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Introduction to Mathematical Modeling

Mathematics: The Language of Change

The Universal Language

Mathematics serves as the universal language through which we describe, predict,
and influence the world around us. Every phenomenon involving change can be
understood more deeply through mathematical modeling.

Examples of Change:

) Mathematical Tools:
m Population growth

: m Calculus for instantaneous change
m Coffee cooling

s m Differential equations for dynamics
m Rumor spreading

] ) m Integration for cumulative effects
m Spacecraft trajectories
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Introduction to Mathematical Modeli

What Is Mathematical Modeling?

Definition

Mathematical modeling is the process of creating mathematical representations of
real-world phenomena to analyze, predict, and understand complex systems.

o

Kenneth, Sok Kin Cheng Lectures for Mathematical Modeling

4/35



Introduction to Mathematical Modeling

What Is Mathematical Modeling?

Definition
Mathematical modeling is the process of creating mathematical representations of
real-world phenomena to analyze, predict, and understand complex systems.

Example

Consider a cup of coffee cooling from 90°C to 70°C in 10 minutes. Mathematical
modeling allows us to:

Identify key variables (temperature, time, ambient temperature)
Formulate equations (Newton's Law of Cooling)

Predict future behavior (temperature at any time)
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Introduction to Mathematical Modeling

What Is Mathematical Modeling?

Definition
Mathematical modeling is the process of creating mathematical representations of
real-world phenomena to analyze, predict, and understand complex systems.

Example

Consider a cup of coffee cooling from 90°C to 70°C in 10 minutes. Mathematical
modeling allows us to:

Identify key variables (temperature, time, ambient temperature)
Formulate equations (Newton's Law of Cooling)

Predict future behavior (temperature at any time)

Key Insight

Mathematical modeling transforms limited observations into general predictive
tools.
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Introduction to Mathematical Modeling

The Power of Mathematical Modeling

From Ancient Times to Modern Era

Mathematical modeling has evolved from ancient Greek geometry to modern

computational simulations, consistently providing insights into natural and
human-made systems.

Historical Milestones:

. . Impact Scale
m Archimedes: Area and volume calculations p

m Newton: Planetary motion and gravitation Individual ZI Cborlnmunity -
oba
m Bernoulli (1760): First epidemic model

. . From personal decisions to polic
m Modern era: Climate, pandemic, Al models P . - policy
affecting billions
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Introduction to Mathematical Modeling

Mathematical Modeling in Today's World

Critical Applications

Mathematical models are not just academic exercises—they guide critical
decisions that affect billions of lives.

Global Challenges: Daily Impact:
m Climate change prediction m Weather forecasting
m Pandemic response strategies m Traffic optimization
m Financial market stability m Medical diagnosis
m Artificial intelligence development m Supply chain management

Question for Reflection: How many mathematical models did you encounter
today without realizing it?
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Introduction to Mathematical Modeling

The Mathematical Modeling Mindset

Beyond Calculations

Mathematical modeling is not just about solving equations—it's about developing
a systematic approach to understanding complex systems.

The modeling mindset involves:
Abstraction: Identifying essential features while ignoring irrelevant details
Quantification: Measuring and assigning numerical values to phenomena

Relationship Recognition: Understanding how variables interact and
influence each other

Validation: Testing models against reality and refining them

Real-World Connection

This chapter provides you with the foundational mathematical tools to participate
meaningfully in our increasingly data-driven and mathematically-sophisticated
world.

= = = = =
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Introduction to Mathematical Modeling

Why This Chapter Matters

Professional Relevance:
m Scientists use models to understand nature
m Engineers optimize designs and systems
m Economists predict market behavior

m Policymakers evaluate intervention strategies

Personal Development:
m Critical thinking skills
m Problem-solving abilities
m Analytical reasoning
m Quantitative literacy
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Learning Outcomes
By the end of this chapter, you
will:
m Analyze dynamic systems
using calculus

m Interpret mathematical
relationships

m Solve fundamental
differential equations

m Connect abstract concepts
to real applications
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Introduction to Mathematical Modeling

A Preview of What's Ahead

Chapter Journey

We'll build your mathematical modeling toolkit step by step, connecting theory to

practice throughout.

