiJ& 27, so the correct choice is C.
AR

3 Factor comparison | E Y a > b, so the correct choice is A.
B2

4 Aliquot sums | E KA 2, so the correct choice is B.

5 Areas and midpoints | THIfE S = 32.
B rp g

. vete p 1011

6 Telescoping product | 2= = o
" 2021

7 Linear equations | —{XJ77FE 42
il

8 Directed angles | &[] ff x = 41°.

9 Optimising a right triangle | min$ = 12.
HA=ATRE

10 Extremal selection | HR{E#® n=11.
B

11 Transforming roots | H % % ‘3x2 -4dx-1=0|
e

12 AM-GM inequality | /7% The inequality is proved, with equality exactly when a =
P AER b=c.

13 Ptolemy inequality and area |  The required inequality is proved.

FEE R NS B

2021 - Senior Division &+ 4H

Q Topic &E#Y Answer &%
2022
1 Finite differences and factori- ~ 50211
als | HFRZE 7 BLFE e '
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Q Topic EH Answer BFE
2 The range of quadratic roots | [-1-V3, 1+V3]|
CIRITEMRAE
3 Distance from lattice points to  min f(a, b) = 1
aline | 4BE5] B4R AOBEME °
4 Triangles in a triangular lattice N, = V(n +2(@n+1) .
| AT i
5 Cyclic and homogeneous in- Both inequalities hold; equality in each occurs when x =
equalities | TEIRELFFINASE  y = zora = b = ¢, respectively.
o
6 Functional pairing | BNE(AC  1010.
#
7 Average divisor counts | “F-#3]  Both strict increases and strict decreases occur infinitely
R {1 4 often.
8 A hidden angle bisector | f& DH bisects ZEDF.
J AR
9 A polynomial difference oper- | P(x) = A(x? + x) + C | for arbitrary real constants A, C.
ator | ZHAESHEF
10 Tangents, areas, and a right an- .

gle | U4 ~ R E

2022 - Junior Division ] 41

Q Topic EH Answer B

1 Telescoping radicals | R = V2022 - 1, so the correct choice is A.
SR

2 Substitution | {3t 3, so the correct choice is C.

3 Symmetric expressions | ¥t —4044, so the correct choice is A.
gt

4 Partial fractions | #4745, 3, so the correct choice is C.

5 Solution sets of inequalities | 0, so the correct choice is A.
AEEHES

6 Integer-valued rational expres- 10, so the correct choice is D.
sions | E{H =X

7 Fractional parts | /NEGES 43 810.

8 Factorisation | [K=7/# (x=2y)(x+y—-2).

9 Sign of a rational expression The expression is strictly negative.

| 53 AAF5%

10 Parity counting | #7351
ATEL

11 Area ratios in a parallelogram 1

| AT T T 6

12 Angle trisectors, median and /C = 60°.
altitude | =5F 4% ~ HhAREL
=

13 A factor of a Mersenne-type One possible divisor is d = 63.

number | HEFREIELAY R #L

Kenneth Cheng
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Q Topic EH Answer BFE

14 Intersections determined by The number is not uniquely determined by the stated con-
five points | T EfHARACES ditions. If convex position was intended, the answer is 5.
15 Integer optimisation with con- 366, attained at (x, y) = (48, 6).
gruences | [A] AR PR N AY
B e
16 Maximum area with fixed cir- 3V3.
cumradius | 7E fh4% [E &
FA) B K THT AR

2022 - Senior Division &+ 4H

Q Topic EAY Answer BEZR
1 Maximum area with fixed cir- 3V3.
cumradius | 7E fh 4 B 4 1%
FA) B KT AS
2 Parity counting | & &0 51
AHE
3 Minimum intercept area | #{ 24.
P = AT N
4 A cubic minimum | ={K3 -3, attained at x = 1.
S UN )
5 Induction for the sum of cubes §,, = (—n(n - 1)) for all positive integers n.
| 2 B A ’
6 Intersections determined by The question is underdetermined as printed. If convex po-
five points | T EHEARACEE sition was intended, the answer is 5.
7 A deletion game and pairing The first player can guarantee a score of 55.
strategy | fiH 85037 [8% B FiC %
RS
8 A circular letter process | [E] No, it is impossible.
J&FBRER
9 A cyclic product inequality |  Both inequalities hold; equality occurs when all relevant
TEERFFE A adjacent variables are equal.
10 Best constant in an inequality C =n—1.
| AEEXHETE

