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The Nature of Mathematical Modeling

What Is Mathematical Modeling?

Definition
A mathematical model is a mathematical construct—including equations,

algorithms, statistical relationships, or logical frameworks—that represents the
essential features of a real-world system or phenomenon for a specific purpose.

Key Characteristics: What Models Are NOT:

m Purposeful abstraction of realit . .
P y m Perfect representations of reality

m Mathematical representation of

. . m Universally applicable solutions
relationships y app

. m Substitutes for domain expertise
m Focused on essential features P

m Free from assumptions and

Desi f ifi licati S
m Designed for specific applications limitations

m Balances complexity with

tractability m Objective, bias-free descriptions

Fundamental Insight

Mathematical modeling transforms abstract mathematical concepts into powerful
tools for understanding and predicting complex phenomena.
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The Nature of Mathematical Modeling

The Box-Draper Principle

Theorem (Box-Draper Principle)

"All models are wrong, but some are useful.”

This fundamental principle emphasizes that the value of a model lies not in its
perfect accuracy, but in its utility for the intended purpose.

What Makes Models Useful:

m Provide sufficient accuracy for
decisions

Why All Models Are ”"Wrong”:
m Simplify reality through abstraction

m Ignore less important variables m Reveal essential system behaviors
m Assume approximate relationships = Enable prediction and planning
m Operate within limited domains . .
m Guide resource allocation
m Contain measurement uncertainties . .
m Support hypothesis testing

Key Insight

The art of modeling lies in matching the model's complexity and accuracy to the
specific purpose for which it will be used.

= = = — SaNel

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 4/69



The Nature of Mathematical Modeling

Historical Evolution of Mathematical Modeling

From Ancient Times to Modern Era

Mathematical modeling has evolved from ancient applications to sophisticated
modern techniques, revealing recurring themes in how humans use mathematics to
understand their world.
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The Nature of Mathematical Modeling

Historical Evolution of Mathematical Modeling

Ancient Foundations (700 BCE -
1600 CE):

Industrial Age (1800-1950):
m Babylonian astronomical models

m Fourier analysis and heat transfer

m Greek geometric tradition , .
& m Maxwell's electromagnetic theory

m Ptolemy’s epicyclic planetary model m Statistical mechanics development
m Islamic mathematical contributions
Scientific Revolution (1600-1800):

m Galileo’s projectile motion

Operations research emergence
Digital Era (1950-Present):
Computational model solving

m Kepler's laws of planetary motion Systems thinking and complexity

m Newton's Principia and universal

m
m Data-driven modeling approaches

laws & app

]

Machine learning integration
m Development of calculus & &

applications

Recurring Theme

Successful models throughout history balance mathematical sophistication with

practical utility for their intended applications.
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The Nature of Mathematical Modeling

Modern Applications of Mathematical Modeling

Contemporary Significance

Mathematical modeling has become essential for addressing complex challenges
across all sectors of modern society.
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The Nature of Mathematical Modeling

Modern Applications of Mathematical Modeling

Science and Technology:

m Climate change prediction and
Social and Public Policy:

mitigation

m Drug discovery and medical m Urban planning and transportation
treatment m Public health and epidemiology

m Artificial intelligence and machine m Criminal justice and law
learning enforcement

m Space exploration and satellite m Education system optimization
systems m Social network analysis

m Materials science and
nanotechnology
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The Nature of Mathematical Modeling

Modern Applications of Mathematical Modeling

Economics and Finance: . . .
Engineering and Operations:

m Financial risk assessment and

trading m Infrastructure design and

. . . maintenance
m Economic policy analysis and

forecasting m Manufacturing process optimization

m Supply chain optimization = Energy system management
= Market behavior prediction m Environmental remediation
Impact Scale

Mathematical models guide decisions affecting billions of lives and trillions of
dollars in economic activity annually.
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The Mathematical Modeling Cycle

The Modeling Process: A Systematic Approach

Definition (Modeling Cycle)

The modeling cycle represents a systematic process consisting of eight

interconnected phases that guide the development and implementation of
mathematical models.
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The Mathematical Modeling Cycle

The Modeling Process: A Systematic Approach
:

Mathemati
Analysis

Computational
Implementation
Model
Verification

Model
Validation

Model
Implementation)
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The Mathematical Modeling Cycle

Phase 1: Problem Formulation

The Foundation of Effective Modeling

Problem formulation transforms vague real-world concerns into precise
mathematical questions. This phase often proves more challenging than
subsequent mathematical analysis.

