Lectures for Mathematical Modeling
Chapter 3: Graphs of Functions as Models

Kenneth, Sok Kin Cheng

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 1/34



Chapter Overview

Functions as Mathematical Models

Linear Functions: Constant Rate Processes
Quadratic Functions: Acceleration and Optimization
Exponential and Logarithmic Functions
Trigonometric Functions: Periodic Phenomena
@ Rational Functions: Asymptotic Behaviors
Advanced Function Transformations

B Piecewise Functions: Multi-Regime Systems
Bl Parametric and Implicit Functions

G Advanced Graphical Analysis Techniques
Model Selection and Comparison Methods

i Case Study: Smart Grid Energy Demand
Comprehensive Modeling Projects

i Chapter Summary and Future Directions

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 2/34



Functions as Mathematical Models

The Power of Visual Mathematics

Why Graphs Matter in Modeling

Visual representations of mathematical relationships provide one of the most
intuitive and powerful tools in mathematical modeling, revealing global behavior,
trends, and patterns that make relationships meaningful in real-world contexts.

Critical Purposes of Graphs:
® Immediate visual insight into system behavior
m Communication between technical and non-technical audiences
m Comparative analysis of multiple models
m Model validation against observed data
=

Guide model selection

Foundation Principle

Graphs serve as the bridge between abstract mathematics and practical
understanding.
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Functions as Mathematical Models

The Power of Visual Mathematics

Why Graphs Matter in Modeling

Visual representations of mathematical relationships provide one of the most
intuitive and powerful tools in mathematical modeling, revealing global behavior,
trends, and patterns that make relationships meaningful in real-world contexts.

What Graphs Reveal:
m Trends and patterns
m Periodicity and cycles
m Asymptotic behavior
m Critical points and thresholds
m System stability

Foundation Principle

Graphs serve as the bridge between abstract mathematics and practical
understanding.
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Functions as Mathematical Models

Functions as Mathematical Models: Definition

Definition (Function as Model)

A function f: D — R models a relationship where each input value from the
domain D corresponds to exactly one output value in the range R. In modeling
contexts, the function represents how a dependent variable responds
systematically to changes in an independent variable.

Essential Modeling Capabilities:
m Deterministic relationships: Identical inputs — identical outputs
m Domain/range specifications: Define valid operating conditions
m Continuity properties: System stability indicators
m Differentiability: Rate-of-change information
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Functions as Mathematical Models

Functions as Mathematical Models: Definition

Definition (Function as Model)

A function f: D — R models a relationship where each input value from the
domain D corresponds to exactly one output value in the range R. In modeling
contexts, the function represents how a dependent variable responds
systematically to changes in an independent variable.

Real-World Connections:
m Constant rate processes — Linear functions

Feedback/growth processes — Exponential functions

(]
m Limited systems — Logistic behavior

m Periodic phenomena — Trigonometric functions
(]

Optimization problems — Polynomial functions
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Functions as Mathematical Models

Function Modeling Principles

Theorem (Function Modeling Principles)
Effective function-based models should satisfy three fundamental principles:

Parsimony Principle: Favor simpler functions that adequately capture
system behavior

Domain Validity Principle: Ensure mathematical domain encompasses all
relevant real-world inputs

Interpretability Principle: Function parameters and behaviors must
correspond meaningfully to real-world quantities

Practical Application

When modeling population growth, choose between exponential P(t) = Pye™ and
logistic P(t) = # based on whether the system has carrying capacity limits.
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Linear Functions: Constant Rate Processes

Linear Functions: The Foundation

Definition (Linear Function Model)

A linear function has the form f(xz) = mx + b, where m represents the rate of
change (slope) and b represents the initial value (y-intercept).

Geometric Interpretation:
m Slope m > 0: Increasing relationship

m Slope m < 0: Decreasing
relationship

m Slope m = 0: Constant relationship

m |m| indicates sensitivity

m b represents baseline value

Key Applications

Linear models excel where underlying processes exhibit constant rates:
transportation costs, utility pricing, simple economic relationships.

= - =
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Linear Functions: Constant Rate Processes

Extended Linear Model: Transportation Cost Analysis
Example (Taxi Company Pricing Model)
A taxi company charges $3.50 base fare plus $0.75 per mile:
C(d) = 0.75d + 3.50
Peak hour pricing: $1.25 per mile:
Cheak(d) = 1.25d + 3.50
Break-even analysis: When does peak pricing become significant?