11 A three-variable product in- The stated inequality holds, with equality atx =y = z = 1.
equality | = TIFEANSEF

12 Pairwise coprime denomina- The possible positive integers are .
tors | P Y B2 0Bk

2022/2023 - Junior Division #9141

Q  Topic fHE Answer EH

1 Divisor counting | ZJE{HEL 6, so the correct choice is C.

2 Signs of cyclic ratios | fE¥& 2, so the correct choice is C.
AR HOAT SR
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Topic EH

Answer EE

10

11

12

13

14

15

16

Comparing large powers | K
L

Nearest perfect cube | F %L
Y 5E &L T B
Symmetric expressions
gt

Diophantine factorisation |
% % [ R 200 i

Geometric interpretation of
radicals | FRECH B (TERHE
Angle bisector theorem | #f
IR

Equal-area quadrilateral
lemma | D055 HETES |2
Prime arithmetic progressions

| BEFERY

Double counting divisor sums
| BRI & E A EL

Discriminant controlled by a

cubic | FI = Uk A 2 1 A

pill B

Median minimises absolute de-

viations | H o7 B B 46 ¥ (E

il

Cyclic divisibility classifica-

tion | fEIREERR M

Symmetric rational identities
| #i A

Lucas numbers and the golden

ratio | EFHTEELIE G

| #f

r < p < g, so the correct choice is D.
2197, so the correct choice is D.

723.

2 triples: (1, 3,8) and (1,4, 5).

V65.

AP =2V3-3.

Either M is the midpoint of AC or M is the midpoint of
BD.

30| d.
ano(k) — Zn:k {%J
k=1 k=1

0 real roots.

2500, attained for every x € [50, 51].

All cyclic rotations of the eleven representatives above;
equivalently, 41 ordered quadruples.
27
5
2

The expression equals L5, _,,

hence is a perfect square.

2022/2023 - Senior Division = H#H

Q Topic EZHY Answer &%
1 Exact trigonometric values | 2 — /3.

Rk =M EUE
2 Change of logarithmic base | 2.

BRI
3 Tangent addition identity | IE 1.

PIRGIER A
4 Euler totient double counting n(n + 1).

| BCH B A ’

5 A product-constrained rational 1, attained whena = b = c.

inequality | Fef&EFR A HA

FX
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Topic EH Answer BFE

6 Diagonal inequalities in a max(AB+ CD,AD + BC) < AC+ BD < AB+ BC +
quadrilateral | TU:&/E2 ¥/ CD + DA.
AL

7 Sharp constant inequality | # k = ﬁ
PR BT % = !

8 Cubic norm identity | =JX#i S is closed under multiplication.

9 Additive decomposition of an  One valid choice is x; = a;1 — a1 and y; = ay;.
array | #EFELEY AT

10 A central Delannoy identity |  The two sums are equal for every positive integer 7.
H1 3 Delannoy 1 55

11 Classifying a recursive se- a, =nforalln > 1.
quence | IEFEES| 0 4H

12 Orthocenter vector identity |  The zero vector 0.

/L [A B F

2023/2024 - Junior Division #9141

Q Topic EH! Answer BHR
1 Divisor counting | #J%U{E# 16, so the correct choice is D.
2 A chain of inequalities | J#$H There is exactly 1 real number, so the correct choice is B.
AEE
3 Right angles in a convex oc- 3, so the correct choice is C.
tagon | M1/ \GEERYE A
4 Four-digit numbers with digit 120, so the correct choice is C.
sum eight | 5 H1%A )/ \#y
(DA 44
5 A sum of squares equal to zero §
| FHREE !
6 Equal selling prices with oppo- A net loss of $180.
site percentage changes | [A]
BENAERNE
7 One root is the square of the 15.
other | —MR% 5 — MRy
il
8 Coloured balls and a linear sys- 70 balls.
tem | RBRELARMETTAEAR
9 Area of aright trapezium | B 684.
B TR
10 Squares on an equilateral trian- 3+/4 + V3.
gle | & =A=&M
L5
11 A cyclic cubic system | JE¥R  (a,b,c) = (0,0,0).
=T REA
12 Mutual divisibility conditions (a, b) = (3,2), (10,9), (13, 6).