Key Components: Structured Approach:

m Stakeholder Analysis: Identify all m Stakeholder mapping and interest
affected parties analysis

m Objective Clarification: Define m Objective hierarchy and trade-off
specific goals identification

m Constraint Identification: m Constraint catalog and feasibility
Recognize limitations assessment

m Success Criteria: Establish m Success metric definition and
evaluation metrics measurement

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 12 /69



The Mathematical Modeling Cycle

Phase 1: Problem Formulation

Example

Urban Traffic Optimization:

Stakeholders: Transportation dept., commuters, businesses, emergency services,
environmental groups

Objectives: Minimize travel time, reduce emissions, maintain emergency access,
control costs

Constraints: Existing infrastructure, $5M budget, 18-month timeline, political
acceptance

Success Metrics: Average travel time reduction, emission decreases, emergency
response times

Critical Success Factor

Time invested in thorough problem formulation pays dividends throughout the
entire modeling process.
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The Mathematical Modeling Cycle

Phase 2: Model Construction

Balancing Realism and Tractability

Model construction involves making deliberate simplifications while preserving
essential system behavior. The art lies in knowing what to include and what to
omit.

Theorem (Principle of Parsimony (Occam's Razor))

Among competing models that adequately explain a phenomenon, the simplest
model is generally preferred.
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The Mathematical Modeling Cycle

Phase 2: Model Construction

Types of Assumptions: Model Advantages by Complexity:

m Structural: How components relate Simple Models:
m Behavioral: How entities act/react m Computational efficiency

m Environmental: External

ro m Clear interpretability
conditions

m Robust performance

m Temporal: Time evolution patterns —
m Easy communication

Construction Principles:
uet incip Complex Models:

m Start simple, add complexity

gradually m Higher potential accuracy

. . m More realistic representation
m Preserve essential behaviors

S . . m Detailed scenario analysis
m Maintain mathematical tractability

. m Comprehensive coverage
m Document all assumptions clearly
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The Mathematical Modeling Cycle

Phases 3-4: Analysis and Implementation

Mathematical Analysis (Phase 3):

m Select appropriate mathematical
techniques

Analysis Types:

m Linear models: Linear algebra

) ) ) techniques
Derive analytical solutions when

possible

m Nonlinear models: Numerical

. . approaches
m Characterize model behavior

mathematically m Dynamic models: Differential

o . equations
Perform equilibrium and stability

analysis

m Stochastic models: Probability

_ ) theory
Conduct sensitivity analysis
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The Mathematical Modeling Cycle

Phases 3-4: Analysis and Implementation

Computational Implementation

(Phase 4): )
. Platform Options:
m Translate mathematical models to . .
algorithms m Excel: Simple models and basic

analysis

m MATLAB/R: Sophisticated
mathematical analysis

m Python/C++: Maximum flexibility
and performance

m Choose appropriate computational
platforms

m Ensure numerical accuracy and
efficiency

m Develop user interfaces and

visualization m Specialized tools: Domain-specific

. applications
m Create documentation and user

guides
Key Consideration

The choice of analytical and computational approaches should match the model's
intended use and the users' technical capabilities.
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The Mathematical Modeling Cycle

Phases 5-6: Verification and Validation

Definition (Verification vs. Validation)

Verification addresses whether we are solving the mathematical equations
correctly. Validation addresses whether we are solving the right problem.
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The Mathematical Modeling Cycle

Phases 5-6: Verification and Validation

Model Verification: Model Validation:

m Check mathematical derivations m Face validity (intuitive sense)

m Test computational implementation m Statistical validation (data fitting)

m Verify numerical accuracy m Predictive validation (future

m Conduct convergence testing accuracy)

m Perform code review processes m Cross-validation (different datasets)
Verification Techniques: m Expert validation (domain expertise)

m Analytical verification (known Validation Challenges:

solutions) m Limited historical data

m Unit testing (component testing) m Changing system conditions

m Integration testing (system testing) m Multiple stakeholder perspectives

m Benchmark comparisons m Uncertain future scenarios

Critical Distinction

Verification ensures mathematical correctness; validation ensures practical
relevance and reliability.
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The Mathematical Modeling Cycle

Phases 7-8: Implementation and Maintenance

Model Implementation (Phase 7): Model Maintenance (Phase 8):
m Integrate into decision processes m Monitor model performance
m Develop user-friendly interfaces m Update parameters with new data

m Provide training and documentation m Modify structure for system changes

m Establish operational procedures m Maintain documentation currency

m Manage organizational change m Provide ongoing user support
Implementation Success Factors: Maintenance Activities:

m Clear user interface design m Performance monitoring systems

m Comprehensive training programs m Data update procedures

m Detailed documentation m Version control management

m Ongoing user support m Regular model reviews

m Change management processes m User feedback integration

Long-term Perspective

Models require ongoing attention to remain useful as systems evolve and
understanding improves.
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The Mathematical Modeling Cycle

Mathematical Model Classification

Mathematical
Models

By Structure [ By Time J [By Randomness By Purpose

‘ Linear HNon\inearH Static H Dynamic‘ Descrlptlve Prescriptive
Predlctlve

Deterministic || Stochastic

Classification Purpose

Understanding model types helps in selecting appropriate approaches and
communicating model characteristics to stakeholders.
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The Mathematical Modeling Cycle

Classification by Mathematical Structure

Definition (Linear vs. Nonlinear Models)

Linear models express all relationships as linear combinations of variables.
Nonlinear models contain products, powers, or transcendental functions of
variables.