Mathematical Foundation

Modeling Application

Quantities and Units
Limits and Continuity
Derivatives
Integration
Differential Equations
Optimization

Dimensional Analysis
System Boundaries
Rates of Change
Accumulation Processes
Dynamic Systems

Best Solutions

Remember

Mathematics is most powerful when it connects abstract theory with concrete

real-world problems.
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Quantities, Units, and Modeling Process
Quantities and Units: The Foundation

Every Model Begins Here

Mathematical models start with identifying relevant quantities—measurable
aspects of the real world such as length, mass, time, temperature, or population.

. Example
Why Units Matter:

If v(t) is velocity in m/s and ¢ is in

m Ensure physical meaning of results seconds, then:

m Prevent calculation errors .
m Enable dimensional analysis / v(t) dt
m Connect math to reality 0

yields distance in meters.

Key Tool

Dimensional analysis is a powerful tool for verifying the consistency and
plausibility of mathematical models.
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Quantities, Units, and Modeling Process

The Mathematical Modeling Cycle

Real-world Formulate Mathematical
Problem Model

Validate/Revise Solve
[ Interpretation ] Mathem.at|cal
Interpret Solution

The Modeling Process

Mathematical modeling is a dynamic, iterative process: understand —
formulate — solve — interpret — validate — revise.
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Quantities, Units, and Modeling Process

Case Study: Coffee Cooling Model

The Problem

A cup of coffee cools from 90°C to 70°C in 10 minutes in a 20°C room. Can we
predict the temperature at any time?
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Quantities, Units, and Modeling Process

Case Study: Coffee Cooling Model

The Problem

A cup of coffee cools from 90°C to 70°C in 10 minutes in a 20°C room. Can we
predict the temperature at any time?

Step 3: Formulate model Newton's

Step 1: Ildentify quantities Law of Cooling:
m Temperature T (°C) dT
— = k(T -T. mbien
m Time ¢ (minutes) dt ( ambient )
m Ambient temperature (20°C) Step 4: Solve

Step 2: Make assumptions

_ —kt
m Cooling rate oc temperature T(t) =20 +70e

difference Step 5: Find parameters Using data:

k ~ 0.0336 min—!
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Quantities, Units, and Modeling Process

Case Study: Coffee Cooling Model

The Problem

A cup of coffee cools from 90°C to 70°C in 10 minutes in a 20°C room. Can we
predict the temperature at any time?

Step 3: Formulate model Newton's

Step 1: Ildentify quantities Law of Cooling:
m Temperature T (°C) dT
— = k(T -T. mbien
m Time ¢ (minutes) dt ( ambient )

m Ambient temperature (20°C)
Step 2: Make assumptions

_ —kt
m Cooling rate oc temperature T(t) =20 +70e
difference

Step 4: Solve

Step 5: Find parameters Using data:
k ~ 0.0336 min—!
Result

The model can now predict coffee temperature at any future time, demonstrating
the power of mathematical modeling.
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History of Calculus and Modeling

The Birth of Calculus

Ancient Foundations

The ideas of calculus emerged from attempts to understand motion, growth, and
accumulation, with roots in ancient Greek mathematics.

Ancient Greeks:

Newton’s Approach:
m Archimedes: Early integration

methods m "Method of fluxions” (derivatives)
m Problems of area and volume m Planetary motion and forces
m Geometric approaches to infinity m Physics-driven development
17th Century Revolution: Leibniz’s Contributions:
m Newton: Physics-motivated = Modern notation (dz, [)
m Leibniz: Abstract mathematics m Algorithmic emphasis
m Independent development m Abstract mathematical perspective
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History of Calculus and Modeling

Historical Vignette: Daniel Bernoulli

Pioneer of Mathematical Epidemiology

In 1760, Daniel Bernoulli used calculus to model the impact of smallpox
inoculation—creating one of the first mathematical epidemiology models.