| EAREERR IR
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Q  Topic EA Answer ES
13 Angle bisector and perpendic- ED = _BC for the configuration shown.
ular bisector | fo V44 D4 AC-BC
B0k
14 A locus defined by a 45° angle V5 -2
| P9+ TR A f
15 A two-variable rational in- The minimum value is 8, attained atx = y = 2.
equality | — 7Tt A%
=
16 Maximising a sum of recipro- maxS(a,b,c) = j—;, attained at (7, 3, 2).

cals | BA7 3 #RN B KA

2023/2024 - Senior Division &40

Q Topic A Answer ZER
1 Iteration of a rational radical f,(x) = L, so the correct choice is D.
function | AR BLAYE V1+nx?
2 Logarithms with different 1125, so the correct choice is B.
bases | /N[A]JEEEIAY T2
3 A product recurrence and a %, so the correct choice is C.
: . 2023
weighted geometric sum | 3¢
BRI BN RE S5 LU AN
4 Repeated differences and the There exists an integer n such that d; = n for at least 15
pigeonhole principle | E # indices.
ZEE SRR B
5 Maximum of a sum of square kpax = V6.
roots | FRECHIAY & AME
6 A hidden perfect square | & a+b+c = (a-b)>
RS2 T B
7 Quadratic residues modulo an Exactly one of ac + bd and ad + bc is a multiple of p.
oddprime | & ZREE NI
TR R
8 Divisibility of every consecu- No such sequence exists.
tive block | Fr A A8 5 B Y
BRI
9 A cyclic system of four posi- (x,y,z,w) = (12,12,12,12), or (12 + V143,12 —
tive variables | VU{E F% & 143,12 + V143,12 — \/m), or the tuple obtained by in-
HIEER 77 P2 40 terchanging the two alternating values.
. . ED IC
10 Incenter, median and circum- — = —.
circle | 0>~ hpEsh B 1B
11 A nonlinear recurrence in- aogo3 < 1.
equality | JE4R BT AFE
=
2024/2025 - Junior Division %] $ 41
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Q Topic EH Answer BFE
1 Telescoping radicals | 22 3% 11, so the correct choice is D.
AR
2 Double counting | E#EFTHEL 64 students; therefore the correct choice is E (none of the
listed numbers).
3 Symmetric expressions | ¥f —52.
gt
4 Reciprocal substitution | f&] 1.
i
5 Biquadratic equations | # —  x = il.
it 2
6 Sums of positive cubes | [E# 1 = 4.
BTN

7 Nested radicals | f#xEMR
8 Comparing large powers | K

F L

9 Integer factorisation | FEE{([A]
o

10  Digit sums | A

11 Tangential polygons | PJ[EZ£

=317
12 Cubic differences and integer
bounds | 3777 7 BLRE B {5t
13 Angle chasing in an equilateral
triangle | %8 =M E M &
1B HE

14 Vieta’s formulas | FiZEH
15 Cyclic fractions and divisibil-

ity | JEER N ELEE PR

0.
321 is larger.

180.

n = 1998 or n = 2016.

16(V2-1)|.
(a,b) = (5,2).
30°.
3.

a+ b + c + d is composite.

3

16 Elementary optimisation and Jnax (x—xh = = and the stated inequality follows.
1y <x<
inequalities | #) S MEHEA
FX
2024/2025 - Senior Division & H 4l
Q Topic EH! Answer &%
1 Telescoping radicals | 22 & 22, so the correct choice is A.
AR
2 Radicals with negative vari- —9x+/—x, so the correct choice is B.
ables | &R EHIRA
3 Logarithms and inequalities |  max(log;alogqb) = log; 4.
HEEEAEN
. 1
4 Cubic equations | =X 7 x= 3
3
5 Optimisation and inequality |  max(x —x*) = ===, which yields the required inequality.
CHERRED 101 °
6 Coordinate geometry and re- /BAM = /CAN.

flection | A& %4 frf B fiz S
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Topic EH

Answer EE

10

Permutations and the triangle
inequality | HFZ B = f A%
F2y

Complex geometry | & &%
{1

Factorials and modular arith-
metic | PR e B IR Ay
Homogenisation and Schur’s
inequality | ZF{XfLEL Schur
RER

minS =2(n—-1) =2n-2.