Linear Models:

m Proportional input-output

relationships Examples:

m Superposition principle applies m Supply and demand equilibrium

m Powerful analytical techniques m Linear regression models
available m Simple population growth

m Unique solutions under appropriate m Basic electrical circuits
conditions

m Computational efficiency
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The Mathematical Modeling Cycle

Classification by Mathematical Structure

Definition (Linear vs. Nonlinear Models)

Linear models express all relationships as linear combinations of variables.
Nonlinear models contain products, powers, or transcendental functions of
variables.

Nonlinear Models:

m Complex behaviors (multiple Examples:

equilibria, chaos) m Predator-prey dynamics
m No general analytical solutions m Chemical reaction networks
m Numerical methods often required m Economic bubble formation
m Path dependence and hysteresis m Climate system models

m Emergent phenomena

Theorem (Superposition Principle)

In linear models, the response to a sum of inputs equals the sum of responses to
individual inputs, enabling problem decomposition.
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The Mathematical Modeling Cycle

Classification by Temporal Dynamics

Definition (Static vs. Dynamic Models)

Static models represent systems in equilibrium or at a specific time point.
Dynamic models explicitly represent temporal evolution and change mechanisms.

Static Models: Examples:
m Equilibrium analysis m Market equilibrium models
m Cross-sectional relationships m Structural engineering analysis
m Optimization problems m Resource allocation problems
m Steady-state analysis m Geographic pattern analysis
Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling
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The Mathematical Modeling Cycle

Classification by Temporal Dynamics

Definition (Static vs. Dynamic Models)

Static models represent systems in equilibrium or at a specific time point.
Dynamic models explicitly represent temporal evolution and change mechanisms.

Dynamic Models:
Continuous-time:

m Differential equations

m Smooth temporal evolution Examples:

m Physical system modeling m Population growth models
Discrete-time: m Economic business cycles

= Difference equations m Epidemic spread dynamics

m Periodic observations

m Decision sequences
Time Scale Considerations

The choice between continuous and discrete time often depends on the natural

time scale of observations and decision-making processes.

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling

25 /69



The Mathematical Modeling Cycle

Classification by Randomness and Purpose

Definition (Deterministic vs. Stochastic)

Deterministic models always produce identical outputs for given inputs.
Stochastic models incorporate random variables and produce probability
distributions.

Stochastic Models:

m Probability distributions of
outcomes

Deterministic Models:
m Predictable outcomes

m Clear cause-effect relationships . -
m Uncertainty quantification

m Simpler analysis and interpretation . -
'mp ys! ! P ! m Risk assessment capabilities

m ldeal for well-understood systems . .
m Realistic for noisy systems
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The Mathematical Modeling Cycle

Classification by Randomness and Purpose

Definition (Model Purpose Classification)

Descriptive models explain observed phenomena. Predictive models forecast
future behavior. Prescriptive models identify optimal decisions.

Descriptive Models:
m Understanding mechanisms

m Pattern identification Prescriptive Models:
m Hypothesis testing m Optimization

Predictive Models: m Decision support

m Forecasting outcomes m Policy design
m Risk assessment

m Planning support
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Advanced Model Validation and Verification

Comprehensive Validation Framework

Beyond Simple Statistical Measures

Modern validation employs sophisticated approaches that assess multiple aspects
of model quality and build confidence through accumulating evidence.

Theorem (Validation Hierarchy)

Model validation should employ multiple complementary approaches: face validity
(intuitive sense), statistical validation (data fitting), predictive validation (future
accuracy), and cross-validation (consistency across contexts).
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Advanced Model Validation and Verification

Comprehensive Validation Framework

Validation Techniques:

m Face Validity: Intuitive Advanced Validation Metrics:
reasonableness m AIC/BIC: Information criteria
m Statistical Validation: Historical balancing fit and complexity
data fitting m MASE: Mean Absolute Scaled
m Predictive Validation: Future Error for time series
prediction accuracy m Bootstrap Validation: Resampling
m Cross-Validation: Performance for stability assessment
across subsets m Ensemble Validation: Multiple
m Expert Validation: Domain expert model comparison
assessment

Validation Principle

No single test establishes model validity conclusively. Confidence builds through
multiple sources of evidence.
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Advanced Model Validation and Verification

Advanced Validation Metrics

Information-Theoretic Measures

Modern validation metrics balance model fit with complexity, addressing the risk
of overfitting to limited data.

Akaike Information Criterion (AIC):

AIC =2k — 2In(L)

where Interpretation:
m k& = number of parameters m Lower values indicate better models
m L = likelihood m Penalizes model complexity

Bayesian Information Criterion (BIC):  m Enables model comparison
BIC = kln(n) — 2In(L)
where n = number of observations
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Advanced Model Validation and Verification

Advanced Validation Metrics

Advantages:
m Scale-independent comparisons
Mean Absolute Scaled Error m Robust to outliers
(MASE): m Meaningful for time series
1 <=7 m Easy interpretation (j 1 is good)
MASE = n oo fed] Time Series Specific:

1 n
n—1 Zt:? D/t - th*1| .
m Compares to naive seasonal forecast

m Accounts for data characteristics

m Enables model ranking
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Advanced Model Validation and Verification

Validation Under Uncertainty

Addressing Multiple Uncertainty Sources

Real-world validation must account for parameter uncertainty, structural
uncertainty, and data uncertainty that affect model performance assessment.