1.25d 4 3.50 = 1.5 x (0.75d + 3.50)
d = 14 miles

(1)

()

Business Insight

This analysis helps companies understand pricing impacts and customers make
informed travel timing decisions.

™ = = =
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Linear Functions: Constant Rate Processes

Multivariate Linear Models

Real Estate Valuation Model

Property values often depend on multiple factors additively:

Value = 50000 + 120 x SqFt — 2000 x Age 4+ 15000 x LocationScore  (5)

General Form:

flzi,xa,...,xy) = ag + a1x1 + agze + - -+ + apxy (6)

Interpretation:
m Each coefficient a; represents marginal effect
m Variables contribute additively

m qg is baseline value
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Linear Functions: Constant Rate Processes

Multivariate Linear Models

Real Estate Valuation Model

Property values often depend on multiple factors additively:

Value = 50000 + 120 x SqFt — 2000 x Age 4+ 15000 x LocationScore  (5)

Real Estate Insights:
m Each sq ft adds $120 to value
m Each year of age reduces value by $2000
m Location has substantial impact ($15000 per score point)
m Base property value: $50000
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Quadratic Functions: Acceleration and Optimization

Quadratic Functions: Modeling Curvature

Definition (Quadratic Function Model)

A quadratic function has the form f(x) = ax? + bz + ¢, where parameter a
determines curvature direction and rate, b influences vertex position, and ¢
represents the value when z = 0.

Key Properties:

m a > 0: parabola opens upward

(minimum)

m a < 0: parabola opens downward
(maximum)

m Vertex at v = — -

m Vertex value: f (=) =c— %

Perfect for Optimization

The vertex represents the most significant feature—maximum or minimum values

ideal for optimization problems.
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Quadratic Functions: Acceleration and Optimization

Projectile Motion with Real-World Complexity

Example (Enhanced Projectile Motion)

Traditional model: h(t) = —16t2 + vgt + hg
With air resistance:
h(t) = ho + vot — 16t* — kt? (6)
For h(t) = —16t2 + 80t + 6:
= Maximum height at ¢ = 53 = 2.5 seconds
m Maximum height: h(2.5) = 106 feet

m Ground impact: t =~ 5.07 seconds

Analysis Steps: Real-World Extensions:
Find vertex using t = —% m Air resistance effects
Calculate maximum height m Variable gravity
Solve h(t) = 0 for impact time m Wind influence
Interpret results physically m Spinning projectiles
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Quadratic Functions: Acceleration and Optimization

Economic Optimization with Quadratics

Example (Production Cost Optimization)

Manufacturer’'s cost function:
C(q) = 10000 + 50¢ + 0.1¢>

Average cost function:

10000
AC(q) = v +50+0.1¢

Minimize average cost:

d(AC) 10000
d ¢

4+ 0.1 =0 = ¢ = v/100000 =~ 316 units

()

(8)

(9)

v

Economic Insight

Quadratic cost structures naturally determine optimal production scales through

calculus-based optimization.

= = =

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling

11/34



Exponential and Logarithmic Functions

Exponential Functions: Growth and Decay

Definition (Exponential and Logarithmic Models)
Exponential: f(r) = ab® or f(x) = ae*® where a = initial value, k = continuous
growth /decay rate

Logarithmic: g(z) = alog,(x) or g(x) = aln(x) where equal multiplicative input
changes produce equal additive output changes

Exponential Characteristics:

m Constant percentage change

m y-intercept at (0, a)

m Horizontal asymptote at y =0

m Growth: b> 1, Decay: 0 < b< 1
Applications:

m Population growth N D;cg(;-)g)l

m Radioactive decay
m Compound interest
m Viral spread
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Exponential and Logarithmic Functions

Advanced Exponential Modeling

Example (Investment Growth with Variable Rates)

Realistic investment growth with changing market conditions:

A(t) = Ag exp ( /0 t r(s)ds) (10)

For piecewise constant rates:

A(t) = Agexp(rity + roto + -+ + ryty) (11)

Urban Scaling Laws:
Linearization Techniques:

= Exponential y = ab”: Infrastructure = a - P8 (12)
In(y) = In(a) + zIn(b) Innovation = b- P12 (13)
= Power law y = az”:
In(y) = In(a) + kn(z)
Mler; % =qx+0b Linearize:
In(Infrastructure) = In(a) 4+ 0.8 In(P)
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Trigonometric Functions: Periodic Phenomena

Trigonometric Functions: Capturing Cycles

Definition (Trigonometric Function Models)
General form: f(t) = Asin(Bt + C) 4+ D captures periodic behavior where:

m A = amplitude

2T H
m 3 = period

m —& = phase shift

m D = vertical offset

Complex Periodic Systems: Multiple

Key Applications:
frequency components:

m Seasonal temperature variations

m Tidal patterns f(t) =A;sin(Bqt + Cq) (15)
m Business cycles + Ay sin(Bat + Cs) (16)
m Sound waves + Assin(Bst+ Cs) + D (17)

m Electrical signals . .
Fourier Analysis: Decompose complex

m Biological rhythms signals into simple sinusoids
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Trigonometric Functions: Periodic Phenomena

Tidal Modeling: Multiple Astronomical Cycles

Example (Ocean Tides with Multiple Components)

Ocean tides result from multiple astronomical cycles:
. 27t 27t us
h(t) —1.281n<1242)+08 m<1266+3) (18)
) 2t
+0.3sm<2484+6>+2.1 (19)

Component Breakdown:
m Principal lunar semidiurnal: 12.42  Damped Oscillations: Real systems
hours often have damping:

m Principal solar semidiurnal: 12.66 2(t) = Ae" cos(wt + &) (20)

hours
m Lunar diurnal: 24.84 hours Combines exponential decay with
m Each with distinct amplitudes and ~ trigonometric oscillation

phases
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Rational Functions: Asymptotic Behaviors

Rational Functions: Limits and Equilibria

Definition (Rational Function Model)

Form: f(z) = ggg where P(z) and Q(x) are polynomials
Key Features:

m Vertical asymptotes where Q(z) =0
m Horizontal asymptotes from degree comparison
m Removable discontinuities where both P(z) = Q(z) =0

Example (Michaelis-Menten Enzyme Kinetics)

Enzyme reaction rates:

Biochemical Behaviors:

= Low concentration: v & Yax[S] (first-order)

m High concentration: v & V.« (zero-order)

m At [S] = K,,;: v = Ymex (half-maximal)
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Rational Functions: Asymptotic Behaviors

Economic Applications: Market Saturation

Example (Supply and Demand with Saturation)

Market demand with saturation effects:

where:
m p = price
®m a = demand sensitivity parameter
m b = price sensitivity factor

m ¢ = minimum demand level

Model Behavior:
mAsp—0: D — ¢4 c (maximum demand)
m As p — oco: D — ¢ (minimum demand)

m Realistic market saturation
m Captures price sensitivity
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Rational Functions: Asymptotic Behaviors

Economic Applications: Market Saturation

Example (Supply and Demand with Saturation)

Market demand with saturation effects:

where:
m p = price
®m o = demand sensitivity parameter
m b = price sensitivity factor

m ¢ = minimum demand level

Business Insights:

m Price elasticity of demand

m Market saturation points
Optimal pricing strategies
Consumer behavior modeling
Revenue maximization strategies
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Advanced Function Transformations

Function Composition in Complex Modeling

Definition (Function Composition)

For functions f and g: (f o g)(x) = f(g(z)) creates new functions modeling
sequential processes or nested relationships.

Example (Atmospheric Temperature Modeling)

Temperature varies with both altitude and latitude:

Tatitude(R) = 15 — 6.5k (temperature lapse rate)
Tatitude(6) = 30cos(f) (latitudinal variation)
T(h, 0) = rflatitude(e) + Taltitude(h) —15

—~
N
~

~

Composition Applications:
m Sequential processes
m Nested relationships
m Multi-stage systems
m Feedback loops
m Complex dependencies
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Advanced Function Transformations

Function Composition in Complex Modeling

Definition (Function Composition)

For functions f and g: (f o g)(z) = f(g(x)) creates new functions modeling
sequential processes or nested relationships.