PY passes through the midpoint of EF.
(a,b,c) = (5,8,14).

a*+b*+ct>a+b+ec.

2025/2026 - Junior Division #7141

Q Topic A Answer E%
1 Geometric series | A N = 64, so the correct choice is D.
2 Floor functions and radicals | N = 2, so the correct choice is A.
FURE B B BEAR =X
3 Estimation and irrationality |  The false statement is B.
fiti (B B B P B
4 Divisibility and averaging | N = @ which is none of the listed choices.
BB !
5 Real algebraic systems | E{L The solutions are exactly the pairs listed above, with R =
LIyl Va2 + b2
, o o 2-2t—-1 1-2t—12
6 Rational parametrisation | 5  One parametrisation is (a, b) = 5 =
EE;ZAQ%&%:‘{% t“+1 t“+1
= fort € Q.
7 Modular arithmetic | R N =63 + 65 = 128.
8 A family of quadratics | —{X The fixed point is (2,9), and the larger root satisfies
B B \—1<r<2orr>5\.
9 Binary representation and Vi- 2 ordered divisions.
eta’s formula | —if 3R
HEEH
10 Coordinate geometry on a cir- O/ || BE.
cle | [B ERYAFR& (AT
2025/2026 - Senior Division /=41
Q Topic EZH Answer &R
1 Floor functions and radicals | 2, so the correct choice is A.
FURE R B BEAR =X
2 Integer equations | ZE(HFE N = 2, so the correct choice is C.
3 Combinatorics and recurrence 21, which is none of the listed choices.
| 40 B R A
4 Quadratic polynomials | —¥X p(x) = x> — 90x — 1, so the correct choice is D.
ZIH
5 Finite sets and translations |  17n = 31m.
ARE S
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Topic EH

Answer EE

Mathematical games and sums
of squares | B 7[5k ELF- 75
Zil

Parity and prefix sums | &8
P B RN

Symmetric inequalities | #f
MAEN

Euclidean and coordinate ge-

ometry | [BR [ B AL 44 fr]

No. Amy cannot prevent Bob from winning.

The number of good coins is always odd.

3
max S = T attained at x; = X9 = X3 = x4 = }L.

I, M, O are collinear.

Kenneth Cheng
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R L GRIE acief =]

The map below groups questions by broad Olympiad domain. A question may appear in more than one
domain when its solution genuinely combines methods. Page references are live links in the PDF.
TNRGIE T EREHIBEEER s F—EFAERNZE % TRgESAHBEE R -
PDF 7 AURESE 2 H A AT 4% T Bk -

Algebra and Equations f{E(E2 52 (103 questions)

2019 Junior

Division ] 4
2019 Senior

Division & 1 #H
2020 Junior
Division #] 41

2020 Senior
Division = F4H
2021 Junior

Division ] #H
2021 Senior
Division & 41
2022 Junior
Division #J 41

2022 Senior
Division & F4H
2022/2023 Junior
Division ] 4H

2022/2023 Senior
Division & 1 #H

2023/2024 Junior
Division ] 4H

2023/2024 Senior
Division & 41
2024/2025 Junior
Division #]) 40

2024/2025 Senior
Division & T 4H
2025/2026 Junior
Division ] 41

2025/2026 Senior
Division & F#H

Q7 (p. 9), Q8 (p. 10), Q9 (p. 11), Q13 (p. 14).
Q6 (p. 21), Q8 (p. 23), Q11 (p. 26), Q12 (p. 26).

Q2 (p. 33), Q4 (p. 35), Q7 (p- 38), Q8 (p. 38), Q9 (p- 39), Q10 (p. 40), Q13 (p. 42),
Q15 (p. 44), Q16 (p. 45), Q19 (p. 48).

Q5 (p. 55), Q7 (p. 56), Q8 (p. 57), Q9 (p. 58), Q10 (p. 58), Q12 (p. 60), Q14 (p. 61).
Q1 (p. 65), Q3 (p. 66), Q6 (p. 70), Q7 (p. 70), Q9 (p. 72), Q11 (p. 74).
Q1 (p. 79), Q2 (p. 79), Q3 (p. 80), Q6 (p. 84), Q9 (p. 87).

Q1 (p. 92), Q2 (p. 92), Q3 (p. 93), Q4 (p. 93), Q5 (p. 94), Q6 (p. 95), Q8 (p. 96),
Q9 (p. 97), Q13 (p. 101).