Sources of Uncertainty:

m Parameter Uncertainty: Imprecise

parameter knowledge Uncertainty Propagation:
m Structural Uncertainty: Uncertain = Monte Carlo simulation
model form m Sensitivity analysis
m Data Uncertainty: Measurement m Bayesian updating

errors and sampling m Ensemble methods

m Prediction Uncertainty: Future
scenario variability
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Advanced Model Validation and Verification

Validation Under Uncertainty

Addressing Multiple Uncertainty Sources

Real-world validation must account for parameter uncertainty, structural
uncertainty, and data uncertainty that affect model performance assessment.

Robust Validation Techniques:

Bootstrap Validation: Ensemble Validation:
m Create multiple datasets through m Combine multiple models
resampling

m Provide robust predictions
m Assess model stability across

m Estimate uncertainty ranges
samples

] o ) m Improve decision reliability
m Quantify validation uncertainty

Best Practice

Uncertainty-aware validation provides more realistic assessments of model
reliability and guides appropriate model use.
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Sensitivity Analysis and Uncertainty Quantification

Understanding Sensitivity Analysis

Definition (Sensitivity Analysis)

Sensitivity analysis quantifies how changes in model inputs affect model outputs,

identifying which parameters most significantly influence results and determining
robustness to uncertainties.

Sensitivity
Analysis

Global
Methods

Derivative-
based

Multiple Purposes

Finite
Difference

Sensitivity analysis identifies critical parameters for data collection, reveals
robustness to uncertain assumptions, and guides development of robust policies.
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Sensitivity Analysis and Uncertainty Quantification

Local vs. Global Sensitivity Analysis

Theorem (Local Sensitivity Coefficient)
For a model y = f(x1,x2,...,x,), the local sensitivity is:
P =

y Ox;

This normalized measure represents percentage change in output per percentage
change in input.

Local Sensitivity Analysis: Applications:

m Examines behavior near nominal

m Parameter prioritization
values

. . m Linear approximation validit
m Computationally efficient PP Y

L . m Uncertainty propagation
m Uses derivative information Y propag

m May miss global behaviors m Model simplification guidance
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Sensitivity Analysis and Uncertainty Quantification

Local vs. Global Sensitivity Analysis

Global Sensitivity Analysis: Methods:
. . m Variance-based methods (Sobol
m Examines entire parameter space S
indices)

More comprehensive insights . .
P Ve nsig m Morris screening method

|

m Higher computational cost .
& P m Regression-based approaches

|

Reveals complex interactions . . .
m Machine learning techniques

Method Selection

Choose local methods for linear models near nominal conditions; use global
methods for nonlinear models or wide parameter ranges.
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Sensitivity Analysis and Uncertainty Quantification

Advanced Sensitivity Methods

Variance-Based Sensitivity Analysis
Decomposes output variance into contributions from individual parameters and
their interactions, providing comprehensive sensitivity insights.

Variance Decomposition:

Var(Y) = ZVi + Z‘/%j +...+Via
i i<j
Total Effect Index:
Sobol Indices:

v Spy—=1—

; i =1 - g—F~
= ¢ First- Var(Y
S, Var(Y) (First-order) (Y)
Sij = Va‘r/?Y) (Second-order)
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Sensitivity Analysis and Uncertainty Quantification

Advanced Sensitivity Methods

Morris Screening Method:

EEi:f($1,-..,$i+A,...,xn)—f(ml,...,xi,...,xn)

A
Parameter Characterization:
m ;*: Mean of absolute elementary ~ Computational Efficiency:
effects m Fewer model evaluations than Sobol
m o: Standard deviation of effects m Effective for screening large
m High p*: Important parameter parameter sets
m High o: Nonlinear/interaction m Qualitative sensitivity ranking
effects
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Sensitivity Analysis and Uncertainty Quantification

Practical Sensitivity Analysis

Example (Climate Model Sensitivity)

Consider a simplified climate model with parameters: climate sensitivity (CS),
aerosol forcing (AF), and ocean heat capacity (OHC).
Local Sensitivity Results:

m Climate Sensitivity: Scg = 0.85 (most important)

m Aerosol Forcing: Sarp = —0.42 (moderate, negative)

m Ocean Heat Capacity: Sogc = 0.15 (least important)
Global Sensitivity (Sobol Indices):

m Socs =0.65, Sar =0.25, Sogc = 0.05

m Scg ar = 0.08 (important interaction)

m Total effects: St cs = 0.75, S ar = 0.35
Implications:

m Focus uncertainty reduction efforts on climate sensitivity

m Consider CS-AF interactions in uncertainty analysis

m Ocean heat capacity has minimal impact on temperature projections 4
Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 39/69



Collat ive Modeli

and Interdisciplinary Approaches

The Need for Interdisciplinary Collaboration

Complex Problems Require Multiple Perspectives

Modern challenges like climate change, pandemic response, and sustainable
development require integration of expertise from multiple disciplines.

