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Background
Green mountains and clear waters are a precious gift from the ecological environment to humanity. However, the process of social and economic development, urbanization, and industrialization often causes
environmental pollution. Environmental governance is of great significance for the sustainable development of the economy and ecology. Lake Taihu is one of the five largest freshwater lakes in China (with a volume
of about 4.43 billion cubic meters). Driven by short-term economic interests, paper mills around the lake have developed rapidly in past years, causing serious environmental pollution to Lake Taihu. To achieve the
sustainable development of the ecological environment, it is necessary to take appropriate pollution control measures. However, simply shutting down paper mills is not conducive to economic development and will
also lead to a large scale of unemployment. Although the outflow process of lake water (assuming a constant flow rate) will take away a certain amount of pollutants, the decrease in the concentration of such
pollutants is slow and limited. After setting a weekly quota limit on upstream paper mills, the local government's environmental protection department dispatched staff to regularly monitor the concentration of water
pollutants (mainly suspended particles) at five monitoring points in Lake Taihu. The monitored data is shown in Table 1.

Tasks
1. After setting the production limit quota, assuming that the flow rate and concentration of pollutants discharged by the upstream paper mills remain unchanged without considering the effects of other factors,

please establish an appropriate mathematical model based on the environmental protection department's monitoring data of lake water pollutant concentrations to predict the pollutant concentration after the
20th and 30th weeks, respectively.

2. The upstream paper mills cooperate with the local government to control wastewater pollution, and adopt a new paper production process that can reduce the pollutant concentration discharged from the
original quota production from an initial 25mg/L to 5mg/L. Activated carbon adsorption is used to treat suspended pollutants in wastewater. The adsorption effect of activated carbon can be regarded as a
proportional relationship with the concentration of filtered suspended pollutants (the proportion coefficient is 0.25); the weekly flow rate of wastewater discharged by the paper mills is fixed at 100 million cubic
meters, as shown in Figure 1. Please establish an appropriate mathematical model to describe the changing relationship of suspended pollutant concentration in Lake Taihu, and study how much the suspended
pollutant concentration in the Lake can be reduced after adopting activated carbon adsorption.

3. In addition to using activated carbon adsorption to treat wastewater, the local environmental protection department also considers using microbiological decomposition to treat pollution. The staff regularly
monitored and estimated the number of microorganisms, as shown in Table 2. Assuming that the decomposition of suspended pollutants by microorganisms is in a linear relationship with the total population (the
proportion coefficient is 0.03), please establish an appropriate mathematical model to describe the changing relationship of suspended pollutant concentration in Lake Taihu after comprehensive treatment with
both the paper mill and microbiological decomposition. Study how much the suspended pollutant concentration in Lake Taihu can be reduced after considering both the paper mill adsorption and microbiological
decomposition.

Table 1 : Concentration monitoring of suspended particle contamination produced by papermaking industry（Concentration Unit: mg/L）

Monioring Period Monitoring Point 1 Monitoring Point 2 Monitoring Point 3 Monitoring Point 4 Monitoring Point 5

1st Week 10.8366 10.8286 10.8418 10.8313 10.8413

2nd Week 9.35012 9.33735 9.36265 9.36667 9.36858

3rd Week 8.16433 8.16756 8.1424 8.13454 8.15106

4th Week 7.1481 7.16879 7.17691 7.16098 7.15679

5th Week 6.3267 6.35153 6.33866 6.38672 6.33468

6th Week 5.64729 5.69483 5.68283 5.72216 5.72069

7th Week 5.15103 5.18964 5.19767 5.17870 5.18579

8th Week 4.69592 4.72477 4.69179 4.75020 4.76333

9th Week 4.42042 4.32338 4.3661 4.3312 4.35653

10th Week 4.0741 4.02744 4.14201 4.02247 4.09824

11th Week 3.82257 3.8737 3.88571 3.85653 3.86492

12th Week 3.66742 3.59325 3.64282 3.66924 3.69893

13th Week 3.50337 3.47648 3.5374 3.48706 3.54225

14th Week 3.31069 3.31237 3.34224 3.34739 3.30775

15th Week 3.26862 3.24237 3.26983 3.27488 3.28471

Figure 1: Illustration of Lake Taihu water resources pollution and control

Table 2: Estimation of total number of microbial groups（Unit：hundred million）

Monioring Period Esitmated quantity

1st Week 2

2nd Week 4

3rd Week 5

4th Week 5.5

5th Week 5.75

6th Week 5.875

7th Week 5.9375

8th Week 5.9688

9th Week 5.9844

10th Week 5.9922

11th Week 5.9961

12th Week 5.9980

13th Week 5.9990

14th Week 5.9995

15th Week 5.9998

Task 1

Problem Analysis
1. Task 1: In my opinion, one may need to first do the plotting of the provided data to get a sense of the trend of the data. Then, it is needed to do some data processing to get the data in a more usable format.