Q4 (p. 109), Q5 (p. 110), Q9 (p. 114), Q11 (p. 116).

Q1 (p. 120), Q2 (p. 120), Q3 (p. 121), Q5 (p. 122), Q6 (p. 123), Q12 (p. 128), Q13
(p. 129), Q15 (p. 132), Q16 (p. 133).

Q2 (p. 135), Q3 (p. 136), Q5 (p. 137), Q8 (p. 140), Q9 (p. 141), Q10 (p. 142), Q11
(p. 143), Q12 (p. 144).

Q1 (p. 148), Q2 (p. 148), Q5 (p. 150), Q7 (p. 152), Q8 (p. 153), Q11 (p. 156), Q12
(p. 157).

QI (p. 164), Q2 (p. 164), Q6 (p. 167), Q9 (p. 170).

Q1 (p. 176), Q3 (p. 177), Q4 (p. 178), Q5 (p. 178), Q7 (p. 180), Q9 (p. 182), Q12
(p. 184), Q14 (p. 187), Q15 (p. 188), Q16 (p. 189).

QI (p. 192), Q2 (p. 192), Q3 (p. 193), Q4 (p. 194), QS5 (p. 194), Q9 (p. 202).

Q1 (p. 206), Q2 (p. 206), Q3 (p. 207), Q5 (p. 209), Q6 (p. 210), Q8 (p. 212), Q9
(p. 213).

Q1 (p. 219), Q2 (p. 219), Q4 (p. 221).

Number Theory & (64 questions)

2019 Junior
Division #] 41

2019 Senior
Division & #H

2020 Junior
Division #] 1 &H

Kenneth Cheng

Q1 (p- 5), Q3 (p. 6), Q4 (p. 7), Q8 (p. 10), Q13 (p. 14).

Q1 (p. 17), Q2 (p. 17), Q3 (p. 18), Q8 (p. 23), Q9 (p. 24), Q11 (p. 26), Q12 (p. 26),
Q15 (p. 30).

Q3 (p. 34), Q7 (p. 38), Q8 (p. 38), Q12 (p. 42), Q14 (p. 43), Q17 (p. 46), Q19
(p. 48).

242 /247 XelLaTeX Edition



Macau Mathematics Competition

2020 Senior
Division & F4H
2021 Junior
Division ] 4H

2021 Senior
Division & 40
2022 Junior

Division ] 4
2022 Senior

Division & H4H
2022/2023 Junior
Division %] 1 £H

2022/2023 Senior
Division & F4H
2023/2024 Junior

Division %] 1 #H
2023/2024 Senior
Division & F4H
2024/2025 Junior

Division #] F4H
2024/2025 Senior

Division /= F4H
2025/2026 Junior

Division #]) F4H
2025/2026 Senior

Division & #H

Solution Companion

Q5 (p. 55), Q11 (p. 59), Q13 (p. 60).
Q4 (p. 67).

QI (p. 79), Q3 (p. 80), Q4 (p. 81), Q7 (p. 84).

Q6 (p. 95), Q7 (p. 95), Q13 (p. 101), Q15 (p. 102).
QI2 (p. 117).

QI (p. 120), Q4 (p. 122), Q6 (p. 123), Q10 (p. 127), Q11 (p. 128), Q14 (p. 130),
Q16 (p. 133).

Q4 (p. 136), Q11 (p. 143).

QI (p. 148), Q4 (p. 150), Q8 (p. 153), Q12 (p. 157), Q16 (p. 161).

Q6 (p. 167), Q7 (p. 168), Q8 (p. 169).

Q6 (p. 179), Q8 (p. 181), Q9 (p. 182), Q10 (p. 182), Q12 (p. 184), Q15 (p. 188).
Q9 (p. 202).

Q3 (p. 207), Q4 (p. 208), Q7 (p. 211), Q9 (p. 213).

Q2 (p. 219), Q5 (p. 222), Q6 (p. 223).