Bernoulli’s Innovation:
Modern Legacy
m Divided population into susceptible and

immune His compartme_ntal modeling

approach remains central to
epidemiology:

m COVID-19 models

m Influenza prediction

m Used differential equations for transitions

m Showed vaccination saves lives
mathematically

m Calculated effective reproduction rates ] )
m Disease control strategies

Historical Impact

Bernoulli's work anticipated modern epidemic modeling techniques by over 250
years!
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History of Calculus and Modeling

The Calculus Revolution

Transforming All of Science

Calculus didn’t just change mathematics—it revolutionized our understanding of
the natural world and enabled modern science and engineering.

Scientific Breakthroughs:
m Precise planetary motion analysis
m Gravitational theory development

m Electromagnetic phenomena
(Maxwell)

m Quantum mechanics foundations

Economic Modeling:
m Optimization problems
m Marginal analysis
m Supply and demand dynamics

Kenneth, Sok Kin Cheng
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Engineering Applications:
m Bridge and building design
m Mechanical systems analysis
m Electrical circuit theory

m Control systems development

Life Sciences:
m Population growth models
m Predator-prey dynamics

m Epidemiological modeling
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Limits and Continuity

Limits: The Foundation of Analysis

Definition
The limit of a function f(x) as x approaches a is the value that f(z) gets
arbitrarily close to as x gets close to a.

Rigorous Definition (Epsilon-Delta)

lim,_,, f(z) = L if, for every € > 0, there exists a § > 0 such that whenever
0 < |x—a| <4, we have |f(z) — L| <.

Why Limits Matter:
m Foundation for derivatives Example

m Basis for integration lim, 0Bz +1)=7
This can be proven rigorously using the

m Essential for continuity . A
epsilon-delta definition.

m Enable precise analysis
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Limits and Continuity

Continuity and Discontinuities

Types of Discontinuity in Modeling

Different types of discontinuities have distinct implications for mathematical
modeling:

Removable Discontinuities: Infinite Discontinuities:

m Small gaps in data m System breakdowns

m Measurement errors m Division by zero in models

m Can be "fixed" with adjustment

m Critical points in physics
Jump Discontinuities: Modeling Implications:
m Sudden switches m Identify system boundaries
m Phase transitions m Predict critical points

m Circuit breaker triggers m Understand limitations

Key Insight

Understanding discontinuities helps predict where models might fail or systems

might change behavior dramatically.
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The Derivative

The Derivative: Measuring Instantaneous Change
Definition
The derivative of f(t) at ¢ is defined as:

h—0 h

Physical Interpretation

The derivative gives the slope of the tangent line to the curve, representing
instantaneous rate of change.

If f(t) represents: Applications:
m Position — f/(t) = velocity Optimization problems
m Velocity — f’(t) = acceleration Related rates

m Population — f/(¢) = growth rate Motion analysis

m Temperature — f(t) = cooling rate Economic marginal analysis
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The Derivative

Fundamental Differentiation Rules

Power Rule
For f(z) = 2™ f'(z) = na"~!

Product Rule

For h(z) = f(x)g(x): h'(z) = f'(x)g(x) + f(x)g'(x)

Chain Rule
For y = f(g(x)): % = f'(9(x)) - 9'(x)

Example

Related Rates Problem: A spherical balloon is inflating. When radius = 5 cm,

it's growing at 2 cm/min. How fast is volume changing?
dr

Given: % =2 cm/min, r =5 cm Find: 4

Solution: V = 273 = 4 = 4xpr? 4 = 47(25)(2) = 2007 cm?/min

— "ET = = = 2 Nouat
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The Derivative

Higher-Order Derivatives

Beyond First Derivatives

The second derivative f”(x) measures the rate of change of the rate of
change—it tells us about curvature and acceleration.

Physical Meaning: . .
. Concavity Analysis:
m s(t) = position N
, i m f”(x) > 0: concave up
m s'(t) = velocity .
m f”(z) < 0: concave down

m f’(z) = 0: inflection point
Optimization:
m f/(x) = 0: critical point

m f"(z) > 0: local minimum

m s”(t) = acceleration
m s (t) = jerk
In Population Models:
m P'(t) > 0: growing
m P”(t) > 0: growth accelerating

" . local maximum
m P’(t) < 0: growth slowing = Jl@) <
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Integration

Integration: From Rates to Totals

Definition

The definite integral represents the signed area under a curve:

/abf(x)dx

Fundamental Concept

Integration is the reverse process of differentiation—it finds the total
accumulation when given the rate of change.