After that, one may need to do some curve fitting to get a model that can be used to predict the pollutant concentration in the lake after the 20th and 30th weeks. To sum up, the following procedures are needed:
A. Data plotting
B. Data processing
C. Curve fitting
D. Model prediction (A Predictive Model in this case)

Monitoring Periods Monitoring Point 1 Monitoring Point 2 Monitoring Point 3 Monitoring Point 4 Monitoring Point 5

0 Week 1 10.83660 10.82860 10.84180 10.83130 10.84130

1 Week 2 9.35012 9.33735 9.36265 9.36667 9.36858

2 Week 3 8.16433 8.16756 8.14240 8.13454 8.15106

3 Week 4 7.14810 7.16879 7.17691 7.16098 7.15679

4 Week 5 6.32670 6.35153 6.33866 6.38672 6.33468

In here, we may see that the data is in a decreasing trend. Moreover, one may also observe that the data of different monitoring points are very close to each other. Therefore, we may make the following assumption:

The pollutant concentration of different monitoring points are the same but with some random noise.

With this assumption, we may then do the following data processing:

Using the average of the pollutant concentration of different monitoring points as the pollutant concentration of the lake.

After that, we may then do the curve fitting. In here, we may use the following model:

Exponential Decay Model

C:\Users\kenne\AppData\Local\Temp\ipykernel_24456\1245916542.py:3: FutureWarning: Dropping of nuisance columns in DataFrame reductions (with 'numeric_only=None') is deprecated; in a future 
version this will raise TypeError.  Select only valid columns before calling the reduction.
  data['Mean'] = data.mean(axis=1)

Monitoring Periods Monitoring Point 1 Monitoring Point 2 Monitoring Point 3 Monitoring Point 4 Monitoring Point 5 Mean

0 Week 1 10.83660 10.82860 10.84180 10.83130 10.84130 10.835920

1 Week 2 9.35012 9.33735 9.36265 9.36667 9.36858 9.357074

2 Week 3 8.16433 8.16756 8.14240 8.13454 8.15106 8.151978

3 Week 4 7.14810 7.16879 7.17691 7.16098 7.15679 7.162314

4 Week 5 6.32670 6.35153 6.33866 6.38672 6.33468 6.347658

a = 9.862275982184808
b = 0.2034389748220745
c = 2.7904235985302797

Residuals

0 -0.001332

1 0.001082

2 0.004576

3 0.001025

4 -0.009042

As one may observe the plotting of sensitivity analysis, the exponential decay model is a good fit for the data. Therefore, we may use the exponential decay model to do the curve fitting. After that, we may use the
curve fitting model to predict the pollutant concentration in the lake after the 20th and 30th weeks.

Concentration at week 20: 2.9590512020910973
Concentration at week 30: 2.8124733869448018

Task 2
Recall that the Task 2 is the following: The upstream paper mills cooperate with the local government to control wastewater pollution, and adopt a new paper production process that can reduce the pollutant
concentration discharged from the original quota production from an initial 25mg/L to 5mg/L. Activated carbon adsorption is used to treat suspended pollutants in wastewater. The adsorption effect of activated
carbon can be regarded as a proportional relationship with the concentration of filtered suspended pollutants (the proportion coefficient is 0.25); the weekly flow rate of wastewater discharged by the paper mills is
fixed at 100 million cubic meters, as shown in Figure 1. Please establish an appropriate mathematical model to describe the changing relationship of suspended pollutant concentration in Lake Taihu, and study how
much the suspended pollutant concentration in the Lake can be reduced after adopting activated carbon adsorption.