Geometry and Trigonometry {782 =5 (48 questions)

2019 Junior
Division #J FH4H
2019 Senior
Division & 1 #H
2020 Junior

Division #] 41
2020 Senior

Division & 41
2021 Junior

Division 1] 41
2021 Senior

Division & H4H
2022 Junior
Division % ##H
2022 Senior
Division & F4H
2022/2023 Junior

Division ] F4H
2022/2023 Senior

Division & F 41
2023/2024 Junior

Division ] 41
2023/2024 Senior

Division & H4H
2024/2025 Junior

Division %] 4H
2024/2025 Senior
Division 5 F#H
2025/2026 Junior

Division #] 41
2025/2026 Senior

Division & F4H

Kenneth Cheng

Q6 (p. 8), Q10 (p. 12), Q12 (p. 13).
Q5 (p. 19), Q13 (p. 27), Q14 (p. 28).

Q6 (p. 36), Q11 (p. 40), Q18 (p. 46).

Q4 (p. 53).

Q2 (p. 65), Q5 (p. 68), Q8 (p. 71), Q9 (p. 72), Q13 (p. 76).

Q3 (p. 80), Q4 (p. 81), Q8 (p. 86), Q10 (p. 88).

Q11 (p. 98), Q12 (p. 100), Q14 (p. 102), Q16 (p. 104).

Q1 (p. 107), Q3 (p. 108), Q6 (p. 111).

Q7 (p. 124), Q8 (p. 124), Q9 (p. 125), Q13 (p. 129).

QI (p. 135), Q3 (p. 136), Q6 (p. 138), Q12 (p. 144).

Q3 (p. 149), Q9 (p. 154), Q10 (p. 155), Q13 (p. 158), Q14 (p. 159).
Q10 (p. 171).

Q11 (p. 183), Q13 (p. 186).

Q6 (p. 196), Q7 (p. 198), Q8 (p. 199).

Q6 (p. 210), Q10 (p. 215).

Q9 (p. 227).
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Combinatorics and Games #H A4 B2} (36 questions)

2019 Junior
Diyisign #:+al
Diskipm i
Disiyion 7148
Djyisipn oA
Diyivign #rid
Diyisipn G
Diyisign B
By Ertithr
?di?}f&.@slffﬁ)r
PN i
AN
9(}5?&6]2? Jtﬁﬁﬁ)r
Bi¥sisn TRtk
LR
Disisiom Pt

Division & £H

Inequalities and Optimisation ~E B (H (44 questions)
Q4 (p.
Q5 (p.
Q4 (p.
Q3 (p.
Q9 (p.
Q5 (p.
Q5 (p.
Q1 (p.

2019 Junior
Diyisign #:+all
Diskipm i
Disiyion 14
Diyisipm i
Diyipign #eid
Disisipn Gt
B et
Division T% =eas]
2022/202§ Junior
Bivssn ¥Rk
By st
AP
BN i
BiyisnTSEl
Diyisiom Bt
Division & 40

Kenneth Cheng

Q12 (p. 13).
Q2 (p. 17), Q4 (p. 19), Q9 (p. 24), Q10 (p. 25), Q14 (p. 28), Q15 (p. 30).

QL (p.
Q1 (p.
Q2 (p.
Q4 (p.

33), Q5 (p. 35).
51).

65), Q10 (p. 73).
81), Q7 (p. 84).

Q10 (p. 98), Q14 (p. 102).

Q2 (p.
Q1 (p.
Q4 (p.
QI (p.
Q4 (p.
Q2 (p.
Q7 (p.
Q9 (p.
Q3 (p.

Q5 (p. 137), Q6 (p. 138), Q7 (p. 139).

108), Q6 (p. 111), Q7 (p. 112), Q8 (p. 113).

120), Q11 (p. 128).

136), Q9 (p. 141), Q10 (p. 142), Q11 (p. 143).

148), Q4 (p. 150).
166).
176).
198).
213).

220), QS5 (p. 222), Q6 (p. 223), Q7 (p. 224).

7.

19), Q7 (p. 22), Q13 (p. 27).

35).

52), Q10 (p. 58), Q15 (p. 62).
72), Q12 (p. 75), Q13 (p. 76).

83), Q7 (p. 84).

94), Q14 (p. 102), Q15 (p. 102), Q16 (p. 104).

Solution Companion

107), Q3 (p. 108), Q4 (p. 109), Q6 (p. 111), Q9 (p. 114), Q10 (p. 115), Q11
(p. 116).

Q14 (p. 130).

Q2 (p. 148), Q5 (p. 150), Q14 (p. 159), Q15 (p. 160), Q16 (p. 161).