Integration Challenges

Different disciplines use distinct mathematical languages, validation criteria, and
quality standards, requiring explicit strategies for effective collaboration.

] = Tyt
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Collat ive Modeling and Interdiscipli

y Approaches

Challenges in Collaborative Modeling

Communication Barriers:
m Different mathematical languages
m Varying modeling conventions
m Distinct terminology and concepts
m Cultural differences in approach
Methodological Differences:
m Quality standards vary by field
m Different validation criteria

m Varying emphasis on rigor vs.
applicability

m Time and spatial scale mismatches

Kenneth, Sok Kin Cheng

Lectures for Mathematical Modeling

Integration Challenges:
m Technical coupling difficulties
m Data format incompatibilities

m Uncertainty propagation across
models

m Version control and documentation
Disciplinary Emphases:
m Physics: Theoretical foundations,
first principles
m Computer Science: Predictive
accuracy, algorithmic efficiency

m Social Sciences: Behavioral
realism, stakeholder engagement

m Engineering: Practical
implementation, operational
requirements
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Collak ive Modeling and Interdisciplinary Approaches

Challenges in Collaborative Modeling

Success Requirement

Effective interdisciplinary modeling requires explicit protocols for managing these
diverse challenges.
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Collak ive Modeling and Interdisciplinary Approaches

Strategies for Effective Collaboration

Building Successful Interdisciplinary Teams

Systematic approaches to collaboration management can overcome disciplinary
barriers and leverage diverse expertise effectively.

Communication Strategies: Technical Integration:

m Establish common vocabulary and

L m Model integration protocols
definitions

L ) m Data exchange format standards
m Regular cross-disciplinary meetings L
m Temporal synchronization

m Shared documentation standards
procedures

m Translation between technical
languages

Spatial alignment methods

. . Uncertainty propagation frameworks
m Visual communication tools
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Collak ive Modeling and Interdisciplinary Approaches

Strategies for Effective Collaboration

Building Successful Interdisciplinary Teams

Systematic approaches to collaboration management can overcome disciplinary
barriers and leverage diverse expertise effectively.

Project Management: Knowledge Integration:

m Clear role and responsibility

. m Joint validation exercises
definition

. . m Cross-disciplinary peer review
m Milestone coordination across teams

. m Shared training programs
m Version control systems

) m Collaborative documentation
m Quality assurance procedures

. ) . m Regular team workshops
m Conflict resolution mechanisms & P

Success Factor

Investment in collaboration infrastructure pays dividends in model quality and
project success.
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C ication and Visualization of Mathematical Models

Audience-Specific Communication

Tailoring Messages to Diverse Stakeholders

Effective model communication requires translating complex mathematical
concepts into accessible insights for audiences with varying technical backgrounds
and information needs.

Policy Makers:

Technical Audiences: m Executive summaries with key
m Detailed mathematical specifications findings
Complete validation evidence m Policy implications and

m
m Implementation details and code recommendations
m

m Confidence levels and uncertainty
ranges

Assumptions and limitations
discussion

Peer review considerations m Cost-benefit analysis where relevant

m Decision timeline considerations
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C ication and Visualization of Mathematical Models

Audience-Specific Communication

Tailoring Messages to Diverse Stakeholders

Effective model communication requires translating complex mathematical
concepts into accessible insights for audiences with varying technical backgrounds
and information needs.

General Public:
. ) ) Stakeholder Groups:
m Intuitive explanations and analogies .
S m Impacts on specific interests
m Real-world implications focus L .
) . m Participation opportunities
m Visual representations of concepts .
Avoid ¢ sochnical m Feedback mechanisms
m Avoidance of technical jargon
) .g m Transparency about trade-offs
m Clear statements of practical

. m Accessible documentation
significance

Communication Principle

The level of mathematical detail should be calibrated to audience expertise and
decision-making needs.
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C ication and Visualization of Mathematical Models

Visualization Principles and Techniques

Transforming Abstract Mathematics into Intuitive Insights

Effective visualization reveals patterns and relationships that support
understanding and decision-making across diverse audiences.