Therefore, in here, we may consider the effect of the activated carbon adsorption. In here, we may make the following assumption:

The activated carbon adsorption is a proportional relationship with the concentration of filtered suspended pollutants.
The proportion coefficient is 0.25.
The weekly flow rate of wastewater discharged by the paper mills is fixed at 100 million cubic meters. However, it does not affect the concentration very effectively. Therefore, we may add a constant term
to the model.

It seems the difference between applying activated carbon adsorption and not applying activated carbon adsorption is only linearly related to the concentration of the filtered suspended pollutants. Therefore, one
may have to provide the explanation of why the concentration of the filtered suspended pollutants is linearly related to the concentration of the filtered suspended pollutants.

From the sensitivity analysis, we may see that the coefficients of the exponential decay model are very close to each other. Therefore, we may assume that the exponential decay model is a good fit for the data.
However, one may also note that the sensitivity of  is high. But overall, the exponential decay model is a good fit for the data. Therefore, we may use the exponential decay model to do the curve fitting. After that, we
may use the curve fitting model to predict the pollutant concentration in the lake after the 20th and 30th weeks.

Concentration at week 20: 2.0692884010488326
Concentration at week 30: 1.8843550395395043

Average difference: 1.4517191666903748
Average percentage difference: 26.462755143932043

Task 3

Average difference: 1.615719766690375
Average percentage difference: 30.008542133709245

In [1]: ## Task 1
import numpy as np
import matplotlib.pyplot as plt
import matplotlib
import pandas as pd
import seaborn as sns

# Setting up plotting
sns.set_style("darkgrid")
sns.set_context("notebook")

# Setting up matplotlib
%matplotlib inline
matplotlib.rcParams['figure.figsize'] = (20, 16)
matplotlib.rcParams['axes.titlesize'] = 18
matplotlib.rcParams['axes.labelsize'] = 14
matplotlib.rcParams['xtick.labelsize'] = 12
matplotlib.rcParams['ytick.labelsize'] = 12

In [2]: # Since the data is only the table of the pdf, we need to convert it into a dataframe
data = pd.DataFrame({
    'Monitoring Periods' : [f"Week {i}" for i in range(1, 16)],
    'Monitoring Point 1': [10.8366, 9.35012, 8.16433, 7.1481, 6.3267, 5.64729, 5.15103, 4.69592, 4.42042, 4.0741, 3.82257, 3.66742, 3.50337, 3.31069, 3.26862],
    'Monitoring Point 2': [10.8286, 9.33735, 8.16756, 7.16879, 6.35153, 5.69483, 5.18964, 4.72477, 4.32338, 4.02744, 3.8737, 3.59325, 3.47648, 3.31237, 3.24237],
    'Monitoring Point 3': [10.8418, 9.36265, 8.1424, 7.17691, 6.33866, 5.68283, 5.19767, 4.69179, 4.3661, 4.14201, 3.88571, 3.64282, 3.5374, 3.34224, 3.26983],
    'Monitoring Point 4': [10.8313, 9.36667, 8.13454, 7.16098, 6.38672, 5.72216, 5.1787, 4.7502, 4.3312, 4.02247, 3.85653, 3.66924, 3.48706, 3.34739, 3.27488],
    'Monitoring Point 5': [10.8413, 9.36858, 8.15106, 7.15679, 6.33468, 5.72069, 5.18579, 4.76333, 4.35653, 4.09824, 3.86492, 3.69893, 3.54225, 3.30775, 3.28471]
})

In [3]: data.head()

Out[3]:

In [4]: # Plotting the data by using subplots
fig, ax = plt.subplots(5, 1, figsize=(20, 16))
fig.suptitle('Monitoring Points', fontsize=32)
fig.tight_layout(pad=4.0)

for i in range(5):
    ax[i].plot(data['Monitoring Periods'], data[f'Monitoring Point {i+1}'])
    ax[i].set_title(f'Monitoring Point {i+1}', fontsize=16)
    ax[i].set_ylabel('Concentration (mg/L)')
    ax[i].set_xlabel('Monitoring Periods')
    # Legend
    ax[i].legend([f'Monitoring Point {i+1}'], loc='upper right')