Q4 (p. 166), Q5 (p. 167), Q11 (p. 173).

Q11 (p. 183), Q12 (p. 184), Q16 (p. 189).

Q3 (p. 193), Q5 (p. 194), Q7 (p. 198), Q10 (p. 203).
Q8 (p.

225).
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Sequences, Functions and Analysis %1 - SEEL 547 (26 questions)

2019 Junior

Division #] 41
2019 Senior

Division & F4H
2020 Junior

Division ] 41
2020 Senior

Division & H4H
2021 Junior
Division %] 4H
2021 Senior
Division & F4H
2022 Junior

Division #] F4H
2022 Senior

Division /= F4H
2022/2023 Junior

Division #]) F4H
2022/2023 Senior

Division & H4H
2023/2024 Senior
Division & F#H
2024/2025 Junior

Division #] F4H
2024/2025 Senior

Division & 41
2025/2026 Junior

Division %] F4H
2025/2026 Senior

Division & £H

Q7 (p. 9), Q11 (p. 13).
Q8 (p. 23), Q10 (p. 25), Q11 (p. 26).

QI (p. 33).

Q2 (p. 51), Q6 (p. 56), Q10 (p. 58), Q15 (p. 62), Q16 (p. 63).
Q6 (p. 70).

QI (p. 79), Q4 (p. 81).

QI (p. 92), Q7 (p. 95).

Q5 (p. 110).

Q16 (p. 133).

Q11 (p. 143).

Q1 (p. 164), Q3 (p. 165), Q11 (p. 173).

QI (p. 176).

QI (p. 192).

QI (p. 206).

Q3 (p. 220).

Mixed and Foundational Topics %54 82552 (3 questions)

2019 Junior

Division ] 41
2023/2024 Junior

Division #]) 40

Kenneth Cheng

Q2 (p-5), Q5 (p- 7).
Q6 (p. 151).
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Editorial Notes Register | FEHRIEZETI

The following entries identify source-paper statements that are ambiguous, inconsistent, or underdeter-
mined. They are collected here for transparency and quick review.

DUNES I FRG TR ~ PEBREAS RIEE » I ERE LEEEET -
2019 Junior Division #]# 41 - Question 2 (p. 5)

As printed, the additional phrase saying that all three fractions are already reduced is incompati-
ble with the two stated integer ratios and the sum i. The intended ratio calculation nevertheless
determines the expected answer below.

2019 Junior Division ¥J#4H - Question 8 (p. 10)

The printed conditions do not determine a unique value of S. The complete family is given below.

If the intended question was to find the least possible integer average exceeding 30, the answer is
37.

2020 Junior Division 54l - Question 12 (p. 42)

As printed, the problem has two solutions: (p,m) = (5,1) and (2,5). Hence p + m is not uniquely
determined. If the intended additional condition is m > 1 (or that m is prime), the expected answer
is 7.

2020 Junior Division 54l - Question 14 (p. 43)

The printed question does not say that the three primes must be distinct. With the usual convention
that repetitions are allowed, every two-digit integer is a sum of three primes. The likely intended
wording is “three distinct primes”, for which the answer is 11.

2021 Junior Division ¥4 4H - Question 4 (p. 67)

The English wording says “all positive divisors”, but the printed example D(6) = 1 +2 + 3 =
6 excludes 6 itself. Accordingly, D(n) is interpreted as the sum of the positive proper divisors,
consistently with the example.
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2022 Junior Division ¥4l - Question 14 (p. 102)

As printed, the number is not uniquely determined. The condition that no three of the original five
points are collinear does not force all five points to be in convex position, nor does it prevent different
segment intersections from coinciding. Two valid configurations are shown below.

2022 Senior Division = H'4H - Question 6 (p. 111)

The printed conditions do not determine a unique answer. A convex set of five points gives 5 cross-
ings, while a valid configuration with one point inside a quadrilateral can give 3 crossings.

2023/2024 Junior Division ¥+ 41 - Question 13 (p. 158)

The ratio is not a universal numerical constant; it depends on the side lengths of AABC. The data
determine the following exact expression. In the diagram E lies beyond B, corresponding to AC >
BC.

2025/2026 Junior Division #]H4H - Question 6 (p. 210)

The Chinese statement and the handwritten solution use rational numbers. The English line in the
printed paper says “integers”, which would make the assertion false.
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