Applications: Examples:
m Area and volume calculations m Velocity — displacement
m Work and energy problems m Rate — total change
m Probability distributions m Density — mass
(]

m Cumulative quantities Force — work done
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Integration

Numerical Integration Methods

When Analytical Integration Fails

Many real-world problems require numerical approximation methods for
integration.

Common Methods:
m Trapezoidal Rule: Uses trapezoids Applications:

to approximate area m Complex engineering calculations
m Simpson’s Rule: Uses parabolic m Statistical analysis
approximations m Physics simulations
m Monte Carlo: Random sampling m Financial modeling
approach

Essential for Modeling

Numerical integration is crucial for evaluating integrals in complex models where
analytical solutions are impossible.
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Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus

Theorem

Part 1: If f is continuous on [a,b] and F(z) = [ f(t)dt, then F'(z) = f(x).
Part 2: If f is continuous on [a,b] and F /s any ant/der/vative of f, then

[ f(@)dx = F(b) - F(a).

The Deep Connection

This theorem establishes that differentiation and integration are inverse
operations, providing the foundation for all of calculus.

Example

Physics Application: Work done by variable force F'(z) over distance [a, ]

Wz/abF(x)dx

For a spring with F(z) = —ku:
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Differential Equations

Differential Equations: The Language of Change

Definition
Differential equations are equations involving functions and their derivatives. They
describe how systems evolve over time.

V.

Classification
m Order: Highest derivative present

m Linearity: Linear vs. nonlinear in the unknown function

m Autonomy: Whether time appears explicitly

Applications:
Population Growth Models: m Population dynamics
Exponential: 22 = kP Solution: m Chemical reactions
P(t)_ = POS? - m Disease spread
Logistic: 77 =rP(1 - %) m Economic models

m Engineering systems
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Differential Equations

The SIR Epidemic Model

Compartmental Modeling

The SIR model divides the population into three compartments: Susceptible,
Infected, and Recovered.

System of Equations: Key Insights:
S m N=S5+T1+ R = constant
o —BSI (1) = Ry = g = basic reproduction
dl number
at BSI—nlI @ . Epidemic occurs if Ry > 1
dR — 3 m Disease dies out if Ry < 1
dt Modern Applications:
Parameters: m COVID-19 modeling
m (. transmission rate m Vaccination strategies
m 7. recovery rate m Public health policy
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Multivariable Calculus and Optimization

Multivariable Calculus

Real-World Complexity

Most real-world systems depend on multiple variables simultaneously.

Multivariable calculus extends single-variable concepts to handle these complex
situations.

Partial Derivatives:

of . f(z+h,y) — f(z,9) Applications:
0w hli% h m Optimization problems

. m Heat transfer
Gradient Vector:

m Fluid dynamics
Vf= g’ of m Economics (utility functions)
oz’ Jy . .
m Machine learning
Points in direction of steepest increase.

Lagrange Multipliers

For constrained optimization: V f = AVg Essential for resource allocation and
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Numerical Methods and Computational Modeling

Numerical Methods: When Analytical Solutions Fail

The Reality of Complex Systems

Many differential equations cannot be solved analytically. Numerical methods
provide approximate solutions for complex real-world systems.

Error Types:
Euler’'s Method: m Truncation error
m Round-off error

Yn+1 = Yn +h- f(tvu yn)

m Global error accumulation

Improved Methods: Applications:

m Runge-Kutta methods

m Adaptive step size

m Weather prediction
m Engineering simulations
m Implicit methods m Financial modeling

m Climate studies

Critical for Modern Modeling

Understanding error behavior is crucial for reliable computational modeling in
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Technology and Mathematical Modeling

Technology in Mathematical Modeling

Modern Computational Tools

Today's mathematical modeling relies heavily on software packages that enable
complex analysis and visualization.