In [5]: # Plotting all the data in one graph
fig = plt.figure(figsize=(16, 12))
plt.plot(data['Monitoring Periods'], data['Monitoring Point 1'], label='Monitoring Point 1')
plt.plot(data['Monitoring Periods'], data['Monitoring Point 2'], label='Monitoring Point 2')
plt.plot(data['Monitoring Periods'], data['Monitoring Point 3'], label='Monitoring Point 3')
plt.plot(data['Monitoring Periods'], data['Monitoring Point 4'], label='Monitoring Point 4')
plt.plot(data['Monitoring Periods'], data['Monitoring Point 5'], label='Monitoring Point 5')
plt.legend(loc='upper right')
plt.title('Monitoring Points', fontsize=32)
plt.xlabel('Monitoring Periods')
plt.ylabel('Concentration (mg/L)')
plt.show()

In [6]: ## Data Processing
# Calculating the mean of each monitoring point
data['Mean'] = data.mean(axis=1)
data.head()

Out[6]:

In [7]: ## Exponetial Decay Model for Curve Fitting
# Importing the curve fitting library
from scipy.optimize import curve_fit

# Defining the exponential decay function
def exp_decay(x, a, b, c):
    return a * np.exp(-b * x) + c

# Defining the x and y values
x = np.arange(1, 16)
y = data['Mean']

# Fitting the curve
popt, pcov = curve_fit(exp_decay, x, y)

# Error Analysis
# Calculating the residuals and putting it into a dataframe
residuals = y - exp_decay(x, *popt)
residuals = pd.DataFrame({'Residuals': residuals})

# Plotting the curve
fig = plt.figure(figsize=(16, 10))
plt.plot(x, y, 'bo', label='Data')
plt.plot(x, exp_decay(x, *popt), 'r-', label='Fit')
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Concentration (mg/L)', fontsize=16)
plt.title('Exponential Decay Model', fontsize=32)
plt.legend()
plt.show()

# Printing the parameters
print(f'a = {popt[0]}')
print(f'b = {popt[1]}')
print(f'c = {popt[2]}')

# Plotting the residuals
fig = plt.figure(figsize=(16, 10))
plt.plot(x, residuals['Residuals'], 'bo')
# Plotting a line at y = 0
plt.plot([0, 16], [0, 0], 'r-')
# Plotting the difference between the line and the residuals
for i in range(15):
    plt.plot([i+1, i+1], [0, residuals['Residuals'][i]], 'g-')
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Residuals', fontsize=16)
plt.title('Residuals', fontsize=32)
plt.show()

residuals.head()

Out[7]:

In [8]: # Sensitivity Analysis
# Plotting the curve with different values of b
b = np.arange(0.19, 0.21, 0.001)
fig = plt.figure(figsize=(16, 10))
for i in b:
    plt.plot(x, exp_decay(x, popt[0], i, popt[2]), label=f'b = {i}')
plt.plot(x, y, 'bo', label='Data')
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Concentration (mg/L)', fontsize=16)
plt.title('Sensitive Analysis with Different Values of b', fontsize=32)
plt.legend()
plt.show()

# Plotting the curve with different values of a
a = np.arange(9.85, 9.87, 0.001)
fig = plt.figure(figsize=(16, 10))
for i in a:
    plt.plot(x, exp_decay(x, i, popt[1], popt[2]), label=f'a = {i}')
plt.plot(x, y, 'bo', label='Data')
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Concentration (mg/L)', fontsize=16)
plt.title('Sensitive Analysis with Different Values of a', fontsize=32)
plt.legend()
plt.show()

# Plotting the curve with different values of c
c = np.arange(2.78, 2.80, 0.001)
fig = plt.figure(figsize=(16, 10))
for i in c:
    plt.plot(x, exp_decay(x, popt[0], popt[1], i), label=f'c = {i}')
plt.plot(x, y, 'bo', label='Data')
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Concentration (mg/L)', fontsize=16)
plt.title('Sensitive Analysis with Different Values of c', fontsize=32)
plt.legend()
plt.show()

In [9]: ## Task 1: Predicting the Concentration
# Predicting the concentration at week 20 and 30
print(f'Concentration at week 20: {exp_decay(20, *popt)}')
print(f'Concentration at week 30: {exp_decay(30, *popt)}')