Visualization Principles: . N
P Visualization Types:

m Clear Purpose: Support specific

L S m Static Plots: Traditional graphs
communication objectives

and charts
m Accurate Representation:

Faithfully reflect mathematical
relationships

m Interactive Dashboards:
User-controlled exploration

m Animation: Temporal dynamics
and processes

m 3D Visualization:
Multi-dimensional relationships

m Appropriate Complexity: Match
audience expertise and attention

m Visual Hierarchy: Guide attention
to key insights
m Infographics: Integrated visual

m Accessibility: Consider diverse .
narratives

abilities and contexts
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C ication and Visualization of Mathematical Models

Visualization Principles and Techniques

Example (Interactive Model Exploration)

A climate policy dashboard allows users to:

Adjust emission reduction scenarios with sliders
Visualize temperature and sea level projections
Compare costs and benefits across policies

Explore uncertainty ranges through probability fans

Access detailed methodology through expandable sections
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C ication and Visualization of Mathematical Models

Communicating Uncertainty Effectively

One of the Greatest Communication Challenges

Different audiences have varying comfort levels with probabilistic thinking and
may interpret uncertainty information very differently.

Visual Uncertainty Communication: .
U y Narrative Approaches:

m Confidence Intervals: Show ranges
of plausible outcomes

m Probability Distributions:
[llustrate likelihood of scenarios

m Explain practical meaning of
uncertainty

m Distinguish model limitations from

] ) fundamental uncertainty
m Scenario Analysis: Present

. . m Relate uncertainty to
multiple possible futures y

decision-making context
m Ensemble Displays: Show

. m Use analogies and real-world
variation across model runs

) comparisons
m Risk Matrices: Combine

probability and impact m Acknowledge what we don't know
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C ication and Visualization of Mathematical Models

Communicating Uncertainty Effectively

Common Misinterpretations:
m Uncertainty means models are useless
m Wider ranges indicate worse models
m Probabilities are precise predictions

m Uncertainty will disappear with more data

Best Practice

Effective uncertainty communication helps audiences understand how uncertainty
should influence their decisions rather than paralyzing them.
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Ethical Considerations in Mathematical Modeling

The Ethical Imperative in Mathematical Modeling

Theorem (Principle of Responsible Modeling)

Model developers and users have ethical obligations that extend beyond technical
accuracy: transparent acknowledgment of limitations, bias consideration,
differential impact evaluation, and accessible communication to stakeholders.

Ethical Obligations:

m Transparency about assumptions
and limitations

Why Ethics Matter:

m Models influence consequential

decisions Fai d o
B Fair treatment across aemograpnic
m Affect human lives and social equity grap

groups
m Can perpetuate or amplify existing

A m Accessible communication to
biases

affected parties

m Create illusion of objectivity m Accountability for model-based

m Shape public policy and resource decisions

allocation m Ongoing monitoring of impacts
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Ethical Considerations in Mathematical Modeling

The Ethical Imperative in Mathematical Modeling

Areas of Ethical Concern:

Algorithmic Bias: Systematic

discrimination Vulnerable Populations:
Privacy Protection: Data use and m Racial and ethnic minorities
sharing . .

m Low-income communities
Tran_sparency: Explainable m Elderly and disabled individuals
algorithms Mareinalized social

o . m Marginalized social groups

Accountability: Responsibility for & ) i group ]

m Developing nations and regions

consequences

Equity: Fair distribution of benefits
and burdens

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 50 /69



Ethical Considerations in Mathematical Modeling

Bias and Fairness in Mathematical Models

Understanding How Models Can Perpetuate Discrimination

Mathematical models can amplify existing biases through historical data, structural
assumptions, and application contexts that systematically favor certain groups.

. Structural Assumptions:
Sources of Bias: . I
o m Feature selection and weighting
m Historical Data: Reflects past

discrimination m Model architecture choices

m Sampling Bias: Unrepresentative m Objective function definition

data collection m Constraint specification

= Measurement Bias: Systematic m Performance metric selection
measurement errors Impact Areas:

m Selection Bias: Non-random data m Employment and hiring decisions
inclusion

m Criminal justice assessments
m Confirmation Bias: Preferred
outcome selection

m Healthcare resource allocation
m Financial lending practices

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 51/69



Ethical Considerations in Mathematical Modeling

Bias and Fairness in Mathematical Models

Key Recognition

Bias can enter models at multiple stages: data collection, feature engineering,
algorithm design, and deployment contexts.
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Ethical Considerations in Mathematical Modeling

Mitigating Bias and Ensuring Fairness

Strategies for Responsible Model Development

Addressing bias requires proactive measures throughout the modeling lifecycle and
careful consideration of competing fairness definitions.

Bias Mitigation Strategies:
m Data Auditing: Examine sources  Fairness Definitions:

and representation = Demographic Parity: Equal
m Diverse Teams: Include multiple positive rates across groups
perspectives m Equal Opportunity: Equal true
m Fairness Metrics: Quantify positive rates
differential impacts m Calibration: Equal prediction
m Algorithmic Auditing: Test for accuracy
discriminatory outcomes = Individual Fairness: Similar
m Stakeholder Engagement: Include treatment for similar individuals

affected communities
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Ethical Considerations in Mathematical Modeling

Mitigating Bias and Ensuring Fairness

Strategies for Responsible Model Development

Addressing bias requires proactive measures throughout the modeling lifecycle and
careful consideration of competing fairness definitions.