Software Tools:
m MATLAB: Engineering focus
m Python: Data science and ML

Capabilities:
m Symbolic computation

o . m Numerical simulation
m R: Statistical analysis .
Data analysis

| ]
m Mathematica: Symbolic L
. m Parameter estimation
computation
]

m Simulink: System modeling Interactive visualization

Balance is Key

Technology should supplement, not replace, deep mathematical understanding.
Students must learn to interpret results and understand limitations.

— = = = T
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Case Studies in Mathematical Modeling

Case Study 1: COVID-19 Pandemic Modeling

Mathematics in Crisis

The COVID-19 pandemic highlighted the crucial role of mathematical modeling in
public health decision-making.

Model Applications: Interventions Modeled:

m Predict infection curves m Lockdown effectiveness

m Estimate healthcare demand m Vaccination strategies

m Evaluate interventions m Masking policies

= Guide policy decisions m School closure impacts

Key Challenges: Lessons Learned:

m Parameter uncertainty Models guide, not dictate

m Limited early data Uncertainty must be communicated

= Virus evolution Rapid adaptation required

Interdisciplinary collaboration

m Communication of uncertainty .
essential
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Case Studies in Mathematical Modeling

Case Study 2: Climate Change Modeling

Global Challenge, Mathematical Solutions

Climate models use complex systems of partial differential equations to simulate
Earth's climate system.

Applications:

m Temperature projections
Model Components: ) o
L . m Sea level rise predictions
m Atmospheric circulation .
. m Extreme weather analysis
Ocean dynamics . . .
m Policy scenario testing
Energy balance . .
m Adaptation planning
Greenhouse gas effects

. Impact:
Ice sheet dynamics

m International climate agreements
Ecosystem feedbacks

m Emission reduction strategies

m Adaptation investments

Critical Imnortance I
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Case Studies in Mathematical Modeling
Case Study 3: Financial Risk Modeling

Mathematics in Finance

The 2008 financial crisis demonstrated both the power and limitations of
mathematical models in finance.

Model Applications: Lessons from 2008:
m Option pricing (Black-Scholes) m Models have limitations
m Risk assessment (VaR) m Assumptions can be violated
m Portfolio optimization m Systemic risks underestimated
m Algorithmic trading m Human behavior matters
m Stress testing Current Developments:

Key Equations: m Machine learning integration
m Black-Scholes PDE m Behavioral finance models
m Geometric Brownian motion m Regulatory improvements
m Mean-variance optimization m Real-time risk monitoring

Critical Lesson .
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Conclusion and Looking Forward

The Mathematical Modeling Journey

What We've Covered

From limits to differential equations, from single variables to complex
systems—uwe've built a comprehensive toolkit for mathematical modeling.

Core Concepts: Modeling Skills:

m Quantities and units Problem identification

Limits and continuity Mathematical formulation

Derivatives and rates Solution techniques

Model validation

= =
= =
m Integration and accumulation m Result interpretation
m Differential equations ]
= =

Optimization methods Responsible application

The Big Picture

Mathematics is most powerful when it connects abstract theory with concrete
real-world problems.
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Conclusion and Looking Forward

Your Role in a Mathematical World

Essential for Modern Citizenship

Mathematical modeling capabilities are increasingly essential for informed
citizenship and professional success.

Career Applications: Life Skills:

Science and research m Critical thinking

m Engineering and technology m Problem solving
m Medicine and health m Quantitative reasoning
m Economics and finance m Decision making

m Public policy m Risk assessment

m Environmental science m Data interpretation
Responsibility

Use these tools responsibly: always question assumptions, validate results, and
consider the broader implications of mathematical models on society.

= = = — TYyorT
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Conclusion and Looking Forward

Final Thoughts

The Continuing Journey

This chapter provides the foundation, but mathematical modeling is a lifelong
learning process. Stay curious, keep questioning, and remember that mathematics
serves humanity best when applied thoughtfully.

Questions for Reflection:

m How will you apply these mathematical tools in your chosen field?

m What real-world problems interest you that could benefit from mathematical
modeling?

m How can you contribute to responsible use of mathematical models in society?

"Mathematics is the key to understanding our world—use it wisely.”
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Conclusion and Looking Forward

Thank You

Questions and Discussion

The mathematical modeling journey continues...
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