# Plotting the curve with the predicted values
x = np.arange(1, 31)
fig = plt.figure(figsize=(16, 10))
plt.plot(x, exp_decay(x, *popt), 'r-', label='Fit')
plt.plot(np.arange(1,16), y, 'bo', label='Data')
plt.plot(np.arange(20, 21), exp_decay(20, *popt), 'go', label='Prediction at Week 20 and 30')
plt.plot(np.arange(30, 31), exp_decay(30, *popt), 'go')
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Concentration (mg/L)', fontsize=16)
plt.title('Predicting the Concentration with Exponential Decay Model', fontsize=32)
plt.legend()
plt.show()

In [10]: ## Task 2

# Given parameters for the exponential decay model
initial_concentration = 12
a = 9.862275981796278
b = 0.20343897474636605
c = 2.7904235975889384

# Reduction due to new production process
reduction_due_to_new_process = (25-5)/20 * a

# Reduction due to activated carbon adsorption
adsorption_coeff = 0.25

# Fixed weekly flow rate
flow_rate = 100 * 1e-4  # 100 million cubic meters but flow rate only slightly affects the concentration

# The new modified exponential decay model
def exp_decay_modified(x, a, b, c):
    return (reduction_due_to_new_process) * np.exp(-b * x) + c*(1 - adsorption_coeff) - flow_rate*x

# Calculate residuals
residuals = exp_decay(np.arange(1, 16), a, b, c) - exp_decay_modified(np.arange(1, 16), a, b, c)

# Plotting the curve
fig = plt.figure(figsize=(16, 10))
plt.plot(np.arange(1, 16), exp_decay(np.arange(1, 16), a, b, c), 'g-', label='Before applying new production process and activated carbon adsorption')
plt.plot(np.arange(1, 16), exp_decay_modified(np.arange(1, 16), a, b, c), 'r-', label='After applying new production process and activated carbon adsorption')
plt.plot(np.arange(1, 16), y, 'bo', label='Data')
# Plot residuals
plt.bar(np.arange(1,16), residuals, color = 'orange' ,label='Residuals', alpha=0.5)
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Concentration (mg/L)', fontsize=16)
plt.title('Modified Exponential Decay Model', fontsize=32)
plt.legend()
plt.show()

# Difference between the two models
fig = plt.figure(figsize=(16, 10))
plt.plot(np.arange(1, 16), exp_decay(np.arange(1, 16), a, b, c) - exp_decay_modified(np.arange(1, 16), a, b, c), 'g-', label='Difference between the two models')
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Difference in Concentration (mg/L)', fontsize=16)
plt.title('Difference between the two models', fontsize=32)
plt.show()

In [11]: ## Sensitivity Analysis
# Define a function for sensitivity analysis
def sensitivity_analysis(x, a, b, c):
    return exp_decay_modified(x, a, b, c)

# Vary parameters for sensitivity analysis
vary_parameters = [a,b,c]
items = ['a', 'b', 'c']
perturbations = np.arange(-0.02, 0.03, 0.01)  # Adjust as needed

# Plot original and perturbed predictions

# Perform sensitivity analysis for each parameter and perturbation
for parameter in vary_parameters:
    plt.figure(figsize=(16, 10))
    for perturbation in perturbations:
        item_parameter = items[vary_parameters.index(parameter)]
        perturbed_params = vary_parameters.copy()
        perturbed_params[vary_parameters.index(parameter)] += perturbation
        # Calculate perturbed predictions
        perturbed_predictions = exp_decay_modified(np.arange(1, 16), *perturbed_params)

        # Plot perturbed predictions
        plt.plot(np.arange(1, 16), perturbed_predictions, label=f'{item_parameter}: {perturbed_params[vary_parameters.index(parameter)]}', linestyle='--')
    plt.xlabel('Time')
    plt.ylabel('Concentration')
    plt.title(f'Sensitivity Analysis for Parameters with {item_parameter}')
    plt.legend()
    plt.show()

b

In [12]: # The new modified exponential decay model
def exp_decay_modified(x, a, b, c):
    return (1 - adsorption_coeff) * ((reduction_due_to_new_process) * np.exp(-b * x) + c - flow_rate*x)