Implementation Tools:
m Bias detection algorithms
m Fairness-aware machine learning
m Adversarial debiasing techniques
m Post-processing adjustments

Critical Trade-off

Different fairness definitions can conflict with each other, requiring explicit choices
about which principles to prioritize.
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Ethical Considerations in Mathematical Modeling

Transparency and Accountability

Building Trust Through Openness and Responsibility

Transparency and accountability mechanisms ensure that model developers and
users can be held responsible for the consequences of model-based decisions.

Transparency Requirements:
= Model Documentation: Complete Explainable Al:

methodological description m Local explanations for individual
m Data Sources: Clear provenance decisions

and characteristics m Global explanations for model
m Assumption Disclosure: Explicit behavior

statement of limitations m Counterfactual analysis ("what if”’
m Validation Evidence: Performance scenarios)

assessment results m Feature importance ranking
m Code Availability: Open source m Decision path visualization

when possible
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Ethical Considerations in Mathematical Modeling

Transparency and Accountability

Accountability Mechanisms:

m Documentation Standards: Required information disclosure

m Review Processes: Independent evaluation procedures

m Audit Trails: Decision history tracking

m Appeal Procedures: Recourse for affected individuals

m Impact Assessment: Ongoing monitoring of consequences
Institutional Frameworks:

m Ethics review boards

m Professional standards and codes

m Regulatory oversight mechanisms

m Industry self-regulation initiatives

m International coordination efforts

Balance Challenge

Transparency must be balanced with legitimate concerns about privacy, security,
and competitive advantage.
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Extended Case Study: Smart City Traffic Management

Smart City Traffic: A Complex Modeling Challenge

Modern Urban Complexity

Urban traffic systems involve thousands of intersections, hundreds of thousands of
vehicles, and millions of individual decisions, exhibiting complex dynamics with
multiple feedback loops.

System Characteristics:

m Scale: City-wide network of
intersections

m Dynamics: Real-time traffic flow Traditional Limitations:

changes m Fixed signal timing plans

m Uncertainty: Weather, incidents, m No adaptation to conditions
special events m Limited data availability

= Objlectives: Multiple competing m Reactive rather than proactive
goals

m Stakeholders: Diverse affected
parties
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Extended Case Study: Smart City Traffic Management

Smart City Traffic: A Complex Modeling Challenge

Modern Urban Complexity

Urban traffic systems involve thousands of intersections, hundreds of thousands of
vehicles, and millions of individual decisions, exhibiting complex dynamics with
multiple feedback loops.

Smart City Approach:

m Real-time data collection from Modeling Challenges:

sensors m Multi-scale spatial and temporal
m Predictive modeling of traffic dynamics

patterns

Stochastic driver behavior

m Adaptive signal control systems Complex network interactions

m Integrated optimization across

Real-time optimization requirements
network

. . Multiple conflicting objectives
m Multi-modal transportation P & o)

coordination
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Extended Case Study: Smart City Traffic Management

Multi-Scale Modeling Approach

Effective traffic management requires models operating at multiple temporal and

Integrating Different Levels of Detail
spatial scales, from individual vehicle movements to city-wide flow patterns. ‘

Macroscopic Models: Traffic flow as

Microscopic Models: compressible fluid:
m Individual vehicle movements 8p dq
m Driver behavior simulation ot | or =0
m High detail, limited scope Greenshields relationship:
m Car-following and lane-changing
del 4
models q:PUf(l—p. )
jam
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Extended Case Study: Smart City Traffic Management

Multi-Scale Modeling Approach

Integrating Different Levels of Detail

Effective traffic management requires models operating at multiple temporal and
spatial scales, from individual vehicle movements to city-wide flow patterns.

Mesoscopic Models:
m Groups of similar vehicles

m Bridge between scales . L.
& o o Scale Selection Criteria:

m Probabilistic state transitions . .
) o ) ] m Spatial extent of analysis
m Computational efficiency with detail ) )
. m Temporal resolution requirements
Model Integration: . .
. o m Computational resource constraints

m Consistent boundary conditions .. .

) m Decision-making needs
m Information flow between scales

m Computational load balancing
m Validation across scale levels
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Extended Case Study: Smart City Traffic Management

Real-Time Optimization Framework

Continuous Optimization Under Uncertainty

Smart traffic management requires solving optimization problems continuously as
conditions change, balancing multiple objectives under uncertainty.

Objective Function: Minimize total travel time:
IninZTij(fij) . fij
,J

Constraints: Flow conservation:
Yofi=) fu+d
j k

Signal timing limits:
tgreen,ij Z tmin
Z tgreen,ij < Tcycle
J
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Extended Case Study: Smart City Traffic Management

Real-Time Optimization Framework

Continuous Optimization Under Uncertainty

Smart traffic management requires solving optimization problems continuously as
conditions change, balancing multiple objectives under uncertainty.