Example (Atmospheric Temperature Modeling)

Temperature varies with both altitude and latitude:

Taititude(h) = 15 — 6.5h  (temperature lapse rate) (23)
Tatitude (6) = 30 cos(d) (latitudinal variation) (24)
T<h7 9) = Tiatitude(a) + Taltitude(h) —15 (25)
Inverse Functions in Economics:
Direct: @ =100 —2P (26)
Inverse: P =50 — 0.5Q) (27)
Revenue: R(Q) = 50Q — 0.5Q* (28)

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling



Piecewise Functions: Multi-Regime Systems

Piecewise Functions: Modeling Regime Changes

Definition (Piecewise Function)

Defined by different expressions over different domain intervals, with behavior

changes at specified boundary points. Excel at modeling threshold effects and
operational limits.

Example (Progressive Healthcare Cost Model)

Healthcare with deductibles, copays, and maximums:

T if 0 <z <2000
Out-of-Pocket(z) = < 2000 + 0.2(x — 2000) if 2000 < = < 12000 (29)
4000 if x > 12000

Three-Regime Structure:
m Deductible phase: Full cost responsibility
m Copay phase: Shared cost (20%)
® Maximum phase: No additional cost
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Piecewise Functions: Multi-Regime Systems

Piecewise Functions: Modeling Regime Changes

Example (Progressive Healthcare Cost Model)

Healthcare with deductibles, copays, and maximums:

T if 0 <z <2000
Out-of-Pocket(z) = ¢ 2000 + 0.2(z — 2000) if 2000 < z < 12000 (29)
4000 if £ > 12000
Smooth Approximations: Using sigmoid transitions:
Z a;o(k(x —b;) (30)

1

where 0(z) = 7=
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Parametric and Implicit Functions

Beyond Standard Function Forms

Definition (Parametric Functions)

Express both  and y as functions of parameter t: = = x(¢), y = y(¢). Enable
modeling of curves that fail vertical line test and trajectories in space.

Definition (Implicit Functions)

Defined by equations F'(x,y) = 0 rather than explicit y = f(z). Valuable when
explicit solutions impossible or relationships naturally symmetric.

Parametric Example - Planetary Orbits:
x(t) = acos(t) (31)
y(t) = bsin(t) (32)

where a, b = semi-major, semi-minor axes
Applications:

m Orbital mechanics

m Robot path planning

m Animation trajectories
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Parametric and Implicit Functions

Beyond Standard Function Forms

Definition (Parametric Functions)

Express both x and y as functions of parameter t: x = x(¢), y = y(t). Enable
modeling of curves that fail vertical line test and trajectories in space.

Definition (Implicit Functions)

Defined by equations F'(x,y) = 0 rather than explicit y = f(x). Valuable when
explicit solutions impossible or relationships naturally symmetric.

Implicit Example - Economic Equilibrium:
P? 4+ Q*—2PQ — 100 =0 (31)

Defines equilibrium combinations that cannot be easily expressed as Q = f(P) or
P = f(Q)
Applications:

m Market equilibrium curves

m Constraint boundaries

m Level curves
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Advanced Graphical Analysis Techniques

Asymptotic Analysis

Definition (Asymptotic Behavior)

Examines function behavior as independent variable approaches specific values or
infinity, revealing long-term system behavior and limiting cases.

Theorem (Classification of Asymptotes)

Horizontal: lim, . f(x) = L (bounded long-term behavior)
Vertical: lim,_,, f(x) = o0 (infinite behavior at specific points)
Oblique: y = mx + b when lim,_, o [f(x) — (mx + b)] = 0 (linear growth)

Applications: Analysis Techniques:

m Long-term predictions m Limit calculations

m System capacity limits Graphical inspection

[
m Resource constraints m Numerical approximation
m Market saturation m Series expansion
= =

Performance boundaries Comparative studies
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Advanced Graphical Analysis Techniques

Stability Analysis Through Graphics

Example (Population Equilibrium Stability)
For population model % = f(P), graphical analysis reveals stability:
Stability Conditions:
m If f/(P*) < 0 at equilibrium P*: Stable
m If f/(P*) > 0 at equilibrium P*: Unstable
Logistic Model Analysis: f(P) =rP(1 — P/K)
m Equilibrium at P = 0: f/(0) = r > 0 (unstable)
m Equilibrium at P = K: f/(K) = —r < 0 (stable)