# Calculate residuals
residuals = exp_decay(np.arange(1, 31), a, b, c) - exp_decay_modified(np.arange(1, 31), a, b, c)

# Plotting the curve
fig = plt.figure(figsize=(16, 10))
plt.plot(np.arange(1, 31), exp_decay(np.arange(1, 31), a, b, c), 'g-', label='Before applying new production process and activated carbon adsorption')
plt.plot(np.arange(1, 31), exp_decay_modified(np.arange(1, 31), a, b, c), 'r-', label='After applying new production process and activated carbon adsorption')
plt.plot(np.arange(1, 16), y, 'bo', label='Data')
# Plot residuals
plt.bar(np.arange(1,31), residuals, color = 'orange' ,label='Residuals', alpha=0.5)
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Concentration (mg/L)', fontsize=16)
plt.title('Modified Exponential Decay Model', fontsize=32)
plt.legend()
plt.show()

print(f'Concentration at week 20: {exp_decay_modified(20, a, b, c)}')
print(f'Concentration at week 30: {exp_decay_modified(30, a, b, c)}')

In [13]: # The difference between the modified model and the original data
y_modified = exp_decay_modified(np.arange(1, 16), a, b, c)
y_difference = y - y_modified
y_percentage = y_difference / y * 100

# Plotting the difference
fig = plt.figure(figsize=(16, 10))
plt.plot(np.arange(1, 16), y_difference, 'g-', label='Difference')
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Difference in Concentration (mg/L)', fontsize=16)
plt.title('Difference between turning on and off the new production process and activated carbon adsorption', fontsize=16)
print(f'Average difference: {np.mean(y_difference)}')
print(f'Average percentage difference: {np.mean(y_percentage)}')

In [14]: import numpy as np
import matplotlib.pyplot as plt
import matplotlib
import pandas as pd

# Setting up matplotlib
%matplotlib inline
matplotlib.rcParams['figure.figsize'] = (20, 16)
matplotlib.rcParams['axes.titlesize'] = 18
matplotlib.rcParams['axes.labelsize'] = 14
matplotlib.rcParams['xtick.labelsize'] = 12
matplotlib.rcParams['ytick.labelsize'] = 12

# Data from Table 2: Estimation of total number of microbial groups
monitoring_periods = np.arange(1, 16)
microorganism_population_estimation = np.array([2, 4, 5, 5.5, 5.75, 5.875, 5.9375, 5.9688, 5.9844, 5.9922, 5.9961, 5.9980, 5.9990, 5.9995, 5.9998])

# Decomposition coefficient
decomposition_coeff = 0.03  # Proportion coefficient for microbiological decomposition

# Define the comprehensive treatment model
def comprehensive_treatment_model(x, a, b, c, microorganism_population):
    # Paper mill treatment recall the exponential decay model
    paper_mill_treatment = exp_decay_modified(x, a, b, c)

    # Microbiological decomposition
    microorganism_treatment = decomposition_coeff * microorganism_population

    # Comprehensive treatment
    comprehensive_treatment = paper_mill_treatment - microorganism_treatment

    return comprehensive_treatment

# Calculate residuals
residuals = y - comprehensive_treatment_model(np.arange(1, 16), a, b, c, microorganism_population_estimation) 

# Plotting the curve
fig = plt.figure(figsize=(16, 10))
plt.plot(np.arange(1, 16), comprehensive_treatment_model(np.arange(1, 16), a, b, c, microorganism_population_estimation), 'r-', label='Comprehensive Treatment')
plt.plot(np.arange(1, 16), exp_decay_modified(np.arange(1, 16), a, b, c), 'g-', label='New Production Process and Activated Carbon Adsorption')
plt.plot(np.arange(1,16), exp_decay(np.arange(1, 16), a, b, c), 'b-', label='Original Data')
plt.plot(np.arange(1, 16), y, 'bo', label='Data')
# Plot residuals
plt.bar(np.arange(1,16), residuals, color = 'orange' ,label='Residuals between Comprehensive Treatment and Original Treatment', alpha=0.5)
plt.xlabel('Monitoring Periods', fontsize=16)
plt.ylabel('Concentration (mg/L)', fontsize=16)
plt.title('Comprehensive Treatment Model', fontsize=32)
plt.legend()

y_difference = y - comprehensive_treatment_model(np.arange(1, 16), a, b, c, microorganism_population_estimation) 
y_percentage = y_difference / y * 100
print(f'Average difference: {np.mean(y_difference)}')
print(f'Average percentage difference: {np.mean(y_percentage)}')
#for i in range(15):
    #print(f'Week {i+1} difference: {y_difference[i]}')
    #print(f'Week {i+1} percentage difference: {y_percentage[i]}')