Multi-Objective Formulation:
. Uncertainty Handling: Robust
min [fl(x)’f2(x)vvfk(x)] optimization:
Where objectives include: min max f(z, €)
m fi: Total travel time ¢ LEE
= fa: Fuel consumption/emissions Where £ represents uncertain demand,
m f3: Emergency vehicle delays incidents, and weather effects.

m f4: Public transit efficiency

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling 61 /69



Extended Case Study: Smart City Traffic Management

Data Integration and Stakeholder Considerations

Data Sources and Fusion:
m Loop detectors and video cameras

m GPS trajectories from vehicles . e .
) Uncertainty Quantification:
m Mobile phone location data _
_ o m Sensor reliability assessment
m Social media incident reports
) ] m Data latency and coverage gaps
m Weather and event information . .
m Prediction error propagation
Data Fusion Equation: .. .
m Robust decision-making under

. uncertainty
T = E W; Ty
i

where w; are reliability-based weights.
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Extended Case Study: Smart City Traffic Management

Data Integration and Stakeholder Considerations

Stakeholder Engagement:
m Community input on priorities

m Environmental justice considerations

m Business impact assessment Participatory Modeling:
m Emergency service coordination m Community priority identification
Equity Considerations: m Local knowledge integration
m Distributional effects across m Trust building through transparency
neighborhoods m Ongoing feedback and adjustment

m Access to alternative transportation
m Air quality and noise impacts

m Economic development implications

Implementation Insight

Technical optimization must be balanced with community values and equity
considerations for successful implementation.
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Chapter Summary and Future Directions

Key Lessons from Mathematical Modeling

Fundamental Principles for Effective Modeling

This chapter has established mathematical modeling as both a powerful analytical
tool and a significant responsibility in contemporary society.

Core Principles:

Purpose-Driven Design: Craft
models for specific objectives

Systematic Process: Follow the
modeling cycle rigorously

Critical Validation: Use multiple
complementary approaches

Ethical Awareness: Address social
implications responsibly

Effective Communication:
Translate results for diverse
audiences

Kenneth, Sok Kin Cheng

Historical Insights:

Lectures for Mathematical Modeling

Successful models balance
sophistication with utility

Practical utility matters more than
theoretical perfection

Interdisciplinary collaboration
enhances model quality

Technology transforms but doesn’t
replace good modeling principles

Ethical considerations become more
important as influence grows
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Chapter Summary and Future Directions

Contemporary Challenges and Opportunities

The Evolving Landscape of Mathematical Modeling

Current developments create both unprecedented opportunities and significant
challenges for mathematical modelers.

Emerging Opportunities: Critical Challenges:
m Data-Driven Discovery: Massive

m Complexity Management:
datasets reveal new patterns

Balancing detail with interpretability
m Real-Time Adaptation:

Continuous model updating and
optimization

m Bias and Fairness: Ensuring
equitable model outcomes

m Transparency vs. Performance:

= Hybrid Approaches: Combining Trade-offs in algorithmic approaches

mechanistic and statistical methods

m Global Collaboration: Distributed
modeling communities

m Scale and Speed: Processing
massive, real-time data streams

m Interdisciplinary Integration:

m Democratized Tools: Broader L . .
Coordinating across diverse fields

access to sophisticated techniques
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Chapter Summary and Future Directions

Preparing for Advanced Modeling

Building on Foundational Understanding

The principles and frameworks developed in this chapter provide the foundation
for exploring specific mathematical techniques in subsequent chapters.

Skills Developed: Coming Techniques:
m Systematic problem formulation m Functions and mathematical
m Model classification and selection relationships

m Validation and verification Calculus applications in modeling

techniques Differential equation systems

m Sensitivity analysis methods Statistical and probabilistic models

m Communication strategies Optimization methods

m Ethical reasoning frameworks Computational approaches
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Chapter Summary and Future Directions

Preparing for Advanced Modeling

Building on Foundational Understanding

The principles and frameworks developed in this chapter provide the foundation
for exploring specific mathematical techniques in subsequent chapters.

Professional Development:

Modeling Wisdom: m Build domain expertise alongside

m Start simple, add complexity mathematical skills

gradually m Develop communication and

Question assumptions continuously collaboration abilities

m Stay current with technological

Validate against multiple criteria
developments

m Engage with ethical and social

implications

[
[
m Communicate uncertainty honestly
m Consider ethical implications

[

Collaborate across disciplines m Contribute to responsible modeling

practices
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Chapter Summary and Future Directions

Your Journey as a Mathematical Modeler

Continuing Growth and Learning

Mathematical modeling is both a technical discipline and a form of applied
wisdom that develops through experience, reflection, and continued learning.

Questions for Reflection:

m How will you apply systematic modeling approaches in your field of interest?

m What ethical responsibilities do you have as someone who develops or uses
mathematical models?

m How can you contribute to more inclusive and collaborative modeling
practices?

m What real-world problems inspire you to develop your modeling skills further?

m How will you balance technical sophistication with practical utility in your
modeling work?

Remember: Mathematical modeling is most powerful when it serves human
flourishing and addresses society's most pressing challenges.
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Chapter Summary and Future Directions

Thank You

Questions and Discussion
Next Chapter Preview:
Graphs of Functions as Models
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