Visual Insight

Graphical techniques provide intuitive stability analysis without requiring advanced
mathematical methods.

v
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Model Selection and Comparison Methods

Systematic Model Selection

Definition (Model Selection Criteria)
Balance multiple competing objectives:
m Goodness of fit: How well model matches observed data

Parsimony: Preference for simpler models

u
m Interpretability: Ease of understanding model behavior
=

Predictive power: Accuracy of future predictions

Residual Analysis: Information Criteria:
AIC: AIC = 2k — 2In(L)

Plot r; = y; — i - i
m Plot 7y = y; — f(wi) vs. @ BIC: BIC = kIn(n) — 2In(L)

m Look for randomness (good model)

where k = parameters, L = likelihood, n
m Patterns indicate model inadequacy = observations
Quantitative Measures: Interpretation:

= RMSE: ./1 S 2 m Lower values indicate better models

) m Balance fit vs. complexity
mR2=1— <2l iecti i
> (yi—9)? m Enable objective comparison
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Model Selection and Comparison Methods

Cross-Validation for Robust Assessment

Example (K-Fold Cross-Validation)

For comparing polynomial models of different degrees:
Divide data into k subsets
For each subset, train models on remaining data
Test on held-out subset

Average performance across all folds

Select model with best average performance

Cross-Validation Benefits: )
o Implementation Strategy:
m Prevents overfitting )
) o m Use independent data
m Provides realistic performance

. m Multiple validation rounds
estimates

m Robust to data variations m Statistical significance testing

. . m Performance confidence intervals
m Guides model complexity
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Model Selection and Comparison Methods

Cross-Validation for Robust Assessment

Example (K-Fold Cross-Validation)

For comparing polynomial models of different degrees:
Divide data into k subsets
For each subset, train models on remaining data
Test on held-out subset
Average performance across all folds

Select model with best average performance

Best Practice

Cross-validation prevents overfitting and provides realistic performance estimates
for model selection.
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Case Study: Smart Grid Energy Demand

Smart Grid Energy Forecasting: Multi-Component
Challenge

Problem Complexity

Smart grid systems must predict electricity demand across multiple time horizons
to optimize generation, storage, and distribution with complex patterns including
daily cycles, weekly patterns, seasonal variations, weather dependencies, and
economic factors.

Multiple Time Scales: Influencing Factors:
m Hourly demand cycles m Temperature extremes
m Daily usage patterns m Economic activity
m Weekly business cycles m Population changes
m Seasonal variations m Technology adoption
m Long-term trends m Policy changes

Modeling Challenge

Requires integration of multiple function types to capture complex interactions
across different time scales and environmental conditions.
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Case Study: Smart Grid Energy Demand

Multi-Component Model Architecture

Base Daily Pattern (Trigonometric):

. 2mt 4t _
Dayaily(t) = A sin (24 + ¢1 > + Ay sin ( 2 ¢2) +D
Weekly Pattern (Piecewise):

1.0 Monday-Friday
W(d) = ¢ 0.8 Saturday
0.7 Sunday

Seasonal Variation (Polynomial + Trigonometric):

27 27
=1 2
S(t) + acos (36’) + bsin (365) +ct+dt

Temperature Response (Piecewise Linear):
oay(T. —T) if T < T, (heating)
Tresponse(T) =40 if TC < T < ,Th
OéQ(T — Th) it T'> Ty (cooling)
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Case Study: Smart Grid Energy Demand

Integrated Smart Grid Model

Complete Integrated Model:
Demand(t) = Daaily(t) X W(d) x S(t) x (1 4 Tresponse(T'(£))) X €(t) (36)

where €(t) represents stochastic variations and special events.

Model Components Integration: Practical Applications:

m Multiplicative interactions m Generation scheduling

m Temperature-dependent

X m Storage optimization
adjustments

. Peak demand preparation
m Seasonal scaling factors

=
) . m Infrastructure plannin
m Weekly business cycle modulation P &
=

L Price forecasting
m Random variation allowances

Real-World Impact

This integrated approach enables utilities to optimize operations, reduce costs,
and improve grid reliability through sophisticated demand forecasting.
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Comprehensive Modeling Projects

Advanced Modeling Exercise: Pharmaceutical
Pharmacokinetics

Example (Multi-Dose Drug Concentration Model)

Develop comprehensive model for drug concentration accounting for multiple
dosing schedules and individual differences:
Basic Model: % =—k.C+ kA

Saturable Elimination: 9¢ — — maxC 4 f;, A
Multiple Dosing: Use piecewise functions for discrete dose administration
Analysis Requirements: Function Types Used:
m Steady-state behavior m Exponential decay (elimination)
m Optimal dosing intervals m Rational functions (saturation)
m Therapeutic window maintenance m Piecewise functions (dosing)
m Individual patient variations m Stochastic variations (individual
m Safety margins differences)
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Comprehensive Modeling Projects

Urban Heat Island Modeling Project

Example (Comprehensive Temperature Model)

Create model for urban temperature patterns incorporating spatial variations,
temporal cycles, and human activity:
Base Temperature:

27 (t — tq) 27 (t —ts)
Thase (t) = Tavg + Aqcos (24) + A, cos (365 (37)

Urban Heat Effect:

7,,2
AT’urban (7“) - Tmax exp <_ 252 ) (38)

Integration Challenge

Include anthropogenic heat (piecewise functions), building density effects (rational
functions), and vegetation cooling to create comprehensive urban climate model.

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 29 /34



Chapter Summary and Future Directions

Key Achievements and Insights

Comprehensive Function Mastery

This exploration has established functions and graphs as the fundamental
language for mathematical modeling across diverse applications, from simple linear
relationships to sophisticated multi-component systems.

Function Families Mastered: .
. Advanced Techniques:
m Linear: Constant rate processes ) .
dratic: Accel ] q m Function transformations and
[ ] Qu;f\ I"atIC.. cceleration an compositions
optimization . . ..
£ 1L thmic: G h m Parametric and implicit
u xponen.tla/ ogarithmic: Growt representations
and scaling ) . .
) . o m Asymptotic and stability analysis
m Trigonometric: Periodic phenomena . o
A . . m Model selection and validation
m Rational: Asymptotic behaviors . . )
] ] ) ] m Multi-component integration
m Piecewise: Multi-regime systems
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Chapter Summary and Future Directions

The Power of Visual Mathematics

Theorem (Integration Principle)

The power of functional modeling lies not only in individual function types but in
their sophisticated combinations, transformations, and compositions that capture
complex real-world behaviors while maintaining mathematical tractability.

What We’'ve Learned: Connections to Future Topics:

m Graphs reveal global behavior m Differential equations build on rate
patterns concepts

m Visual analysis guides model m Optimization uses function
selection properties

m Multiple function types solve m Statistical models employ functional
complex problems relationships

m Systematic comparison ensures m Network models extend graphical
quality analysis

m Computational tools enable m Computational tools enhance

practical application capabilities
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Chapter Summary and Future Directions

Common Pitfalls and Best Practices

Common Modeling Pitfalls

Overfitting: High-degree polynomials fitting noise, not trends

Outlier Sensitivity: Single data points skewing parameter estimates

Asymptote Misinterpretation: Confusing mathematical limits with physical
reality

Correlation vs. Causation: Good fit doesn't imply causal relationships

m Unit Inconsistency: Always check dimensional consistency

Best Practices for Success

m Start simple, add complexity gradually

m Validate against independent data
Use multiple model comparison criteria
Consider physical interpretation of parameters

Document assumptions and limitations clearly

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 32/34



Chapter Summary and Future Directions

Your Mathematical Modeling Journey Continues

Building on Solid Foundations

The comprehensive foundation in functions and graphs provides essential tools for
the increasingly sophisticated mathematical modeling techniques that follow.

Questions for Reflection:

m How will you apply these function-based modeling techniques in your field of
interest?

m What real-world phenomena could benefit from the multi-component
modeling approaches we've explored?

m How can you balance mathematical sophistication with practical
interpretability in your modeling work?

m What responsibilities do you have as a modeler to communicate uncertainty
and limitations clearly?

Remember: The most powerful models often achieve elegant simplicity while
capturing essential system behaviors.
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Chapter Summary and Future Directions

Thank You

Questions and Discussion

Model Fitting and Data Analysis
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